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SUMMARY

This is a study of drug delivery problems from hydrogels and it is mainly focused on the effects

of the hydrogel’s geometry on the behaviour of the release profile. Studying drug delivery also

offers one the opportunity to delve into the physical mechanisms involved in the release process to

better understand its theoretical implications. We can apply the well-developed theory of diffusion

in order to understand many aspects of drug delivery. Thus, this thesis starts with a presentation of

concepts and theories used in the following two articles (chapters). We go over the basic concept

of drug delivery, followed by an introduction on diffusion. We then explain the ideas governing

drug release and how we have modeled it. The tools used to generate our drug release platforms

are presented followed by a discussion on characterizing the resulting drug release profiles.

This thesis is presented as a series of two articles that have been submitted to peer-reviewed scien-

tific journals. The first article presents a novel combinatorial technique used to obtain controlled

drug delivery profiles. We use an exact enumeration diffusion model in order to obtain our drug

release profiles and test its validity by comparing these results with analytical theory and widely

used empirical tools. By using a genetic algorithm, we then show that it is possible to tailor the

drug delivery platform in order to get a specific functional form of the release profile.

The second article consists in testing two widely used empirical functions that are used in the

literature to characterize drug release profiles. Several claims have been made regarding the inter-

pretation of these functions and we have used our exact enumeration data to argue that although the

functions fit the data relatively well on certain time scales, they do not necessarily convey reliable

information about the mechanism of release.

Finally, we conclude with preliminary work that was done on a second optimization technique

to be used in controlling drug delivery profiles. The Metropolis simulated annealing was used to

further optimize the design of the drug release platform and was shown to be quite effective, albeit

being computationally demanding.
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SOMMAIRE

Cette thèse vise à approfondir nos connaissances reliées au relâchement contrôlé de particules

médicamenteuses confinées par des hydrogels polymériques. En particullier, nous utiliserons des

simulations numériques pour systématiquement étudier l’impact de la géométrie et de la taille des

fibres d’hydrogel sur les profils de relâchement des médicaments. De plus, nous examinerons les

mécanismes physiques du processus d’échange de particules à l’interface hydrogel-solvant.

La thèse est divisée de la façon suivante. Le premier chapitre présente les concepts et théories

pertinentes à la thèse; une présentation des concepts reliés au relâchement de particules dans les

milieux poreux; une introduction à la théorie de la diffusion; une introduction au modèle numérique

utilisé; et une revue des méthodes utilisées pour caractériser le relâchement des médicaments.

Les deux chapitres suivants consistent en deux articles soumis à des journaux scientifiques ex-

aminés par des pairs. Le premier présente un algorithme combinatoriel visant à contrôler le taux

de relâchement de particules médicamenteuses. L’énumération exacte est utilisée afin d’obtenir

les profils de relâchement qui sont ensuite comparés à des formules empiriques et des prédictions

théoriques. En utilisant un algorithme génétique, nous démontrons également qu’il est possible de

construire une structure d’hydrogel résultant en un profil de relâchement spécifique.

Le deuxième article présente une étude de deux fonctions empiriques couramment utilisées pour

caractériser les profils de relâchements. En utilisant notre algorithme nous démontrons que, bien

que les deux fonctions prédisent relativement bien les courbes de relâchement, leur paramètres

n’apportent aucune information sur les mécanismes physiques du phénomène.

Pour conclure, nous présentons une étude d’une deuxième méthode d’optimisation du profil de

relâchement. L’algorithme de refroidissement Metropolis est utilisé pour optimiser la concentra-

tion initiale de médicaments. Les résultats préliminaires démontrent que cette méthode est très

efficace bien que l’algorithme requiert de grandes ressources informatiques.
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it.
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members from our group.

The advances presented in this thesis are a result of my work during the last two years with the
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1
Introduction

Facts are meaningless. You could use facts to prove anything that’s even remotely true!
(Matt Groening/Homer Simpson, 1954– )

1.1 Bio-Chemical-Computational Physics

According to the magazine Fortune 500, the American pharmaceuticals industry constituted the

fifth most profitable industry in percentage of revenues for the 2005 fiscal year in the US [1]. It

is perhaps not surprising that in response to the market, many scientists who are usually associ-

ated with fundamental research gear their studies towards the development of novel pharmaceutic

applications. Public institutions such as universities are also well suited to conduct studies in this

field since they occupy a very unique position in society. University research can effectively be

positioned at the forefront of cutting edge technology development while serving as a producer of

knowledge outside the realm of industrial vested interests. This knowledge can then serve as an

important tool when developing an efficient regulatory framework to be followed by the industrial

sector [2]. Also, a multidisciplinary approach is crucial in order to conduct research in the field

of pharmaceutics since there can often be huge gaps between fundamental research and practical

application. For this reason, this thesis presents a study of fundamental physical concepts related to

drug delivery problems while offering some experimental context making these principles readily

applicable.
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BIO-CHEMICAL-COMPUTATIONAL PHYSICS 2

Drug delivery problems are particularly interesting since scientists must use principles usually

associated with different fields such as biology and chemistry in order to understand how drugs are

released into organisms and how they may react to environmental stimuli. Using this knowledge,

a physicist concerned with drug delivery is often compelled to understand the fundamental inter-

actions between the drug molecules and the environment (e.g., the release platform, therapeutic

surroundings, etc.). There are many analytical tools in a scientist’s arsenal which help to elucidate

underlying phenomena pertaining to drug delivery problems, specifically. For example, one can use

the mathematical theory of diffusion in order to explain the behaviour of the molecules/particles

involved in drug release. However, the associated equations are typically very complex (i.e., un-

solvable analytically) and require techniques borrowed from the field of computational science and

statistics in order to be solved numerically, or exactly.

The goal of this thesis is to study certain aspects of diffusion related to drug delivery appli-

cations. Namely, we present a novel optimization scheme by which one can tailor the delivery

platform in order to obtain a specific desired drug release profile. The diffusion process is mod-

eled as a continuous time random walk (CTRW) of solute molecules on a lattice and is solved

exactly using a numerical method explained in Section 1.4.1. The structure of our modeled drug

delivery platform is optimized using a genetic algorithm created specifically for the purpose of this

thesis. The computational engines required to perform most of the work presented in this thesis

have been conceived and optimized to function in parallel on multiple processors using the Mes-

sage Passing Interface (MPI) standard in C++ [3]. The results obtained from this research can be

seen in Chapter 2. Using the exact enumeration method, we also present a study of drug release

profile curves (i.e., total drug release as a function of time). In Chapter 3, drug release profiles are

compared and analyzed using empirical functions often used in the literature. We show that these

fitting functions are sometimes improperly used as characterization standards and that they also

do not convey underlying physical mechanisms, contrary to a widely held belief presented in the

literature. Finally, in Chapter 4 we present a brief summary of preliminary research conducted by

simultaneously using two optimization schemes in order to obtain tailored drug delivery platforms

that exhibit improved controlled release.

Currently, there does not seem to be a clear theory or coherent foundation explaining drug

delivery problems. This is not to say that the various components of this yet-to-exist unified theo-

retical framework are nonexistent. Drug delivery implicates many physical processes from a myr-

iad of very active fields today – so much that it can seem overwhelming at first. For this reason,
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the introductory section of this thesis will present key elements from these fields while offering an

explanation pertaining to drug delivery specifically, in each case.

1.2 Drug delivery

Until relatively recently, therapeutic drug compounds have usually been delivered orally (in pill

form or in suspension) or as injectables. However, we focus our studies on drug delivery through

the use of polymeric hydrogels that can be placed on the skin (transdermal drug delivery) or swal-

lowed and absorbed by the gastrointestinal (GI) tract. The use of hydrogels in drug delivery was

promoted early in the 1980s [4, 5] and is now a common release platform used in controlled drug

therapy [6–9]. Hydrogels consist of a three dimensional (3D) network of crosslinked polymers

which swell and store relatively large quantities of water (in which drugs can be dissolved). The

ability of a polymer network to hold water and swell is due to the presence of certain hydrophilic

pendants along the backbone of the polymers [10]. The polar nature of these pendants assures

that certain sections of the polymers repel each other thus creating relatively large pockets where

water molecules are attracted and can be stored. Characteristics of the hydrogel such as water con-

tent (swelling), polymer and crosslinking densities can affect various properties such as rheology,

surface kinetics, biocompatibility, etc. These characteristics are exploited to control the release

of small particles (e.g., therapeutic drug) from the hydrogel. For the purpose of this study, only

hydrophilic drugs (i.e., drug molecules that do not stick to or have affinity to any components

of the drug release platform) will be considered here. The problem posed by hydrophobic drug

molecules is however quite interesting and is currently a very active field of research in pharma-

cology (see reference [11] for an overview of the problem and several key results). Our hydrogel

model and enumeration method is able to accommodate for effects associated with hydrophobic

drug molecules and we propose some of the needed modifications to our model throughout the

thesis.

Controlled drug release can be defined as the timely and opportune deployment of a certain

therapeutic substance into a foreign environment [12]. This can be seen in Figure 1.1 where a

therapeutic agent is being released in a patient’s GI tract. The drug particles first undergo diffusion

inside the hydrogel to reach its outer boundary where they are released in the organism. It is

assumed that once the drug particles leave the hydrogel, they are instantaneously absorbed by the

environment. In this thesis we concentrate on obtaining a constant rate of release over long periods
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FIGURE 1.1 Schematic illustration of the concept of drug delivery from a swal-
lowed hydrogel. Drug particles undergo diffusion (seen as a gradient) inside a circular
hydrogel and are absorbed by the surrounding gastrointestinal tract (outward arrows),
for example. Diffusion takes place inside the hydrogel and the outside environment
acts as a perfect sink for the drug molecules.

of time, although obtaining release rates that are cyclic or triggered by environmental factors are

also of great interest [13]. Controlling the rate of release, Ṁ(t) , can help to maintain a drug in

a therapeutic range while minimizing the risk of overdose. This allows for an improved systemic

bioavailability of pharmaceutical substances leading to potentially fewer drug administrations by

the patient, making optimal usage of a potentially costly substance. Figure 1.2 shows a typical

release curve (solid line) from a simple drug release mechanism. This curve exhibits a strong peak

followed by a slowly decaying tail which does not effectively keep the drug release rate within

a favoured therapeutic range (dashed lines) throughout the duration of the dose. We would like

to construct a hydrogel which could by design produce a release rate that is kept within a certain

therapeutic range over the entire duration of a single dose (dotted line).

Drug release can occur via three main mechanisms if hydrophilic molecules in simple hydro-

gels are considered. Namely, by diffusion, by degradation of the hydrogel, or by swelling followed

by diffusion. We will focus on diffusional release: the other two mechanisms will not be studied

here. In normal diffusion for example, there is one free parameter which can depend (among other

things) on the local structure of the environment, namely the diffusion coefficient. Diffusion can
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FIGURE 1.2 Schematic representations of two idealized release rates, Ṁ(t) , as a
function of time. A simple release may not be in the therapeutic range for the whole
duration of the treatment (solid black). A controlled rate of release could increase the
effective duration of the treatment, avoid potential overdosing, and reduce the number
of required drug administrations. Figure inspired from [14].

thus be locally modulated since the drug particles take varying times to pass through different sec-

tions of the polymer matrix of the hydrogel (i.e., avoiding the polymer chains which constitute the

hydrogel). In our model, these chains will be represented by fixed obstacles which the particles

will have to circumvent in order to diffuse to the outer surface of the hydrogel, at which point they

are released into the outer environment (i.e., perfect sink condition).

1.3 Diffusion

We begin by examining normal Fickian diffusion (sometimes referred to as Case I diffusion in phar-

macology 1). It is a transport mechanism by which matter or momentum spontaneously spreads

in a material. It is a form of passive transport which requires no net energy and is a result of the

1 There exist a classification scheme for diffusional drug release mechanisms from polymers which is used in the literature. In this

scheme there are three general classes of diffusion behaviour: Case I diffusion is characterized by a drug release which occurs

proportionally with the square-root of time (e.g., Fickian diffusion). In Case II diffusion, the drug release is linearly proportional to

time and in Super Case II diffusion, the drug release is proportional to some power of time greater than one [15].
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FIGURE 1.3 Schematic representation of the continuity equation in 3D. The quan-
tity Q between points x and x + ∆x is conserved meaning that its rate of change
between the same two points is solely due to the flux at points x and x + ∆x .

second law of thermodynamics. This law states that the entropy of a closed system, S , which is

not at equilibrium will increase (on average) over time,

dS

dt
≥ 0. (1.1)

Therefore, this law explains that particles in a region of high concentration will diffuse to a region

of low concentration in order to increase the system’s entropy. Reversing the process must always

incur an expenditure of energy.

One can express diffusion mathematically with the use of a nonlinear partial differential equa-

tion. There are a few ways of obtaining this equation. One way of deriving this equation involves

starting from the continuity equation (see Figure 1.3 for a simple 3D schematic illustration)

∂φ

∂t
= −∇ ·~j (1.2)

where ~j represents the flux of diffusing material and φ (~r, t) is the density function of the material

at a spatial coordinate ~r and unit time t . Flux is a quantity, typically measured in [n/At] , which

gives the number of molecules, n , that cross an area, A , per unit time, t . For illustrative purposes,

let us assume that the density of a material only depends on x . We can write the quantity of

material per unit volume found between points x and x + ∆x as Q(x : x + ∆x) . We know that

this quantity must be conserved while moving from point x to point x + ∆x (i.e., no material is



DIFFUSION 7

created or destroyed) such that its rate of change between the two points is strictly due to the flux

at the two points
∂

∂t
Q(x : x+ ∆x) = ~j(x)A−~j(x+ ∆x)A . (1.3)

Dividing both sides by the the quantity ∆x and rearranging gives

∂

∂t

Q(x : x+ ∆x)

∆x · A
= −

~j(x+ ∆x)−~j(x)
∆x

(1.4)

and taking the limit ∆x → 0 gives us Eq 1.2 (note that Q(x : x + ∆x)/A · ∆x = φ(x) in this

limit).

It is then possible to obtain an expression for ~j using Fick’s first law [16] which makes the

assumption that the flux of the diffusing material in a system is linearly proportional to the density

gradient:
~j(~r, t) = −D (~r, φ)∇φ (~r, t) , (1.5)

D (~r, φ) is a function, which depends on position and density, known as the diffusion coefficient.

By combining Eq 1.2 with Eq 1.5, the diffusion equation can be written in the form:

∂φ

∂t
= ∇ ·D (~r, φ)∇φ (~r, t) . (1.6)

However, if the diffusion coefficient D (~r, φ) does not depend on the position nor the density, then

the equation becomes linear and can be solved analytically under certain initial conditions:

∂φ

∂t
= D∇2φ (~r, t) . (1.7)

In the case of particles immersed in a fluid, diffusion is said to be the macroscopic represen-

tation of a microscopic process known as Brownian motion. The stochastic process of Brownian

motion is a random walk of particles consisting of a series of uncorrelated steps. This random walk

is due to the constant collision of the “walking” particles with fluid particles. These fluid particles

obey the Maxwellian velocity distribution [17]:

P (v) = 4π
(

m

2πkBT

)3/2

v2 exp

[
−mv2

2kBT

]
(1.8)

where P (v) is the probability of having a particle of mass m with a velocity v (as usual, kB is the

Boltzmann constant and T is the temperature of the system). Diffusion is merely the continuum

limit of a well-behaved (no bias or correlation) random walk [18]. Jan Ingenhousz was among the
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FIGURE 1.4 Schematic representation of a diffusing particle (dark grey) immersed
in a fluid (light grey) in a closed system undergoing Brownian motion. The fluid
particles have a Maxwellian velocity distribution indicated by arrows. There is no net
motion of the fluid particles although the diffusing particle has a net motion, ∆~r(t) ,
over a finite time scale.

first persons to observe this phenomenon in the 18th century. However, the name comes from the

Scottish botanist Robert Brown who, in 1827, studied the jittery motion of pollen particles in water

and correctly identified that its mechanism was physical in origin and not biological as previously

thought. A proper explanation of this phenomenon came in 1905 when Einstein established the

relation between the diffusion coefficient of a Brownian particle and its friction coefficient [19].

It is possible to explain Brownian motion schematically (see Figure 1.4) as the net motion

of a particle which is being bombarded by randomly moving fluid particles. Although the fluid

particles have no time-averaged net motion, they can transfer momentum to the diffusing particle

in a way such that it will have a net movement over a finite period of time. The diffusion equation

(see Eq 1.7) is thus used to describe the bulk motion of these Brownian particles.

1.3.1 Sample solution in one dimension

Solving the diffusion in one dimension yields fundamental information about the nature of diffu-

sional processes. One may take the one-dimensional diffusion equation,

∂φ(x, t)

∂t
= D

∂2φ(x, t)

∂x2
, (1.9)
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where φ(x, t) is the probability of find a particle at point x at time t (note that φ(x, t) is used

as a 1D function here). Performing a Fourier transformation with respect to x reduces the partial

differential equation into an ordinary differential equation

dφ̃(k, t)

dt
= −Dk2φ̃(k, t) , (1.10)

where φ̃(k, t) is the Fourier transform of φ(k, t) and k is a parameter which is essentially constant

with respect to t . The solution is

φ̃(k, t) = φ̃(k, 0) exp
(
−Dk2t

)
. (1.11)

We now apply the initial condition φ(x, 0) = δ(x) which initially localizes all particles in a single

location (e.g., at the origin). The Dirac delta function translates as

φ̃(k, 0) =
∫ ∞

−∞
δ(x)eikxdx = 1 , (1.12)

in k space such that
φ̃(k, t) = exp

(
−Dk2t

)
. (1.13)

Applying the inverse Fourier transform then gives us the solution to the diffusion equation in one

dimension
φ(x, t) =

1

2π

∫ ∞

−∞
exp

(
−Dk2t

)
e−ikxdk =

1√
4πDt

e−x2/4Dt . (1.14)

For the point-source initial conditions chosen here (i.e., φ(x, 0) = δ(x)), normal diffusional

processes thus evolve following a Gaussian distribution. The width of this Gaussian grows linearly

with time, as indicated by the second moment (also called mean-square displacement or variance)

〈x2〉 =
∫ ∞

−∞
x2φ(x, t)dx = 2Dt . (1.15)

Note that 〈x〉 = 0 , since the integrand is an odd function of x .

1.3.2 Anomalous and other types of diffusion

Anomalous diffusion is best described by comparing it to normal diffusion. In normal diffusion,

the mean-square displacement 〈r2〉 of a particle increases linearly with time (as shown in the

previous section) 〈
r2
〉

= 2dDt , (1.16)
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where d is the dimensionality of the system. We can thus write the diffusion coefficient for long

times as

D = lim
t→∞

〈r2〉
2dt

. (1.17)

In disordered systems, we often have anomalous diffusion when the mean-square displacement of

a particle does not increase linearly with time. Instead, we have

〈
r2
〉
∝ t2/dw (1.18)

where dw is the anomalous diffusion exponent (dw = 2 corresponds to normal diffusion). It was

de Gennes who first suggested the idea of analyzing transport phenomenon in disordered systems

by performing random walks (diffusion) in percolation clusters [20]. Theoretical arguments have

since been used to obtain Eq 1.18 which was later confirmed in various Monte Carlo simulations

[21, 22]. In the presence of obstacles, dw > 2 and diffusion is often slower (subdiffusion) than

normal up to a certain period of time called the cross-over time, tCR . For dw < 2 , diffusion is

enhanced and is faster than for normal diffusion (superdiffusion). For example, Lévy flights are a

type of motion which can be said to represent anomalous superdiffusion. In this case, the mean-

square displacement grows faster than linearly with time due to an average step length chosen from

a “heavy tail” distribution. The overall position of a particle is determined by the (infrequent) long

steps, or flights, and there is no averaging out of the individual steps.

Our hydrogels have an associated obstacle concentration 0 < Cobst ≤ C∗obst without any

biasing or kinetic effects. These obstacles will always slow the motion of the drug particles which

means that we can only have cases of normal and subdiffusion when dealing with drug release from

simple hydrogels. In most cases, the diffusion is anomalous at first and becomes normal for times

above tCR [24]. The cross over time increases with the associated obstacle concentration up to the

percolation threshold (at the percolation threshold, tCR → ∞ for systems of infinite size). The

percolation threshold, C∗obst , is a critical value which gives the minimum concentration of obstacles

(placed randomly) needed in an infinite system to form an obstacle barrier which spans the entire

space (see Figure 1.5). This obstacle barrier essentially stops the diffusion process and D = 0 for

Cobst > C∗obst . The value of C∗obst depends on the matrix geometry, the dimensionality of space,

etc. This value can also be found for systems of finite size such as the ones studied here [25]. In

these cases, it becomes important to perform averages over several “realizations of disorder” (i.e.,

random obstacle configurations with similar concentration) and obtain proper statistical data.
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FIGURE 1.5 Two 100× 100 square matrices. The percolation threshold for an in-
finite square matrix in 2D is C∗obst = 0.4069 ± 0.0006 [23]. Below the percolation
threshold (Cobst = 0.20 ) we only have small isolated obstacle clusters. Above per-
colation (Cobst = 0.45 ) there is formation of obstacle barriers which span the entire
space (an example is shown in red).

From the cross-over time one can obtain the associated cross-over length, RCR (i.e., the

distance travelled by a particle before its diffusional behaviour passes from anomalous to normal):

RCR =
√
Dt→∞ (Cobst) tCR (1.19)

where Dt→∞ (Cobst) is the asymptotic value of the diffusion coefficient for a given obstacle con-

centration. Anomalous diffusion can been observed by plotting log [〈r2〉/t] versus log t (see Fig-

ure 1.6). These data are results from Monte Carlo simulations of diffusion for various values of

Cobst on a 2D triangular lattice with a percolation threshold C∗obst = 0.5 . For the purpose of our ar-

gument, the same qualitative behaviour of the curves would be observed had the authors performed

their calculations on a square lattice. The slanted fits of the curves represent anomalous diffusion

with a slope of 2/dw − 1 . Normal diffusion occurs in the sections shown with horizontal fits on

this plot (dw = 2). The intersection of the two lines formed from the two diffusion regimes for

each simulation represents tCR . For Cobst = 0.00 , the diffusion is normal for all times whereas for

Cobst = C∗obst , the diffusion is anomalous for all times (tCR → ∞ , RCR → ∞). For simulations

with obstacle concentrations above C∗obst the coefficient of diffusion is zero and only drugs located

near the outer boundary of the hydrogel can actually exit due to the finite size of our systems.

These two different diffusional schemes (normal and anomalous) have a direct impact on the

drug release behaviour as a function of time. For example, if the diffusional release of a drug
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FIGURE 1.6 Manifestation of anomalous diffusion on a 2D triangular lattice
(C∗obst = 0.50 ). Diffusion is anomalous at first for moderate concentrations of ob-
stacles (slanted fits) and becomes normal at increasing values of t (horizontal fits) up
to Cobst = 0.45 . For Cobst = 0.00 , the diffusion is normal for the entire duration as
represented by a horizontal line and for Cobst = C∗obst , the diffusion is anomalous for
all times. For Cobst > C∗obst , the coefficient of diffusion is zero. Permission pending
from the author and journal [24].

is constant with time, it is said to be of type Case II. Anomalous subdiffusion can apparently

produce fractional release of a substance that is proportional with time [26] – in contrast with

normal Fickian diffusion (Case I) where the release is proportional to the square-root of time. We

will thus be interested in recreating situations where this behaviour may occur (e.g., high obstacle

concentrations, Cobst ) since we wish to design drug delivery platforms which promote constant

drug release.

1.3.3 Numerical modeling of diffusion

Brownian motion can be modeled numerically using a random walk model. The idea of the random

walk is conceptually simple to understand and one can show that its statistical properties are iden-

tical to those of diffusion in the continuum limit [27]. The idea of performing a random walk to

simulate diffusion was first popularized by the work of Montroll and Weiss in the 1960s [28]. The

term random walk (sometimes called drunkard’s walk) refers to the intuitive idea of performing a

series of successive moves, each in random directions. The time between each successive move,
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∆t , and the step length (equal to the lattice spacing here), a , remain constant for the duration of

the entire walk in all our simulations.

Imagine a random walk in one dimension, where the probability of making a move to the right

is p and the probability of making a move to the left is q and where p = q = 1/2 . The probability

of taking exactly nR steps to the right, P (nR) , after N steps is given by the binomial distribution

P (nR) =
N !

nR!(N − nR)!
pnRqN−nR (1.20)

which tends toward a Gaussian distribution for very large N

P (nR) ' 1√
2πNpq

exp

[
−(nR −Np)2

2Npq

]
. (1.21)

The mean number of moves to the right and to the left are 〈nR〉 = Np and 〈nL〉 = Nq , re-

spectively. We can write the variance of this random walk as σ2
R = 〈n2

R〉 − 〈nR〉2 = Npq , or

σ2 = Npqa2 if we use the step length. Eq 1.21 is similar to Eq 1.14 obtained in Section 1.3.1.

Comparing the two allows us to write σ2 = 2Dt for a random walk:

σ2 = Npqa2 =
a2

4
N = 2Dt . (1.22)

Using N∆t = t , we have
a2

4
N = 2DN∆t (1.23)

which finally gives us an expression for the diffusion coefficient that relates it to the step length

and time interval between successive steps

D =
a2

2∆t
. (1.24)

We present in Section 1.4.1 a method of efficiently performing these random walks on finite-sized

lattices.

1.4 Drug release

When studying diffusion related phenomena, many factors can influence the motion of particles.

However, we are specifically interested in studying the release of hydrophilic drug particles from

inside a hydrogel with absorbing (sink) boundary conditions. Since drug particles essentially “dis-

appear” when they encounter the boundary, drug delivery is in fact a mean first passage time
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FIGURE 1.7 In discrete space, drug particles have a large but finite number of ways
to escape a hydrogel through diffusion. Once such a particle reaches the outer bound-
ary, it is absorbed. The particle will reach different locations on the boundary at dif-
ferent times depending on its trajectory and initial position. Since the boundary makes
the particle vanish, we are only concerned by its first visit to the boundary. Shown here
are two particles with two “first passages” to the outer boundary.

(MFPT) problem. A first passage time problem is characterized by a distinct change in behaviour

of a parameter as it reaches a certain critical value for the first time. This is schematically illustrated

in Figure 1.7 where two first passage trajectories of two drug particles to the outer boundary are

shown. A release event occurs whenever a particle reaches the boundary, irrespective of the trajec-

tory or initial condition. In discrete space (i.e., on a lattice), the first passage probability, F (~r, t) ,

of finding a drug particle at a critical point (i.e., the absorbing boundary, ~r = ~r0 ) at time t fully

describes the drug release process. This type of analysis allows one to study “extrema statistics”

(i.e., the time for some stochastic process to first reach a critical value) using powerful analytical

tools [29].

The exact enumeration approach we use amounts to finding all the first passage times and

associated probability distribution functions of the drug particles starting from any point within

the hydrogel and going to the outer boundary. For reasons of simplicity in our model, collisions

with fixed obstacles is the only mechanism by which we influence the diffusing particles. Drugs

are assumed to be hydrophilic for simplicity (i.e., do not stick to obstacles or to each other). This
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is thought to be the main mechanism affecting the diffusion of our drug particles in real world

experiments. We also restrain our studies to 2D systems since adding a third dimension would

severely limit our capacity to perform simulations computationally due to the added size of the

system. There are no particle-particle interactions and there is no external bias or internal viscos-

ity gradient affecting the particles’ motion or behaviour near obstacles. The obstacles represent

polymer fibers in a given hydrogel, for example.

1.4.1 Exact enumeration methodology

As mentioned earlier, it is possible to obtain exact drug release profiles by using a technique based

on the enumeration approach developed by Majid et al. [30] for solving random walk problems

exactly. This adapted technique is explained in the following chapters and briefly expanded in this

section.

Traditionally, the conventional Monte Carlo technique (MC) is employed to model diffusion

on lattice-like structures [31, 32]. Data gathered from MC simulations generally tend to be rather

noisy and converge somewhat slowly. There is also a lack of self-averaging which prevents one

from obtaining better data by simply increasing the amount of Monte Carlo time steps (MCS) over

which to perform statistical averages for random walk problems [33]. We can demonstrate the

effectiveness of our approach with an example taken from a previous study [30] which follows the

fractal dimension, dw , as a function of algorithmic time step, N (see Figure 1.8) using the exact

enumeration and compares it to data from MC calculations. This example performs random walks

over a certain number of iterations and is averaged over typically 1000 percolation clusters in order

to calculate dw . The exact nature of the enumeration technique leads to a significant reduction in

the error (solid line). The values of dw are shown for both a square and triangular lattice. As

shown, the data converges to the theoretically accepted value of dw = 4/3 with no error bars using

the enumeration scheme.

The enumeration method is best understood with an example (see Figure 1.9). The diffusion

can be followed through four time steps in a 3 × 3 , uniformly loaded hydrogel containing two

obstacles (Cobst = 2/9). Uniformly loaded refers to the fact that all non-obstacle x, y sites are

initially occupied by a uniform drug concentration, Cx,y(0) = 1 . The cumulative release at each

time step is also shown as the sum over all particle probabilities in the boundary, M(t) . This simple

yet powerful technique can be described as follows: we compute all possible particle trajectories

of a solute based on its initial location and its probability to diffuse to any first nearest neighbour
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FIGURE 1.8 Fractal dimension, dw , versus algorithmic iteration count, N , for a
triangular lattice (4), and for a square lattice (2 ) obtained from Monte Carlo sim-
ulations together with the enumeration data (−•−) of random walks on percolation
clusters. One can see that the enumeration data is much cleaner while converging to
the theoretical value for dw . Reproduced with permission from [30] (pending).

(NN) from a lattice site j . Time is divided into small (finite) discrete intervals and all particles

must attempt a jump at each time step. Such jumps are simply rejected (i.e., the particle is reflected)

if the neighbouring site is occupied by an obstacle (however, time is incremented even when jumps

are rejected). For example, the drug probability density function Pj at time t + 1 (assuming no

neighbour is an obstacle) can be written as:

Pj(t+ 1) =
z(j)∑
i=1

Pi(t)pi,j (1.25)

where i is summed over all NN of lattice site j , z(j) is the coordination number for the lattice,

and pi,j is the probability to diffuse from site i to j . In an isotropic and unbiased system, a given

solute particle has an equal probability of diffusing to any four of the NN: p±x = p±y = 1/4 .

We can write Eq 1.25 specifically for the case of drug diffusion with obstacles (the value of

pi,j is 0 if there is an obstacle on site j ) in Cartesian coordinates with drug density function Cx,y

as

Cx,y(t+ 1) = [Cx−1,y(t)(1− qx−1,y) + Cx,y(t)qx+1,y] p+x

+ [Cx+1,y(t)(1− qx+1,y) + Cx,y(t)qx−1,y] p−x

+ [Cx,y−1(t)(1− qx,y−1) + Cx,y(t)qx,y+1] p+y

+ [Cx,y+1(t)(1− qx,y+1) + Cx,y(t)qx,y−1] p−y. (1.26)
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FIGURE 1.9 Diffusion from a uniformly loaded hydrogel with uniform initial drug
concentration Cx,y(0) = 1 and two obstacles. The concentration of obstacles is
Cobst = 2/9 . The cumulative amount of drug released after each time step is shown in
grey for each boundary site, and the sum M(t) is given in all cases.

Here, qx,y is a site occupation index whose value is 1 if the site (x, y) is occupied by an obstacle

and 0 if not. Since we are dealing with non-degradable hydrogels, the value of qx,y is fixed for

all t and is determined by the initial structure of the hydrogel. Also, as schematically illustrated

in Figure 1.9, the calculation is done iteratively, starting with a given initial drug concentration

distribution Cx,y(0) ; in this example Cx,y(0) = 1 ∀ x, y if the site is not occupied by an obstacle.

Release from the finite-sized hydrogel is thus modeled by imposing absorbing boundary con-

ditions p±x = p±y = 0 on the outer surface of the structure. Once a drug concentration has reached

the outer surface, it cannot diffuse back inside and the cumulative amount is the sum of all those

probabilities which have crossed this boundary up to time t (see Figure 1.9).

Using discretized notation, we can write the mean-square displacement of a particle as

〈
r2
〉

(t) =
∑
j

Pjr
2
j (t) (1.27)
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where rj is the magnitude of the particle’s position at time t . This quantity could be useful for

studying parameters such as the cross over length and time or the diffusion process using an infinite

lattice. We can group the local drug concentrations, Cx,y(t) , into a column vector with s elements

(one for each lattice site), |C(t)〉 . We can then write Eq 1.26 as a matrix equation

|C(t+ 1)〉 = T|C(t)〉 (1.28)

where T is an s × s Markovian matrix which transforms the drug distribution of time t into the

one at time t+ 1 (T includes all the information about the location and behaviour of the diffusing

particles at the obstacles and at the boundary). In stochastic probability theory Markovian refers to

a process by which the probability distribution of future states, given the present and all past states,

depends only upon the current state and not on any past states [34].

This enumeration approach has been used many times to model diffusion related problems

in various media. It has been used to study diffusion on percolation backbones [35], on diffusion

limited aggregates (DLA) [36], trapping particles in 1D [37], in 2D and 3D [38], etc.

1.4.2 Diffusion coefficients

As mentioned before in Section 1.2, the diffusion coefficient is used to describe the behaviour

of particles undergoing normal diffusion. We will show in the next section that it is possible to

obtain a solution to the diffusion equation for a 2D circular disk as long as one knows the diffusion

coefficient for the particles inside the gel. Let us then mention a scheme one may use to obtain

these diffusion coefficients for use in the analytical theory. Using results previously obtained by

members of our group, we can obtain exact values of the steady-state scaled diffusion coefficient,

D∗ , for particles undergoing diffusion in hydrogels of various obstacle concentrations, Cobst , below

the percolation threshold [39–41]. For analytic purposes, we replace a given concentration of

obstacles by a uniform effective viscosity (i.e., an effective (or scaled) diffusion coefficient D∗

which models the retarded diffusive motion of the particles). The effective diffusion coefficient is:

D∗ =
D

D0

(1.29)

where D0 is the diffusion coefficient in the absence of obstacles (or between the obstacles). The

percolation threshold for a 2D infinite square lattice of coordination number z = 4 , is C∗obst =
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FIGURE 1.10 Scaled diffusion coefficient D∗ = D/D0 , as a function of obstacle
concentration, Cobst . The solid line is for a hydrogel with periodically placed obstacles
and the dashed line is for a hydrogel with randomly placed obstacles. The periodic
systems stop at Cobst = 1/4 since this is the highest concentration attainable on a
square lattice. As expected, for random systems, D∗ goes to 0 as C∗obst is reached.

0.4069 ± 0.0006 [23]. For such a 2D hydrogels with obstacles placed periodically, it was shown

that:

D∗ '
1− πCobst + π2

2
C2

obst + . . .

1− Cobst

(1.30)

and for hydrogels with randomly-placed obstacles:

D∗ ' 1− (π − 1) Cobst − 0.8558C2
obst + . . . . (1.31)

The values of D∗ for systems composed of randomly placed obstacles are lower than in systems

composed of periodically placed obtacles (see Figure 1.10) for given obstacle concentrations. This

is presumably due to the formation of various structures in the random system which further hinder

the motion of particles (e.g., traps, walls, long tortuous channels). These equations assume pure

Fickian diffusion. These exact values will also allow us to compare our numerical results to theory

at low obstacles concentrations and help gauge the accuracy of our diffusion model.
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1.4.3 Analytical solution

It is possible to obtain an analytic solution to the equation of diffusion for certain uniformly loaded

round hydrogel geometries [42]. This has a significant importance since it allows comparison of

the drug release profile obtained from our enumeration to the exact analytical theory. The enu-

meration results are shown to be in perfect agreement with the theory in the following chapters for

hydrogels in the low obstacle concentration limit. The theory assumes a homogeneous coefficient

of diffusion throughout the hydrogel which allows us to solve the diffusion equation analytically.

However the coefficient of diffusion is highly dependent on ~r in hydrogels with higher obstacle

concentrations and there is no longer an analytical solution to this nonlinear version of the equation.

More importantly, the functional form of D∗(~r) itself is not known and depends on the placement

of the obstacles which further prevents us from solving the equation numerically as well (except,

potentially, for specific realizations of disorder).

As an example, we can obtain an analytic expression for drug release through diffusion from

a 2D uniformly loaded circular hydrogel with an initial uniform concentration of drug on every

non-obstacle site. The 2D, angular symmetric equation of diffusion written in polar coordinates is:

∂C(r, t)

∂t
= D∗

(
∂2

∂r2
+

1

r

∂

∂r

)
C(~r, t) (1.32)

where C(~r, t) describes the drug concentration at position ~r at time t (D∗ is defined in Eq 1.29).

We impose the following boundary conditions

C(r, 0) = H(r − r0)C0 (1.33)

C(r0, t) = 0, (1.34)

where H is the Heaviside function, and C0 is the initial drug concentration of the free sites inside

the capsule. Equation Eq 1.34 accounts for the absorbing boundary located at r0 (the radius of the

circular hydrogel).

The solution to equations Eq 1.32 – Eq 1.34 is

C(r′, t) =
∞∑

n=1

Cn(r0)J0(λnr
′) exp

−D∗
(
λn

r0

)2

t

 (1.35)

where J0 is the 0th order Bessel function of the first kind, λn represents the nth zero of J0(r)

(refer to Chapter 2 for sample values), r′ = r/r0 is a scaled radial position, and the coefficients,
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FIGURE 1.11 This shows in a) the initial state of a circular hydrogel (xy plane).
The initial drug concentration, C (~r, 0) , is shown on the z-axis as a function of the
number of terms, n , used in the series solution presented in Eq 1.35. The drug con-
centration as a function of time can be seen in b) for n = 5 .

Cn(r0) , are given by:

Cn(r0) =
2C0

J2
1 (λn)

∫ 1

0
H(r − r0)J0(λnr

′)r′ dr′. (1.36)

We notice the effect of adding more terms on the initial drug concentration distribution (see

Figure 1.11a). In this figure, the circular hydrogel is shown on the xy plane as well as the initial

drug concentration (on the z-axis). Adding more terms to the series increases the level of definition

such that the hydrogel is more accurately modeled. Bessel functions are notoriously poor at rep-

resenting sharp features. For this reason, ≥ 5 terms are usually kept in the series expansion when

using data from the analytic solution. We can see the time progression of the drug distribution in

Figure 1.11b for the case of n = 5 . The solution to Eq 1.35 is then integrated over the area (or

volume in three dimensions) of the hydrogel, Ω , and over time in order to obtain the drug release

curve.
M(t) = M0 −

∫ t

0

∫
Ω
C(~r, t′)dΩdt′ (1.37)

where M0 ≡
∫
ΩC(~r, 0)dΩ represents the total initial amount of drugs present in the hydrogel

(note that M(0) 6= M0 using this notation). This solution allows us to obtain an exact release

profile from a circular disk with a homogeneous coefficient of diffusion in order to test the validity
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of our exact enumeration. The enumeration provides release curves which are in remarkable agree-

ment with this theory as one can conclude from the results presented in Chapter 2. However, as

mentioned earlier, the analytical solution begins to break down as Cobst approaches the percolation

threshold. In other words, the assumption that we can replace the obstacles by an effective viscos-

ity (or diffusion coefficient D∗ ) is valid for RCR � r0 and, since our hydrogels have a finite (read

small) sizes, only applies at low obstacle concentrations. Figure Figure 1.6 can be interpreted to

show RCR as a function of Cobst to predict the minimum size of a hydrogel needed to use the exact

value of D∗ obtained in Section 1.4.2. As one increases Cobst , the system size must also increase

in order to avoid complications due to anomalous diffusion. The onset of anomalous diffusion

and increasing positional dependence of D∗ is the main reason for having to use the enumeration

method in order to study hydrogels for use in drug delivery as opposed to simply solving the dif-

fusion equation for various values of D∗ – which could not change the functional form of the drug

release profile.

1.5 Genetic optimization

Genetic algorithms, as the name suggests, are a class of combinatorial optimization methods which

use traits inspired from evolutionary biology in order to converge to an optimum. The study of

cellular automata inspired John Holland at the University of Michigan to theorize about these al-

gorithms in the late 1960’s [43, 44]. Since then, these heuristic algorithms have been successfully

applied to a myriad of complex problems such as the classic traveling salesman problem [45],

scheduling optimizers [46], protein folding, etc. In Chapter 2, we use a genetic algorithm in order

to create a hydrogel structure which exhibits constant release rate characteristics. Here we are

trying to find the optimal obstacle placement which give our desired release rate. A genetic algo-

rithm allows us to intelligently “try” a large number of obstacle configurations and systematically

converge to a satisfactory solution.

A typical genetic algorithm usually comprises four main steps: the initialization of a popula-

tion, the selection of fit candidates, the reproduction of these candidates, and the termination when

a specific condition has been met. In the initialization phase, a population composed of individuals

is created. Each individual is created with a specific number of chromosomes (e.g., a specified

section of each hydrogel with a unique obstacle concentration). Once a population is formed, the

individuals are ranked according to a fitness parameter. This fitness parameter is usually a simple
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FIGURE 1.12 Schematic representation of the genetic algorithm. We start with an
initial population with n individuals each composed of five chromosomes. Two fit
individuals from this generation are selected and a new individual is created using a
cross-over technique.

mathematical test which tells the algorithm which individuals exhibit the most favourable traits.

When the fittest individuals are selected, they are used to form the next generation using genetic

operations. These genetic operations can include chromosome recombinations, cross-overs, muta-

tions, etc. The whole generation forming process is repeated until a satisfactory solution is found

as per the fitness parameter. Refer to Figure 1.12 for a schematic representation of a genetic step.

In the case of the hydrogels used here for drug release, the chromosomes are defined as

regions with a given obstacle concentration and distribution (e.g., rings, grids, layers). The genetic

algorithm has to find a specific arrangement of chromosomes which favours a controlled release

profile. Also, mutations are introduced once a new specimen is created in order to introduce

potentially beneficial changes into the population by randomly changing a certain characteristic

[47]. This has been argued to help the algorithm avoid local minima by always introducing new

components to the population which would otherwise tend to all look similar; effectively slowing

evolution. Genetic algorithms have a tendency to get stuck in local minima unless the mutation rate

and the exact implementation of the cross-overs are closely monitored. Specifics of the particular

implementation of our genetic algorithm applied to hydrogels is further discussed in Chapter 2.

The use of other optimization algorithms has been considered (e.g., Metropolis simulated

annealing) and is discussed later. The selection step used in ranking hydrogels (i.e., computing the

drug release profile) which produce controlled release rates is a computationally intensive process.

For this reason, the genetic algorithm lends itself well since it allows one to make significant

improvements to the hydrogel for every selection step thus minimizing the need to re-evaluate the
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release profile every time minor changes are made to obstacles (i.e., quick scanning of the solution

phase-space).

1.6 Characterization techniques

When analyzing a drug release profile, it is important to have an efficient way of characterizing

its various features (i.e., evaluate a specimen’s fitness) in order to classify it. As discussed earlier,

the analytic expression for diffusion is no longer valid as the concentration of obstacles increases.

It is also not easily adaptable to various hydrogel geometries. For this reason, some have been

using various functions which describe many forms of the release profiles with varying degrees

of success. These empirical functions are of great experimental as well as theoretical importance

since they are frequently used by many in order to compare diffusion profiles and in attempts to

explain underlying phenomena [48–50].

One of the earlier characterization tool comes from Higuchi [51] and is very simple:

M(t) ∝
√
t . (1.38)

This indicates that the fraction of released drugs is proportional to
√
t . This describes the “quasi-

stationary” state of the effective drug front once an initial lag time has elapsed and undergoes

normal Fickian diffusion. The Higuchi function has been cited in over 500 journal articles since

its first appearance in 1961.

However, we concentrate our studies on two empirical functions and their ability to properly

describe drug release profiles from uniformly loaded hydrogels. The first function seen here is a

generalization of the Higuchi function which can be applied to drug release with combined types

of diffusion. It was first used by Korsmeyer et al. and is known as the Peppas fit [52]. A simple

power law is used to model the drug release profile:

M̃(t) =
M(t)

M0

=
(
t

tα

)α

(1.39)

where M̃(t) is the normalized total release as a function of time, M0 is an arbitrarily chosen

normalization parameter (as defined in Eq 1.37), and α is said to be an exponent indicative of the

diffusional mechanism. The initial load M0 is a logical choice and 0 ≤ M̃(t) ≤ 1 by definition;

the resulting time scale tα can then be compared to tβ for short times (M̃ � 1). According to the
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literature, for Fickian diffusion, α = 0.5 and Eq 1.39 becomes similar to Eq 1.38 whereas α = 1

would indicate Case II transport and intermediate values would be simply classified as anomalous

diffusion [53]. This will be investigated and demystified in upcoming chapters. Namely, the value

of α will be shown to not be reliable at all when fitting various drug release profiles! Further, since

Eq 1.39 is unbounded, the fractional value of the release rate diverges starting at t = tα . This

function cannot yield any important information about long time release and is usually only used

to model drug release until M̃(t) ' 0.60 . It is sometimes useful to use a piecewise variation on

the Peppas function which is artificially bounded at a sufficiently large time, tα :

M̃(t) =


(

t
tα

)α
if 0 < t < tα,

1 if t ≥ tα.
(1.40)

By far, the most successful empirical function in characterizing drug release profiles is named

after the Swedish scientist Waloddi Weibull [54]. He published a paper on the Weibull distribution

in 1951, which he used to characterize strength of materials and fatigue data and for which he

received much attention [55]. Incidentally, it later proved to be of great empirical importance in

the field of pharmaceutics [56]. This stretched exponential function can be written as

M̃(t) =
M(t)

M(∞)
= 1− exp

−( t

tβ

)β
 (1.41)

where M(∞) represents the amount of drug that escape as t → ∞ (M∞ ≤ M0 since some

drugs may remain trapped inside), β is the so-called release exponent, and tβ is the characteristic

time for the fit. There have been some mathematical, Monte Carlo, and experimental studies of

diffusion which made use of the Weibull function and exploited its various characteristics [48, 57–

61]. The main advantage of the Weibull function is its ability to fit release profiles independently

of the geometry of the release platform or the type of diffusion. The Weibull function fits any kind

of diffusion as well as special cases of mixed diffusion (normal and anomalous). For this reason,

it is frequently used in the literature as a base reference guide for comparing various drug release

profiles. However, one must take note that there isn’t necessarily a physical basis for using the

Weibull function; it just happens to fit well. It is used throughout the literature under various forms

depending on the uses. For example Lánský and Weiss use the following modified version of the

Weibull function [62]:

M̃(t) = 1− exp
[
− r

1− h
t1−h

]
(1.42)
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where the parameters r and h depend on the fractional diffusion rate. In this case, the escape rate

is:
˙̃M(t) = rt−h

(
1− M̃(t)

)
. (1.43)

These authors give the parameters some kind of kinetic meaning [62].

Many have sought to attribute deeper fundamental physical diffusion properties as a function

of the value of the release exponent obtained in the fit. For example, some have proposed that

specific values of β are direct evidence of certain types of diffusion [53, 62]. In upcoming chapters,

we will demonstrate that the release exponent depends on time and does not reliably converge to a

fixed value depending on the internal geometry of the hydrogel. We show that although the Weibull

function fits any release profiles relatively well, it cannot hope to convey significant properties of

the hydrogel nor the type of diffusional properties.

1.7 Presentation of the thesis

This thesis is composed of two articles submitted for publication (one pending peer review) in

scientific journals during the course of my M.Sc. degree. Below is a list of these articles, with a few

added notes. Some unpublished work on a novel hybrid Metropolis/Genetic algorithm optimization

technique is also briefly presented since some of the results may be of interest to the reader. Also

note that the references are found in Chapter 6 except for those contained in the following two

article/chapters.

1) S Casault, M Kenward, and GW Slater. Combinatorial design of passive drug delivery plat-
forms In press with the International Journal of Pharmaceutics (2006).

This article illustrates how one can control the rate of release of solute from a simulated hy-
drogel by carefully arranging its geometrical properties. This proof of principle study uses a
three pronged approach to show that a controlled rate of release can be obtained. We have im-
plemented a method to obtain the exact release profile from any given hydrogel configuration;
a method to quickly generate a large number of varying hydrogel structures; and a genetic op-
timization algorithm which leads to the selection of optimal structures. In this article, we also
rigorously test the exact enumeration method by comparing it to an analytic solution as well as
various empirical functions for diffusion. I was the principal author of this paper and principal
creator of the computational algorithms as well as analyzed all the data.
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In this article, we have carefully analyzed two empirical functions that are widely used to de-
scribe the drug release profiles. Since our method provides exact release rates, we can analyze
release profiles from hydrogels at various obstacle concentrations and geometries with a high
level of accuracy. Namely, we study the Peppas and the Weibull function and their possible ap-
plications. We show that the free parameters in those two functions greatly depend on time. We
conclude that one should thus use caution when comparing drug release profiles from various
hydrogels by looking at parameters from either of these fits. Also, only very limited physi-
cal insights about the nature of the hydrogel or the mechanism of diffusion are given by these
parameters although many attribute such qualities to them.
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Combinatorial design of passive drug delivery platforms

Sébastien Casault, Martin Kenward, and Gary W. Slater
Department of Physics, University of Ottawa, 150 Louis-Pasteur, Ottawa, Ontario K1N 6N5, Canada

(Dated: March 29, 2007)

We introduce a novel computational approach to designing passive drug delivery systems based on
porous materials such as hydrogels. Our approach uses three tools: a method to establish the exact
release pattern from all possible loading sites inside a given hydrogel; a method to generate a large
number of hydrogel structures to be tested numerically, and finally an optimization algorithm which
leads to the selection of optimal hydrogel structures. Using this approach, we show that controlled
release curves can be obtained by using a genetic algorithm for the optimization step. Strategies to
generalize this approach to other systems are also discussed.

Keywords: Drug Delivery; Controlled Release; Hydrogels; Optimization; Genetic Algorithm; Exact-
enumeration

I. INTRODUCTION

Designing drug-delivery systems with a controlled rate
of drug release is crucial for applications where dosage
must remain in a prescribed therapeutic range over the
entire term of treatment [1]. Currently, there exists acti-
vation modulated platforms relying on kinematic effects
(e.g. swelling and dissolution) that feature controlled re-
lease characteristics [2, 3]. However, it proves much more
challenging to achieve constant drug release from passive
platforms, i.e., those strictly relying on diffusion as a
drug delivery mechanism, such as non-degradable hydro-
gels [4, 5]. Passive platforms would have the advantage
of not heavily relying on environmental factors which can
prove difficult to control. There is a definite need for a
systematic approach which can quickly identify optimal
design strategies for passive systems.

According to Cohen and Erneux [6], the most common
drug delivery mechanism is diffusion from a polymeric
system (such as a hydrogel). We will thus focus our
study on hydrophilic drugs escaping from non-swelling
diffusion-controlled hydrogels. Since this is the most
widely applicable release mechanism [7], several methods
can be used experimentally to prepare hydrogels with
specific internal structures (obstacle distributions). For
example, Liang et al. [8] have shown that the density
of a hydrogel can be controlled using a non-cytotoxic
crosslinker.

We introduce the novel concept of combinatorial drug
delivery platform design. This technique is used to inves-
tigate hydrogel structures which exhibit specific release
characteristics. We focus this proof of principle study
on obtaining results which promote a constant drug re-
lease rate as a function of time although the technique
can be used, in principle, to achieve virtually any desired
release profile. The results presented in this paper are
obtained using a lattice model of diffusion which is simi-
lar to that introduced originally by Majid et al. [9]. We
neglect chemical details and adopt a coarse-grained view
of the diffusion process. Studies which model polymers
often rely on stochastic, Monte Carlo simulation meth-
ods where the diffusion of a drug molecule is represented

by random, discrete jumps on a lattice occupied with
obstacles. In contrast, our method has the advantage of
producing numerically exact data by enumerating all pos-
sible walks on any given lattice matrix with obstacles (the
latter represent the gel fibers present in a hydrogel ma-
trix). We limit our work to diffusion in two-dimensions
but the extension to 3D (or more!) poses no difficulty
other than requiring more computational resources.

It is widely known that the internal structure of a hy-
drogel is important in modulating the release rate [10–
14]. Constructing hydrogels with specific structures and
testing their drug release properties is experimentally
time consuming. Using our method, we can reduce the
amount of experiments needed by offering critical infor-
mation on how to tailor the structure of a hydrogel in
order to obtain specific release profiles. Although the
structure of the hydrogel is important, the initial loading
of the drug itself inside the structure is equally critical.
Accordingly, we will also use our optimization technique
to investigate the placement of drug reservoirs inside the
hydrogel.

It is also possible to obtain numerically exact values
of the diffusion coefficient for practically any hydrogel
structure [15–17]. However, the diffusion coefficient is not
always the key factor in predicting the release character-
istics of complex systems (e.g., one must also consider the
geometry and dimensionality of the hydrogel). For this
reason, we use the exact enumeration model mentioned
earlier which makes no assumption about the functional
form of the diffusion coefficient. This numerically exact
lattice calculation of the short-time diffusion dynamics of
a particle is much quicker to perform than Monte Carlo
simulations. This method essentially consists in finding
the transfer matrix for any given obstacle configuration
and their relative positions as a function of time. Thus,
any minor change to either will equate to changing a
single row in the transfer matrix and thus can be recom-
puted fairly easily. This allows one to very quickly per-
form changes in the initial conditions (e.g., modifying the
obstacle pattern) and measure the resulting escape rates.
Using a genetic algorithm as our optimization tool, it is
then possible to study several thousand combinations of
(evolving) hydrogel structures in order to rank them ac-
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FIG. 1: Time evolution of a typical circular system with par-
ticles undergoing diffusion on a 2D square matrix with three
obstacles (black). The absorbing boundary is shown in grey
(the sides are also part of this boundary). The initial config-
uration is shown at t = 0 with the drug molecules completely
localized on two sites.

cording to their usefulness in generating desired release
rates.

This article is structured as follows: we begin by pre-
senting the theory of the enumeration method followed by
examples to test its validity. The optimization technique
used throughout this paper is then presented. Finally,
we present results obtained using our technique for drug
delivery systems with different geometries.

II. ENUMERATION METHODOLOGY

A. Diffusion model

Enumeration methods allow one to obtain exact nu-
merical results for problems related to diffusion, escape
rates and transient effects [9]. To illustrate this, let us
first examine diffusion on a simple 2D square lattice (fig-
ure 1). We compute all possible particle trajectories of a
solute, based on its initial location and its probability to
diffuse to any first nearest neighbour on the lattice. Fig-
ure 1 shows the evolution through 3 time steps of solute
diffusion on a typical 2D square lattice with 3 obstacles.

The probability to diffuse in any given Cartesian direc-
tion is simply p±x = p±y = 1/4. In an isotropic system,
a given solute particle has an equal probability to dif-
fuse (or jump) to any four of the nearest neighbour sites.
Time is discrete and all particles must attempt a jump at
each time step. A move is simply rejected (i.e., the par-
ticle is reflected) if the neighbouring site is occupied by

an obstacle. In other words, we assume elastic collisions.
Lattices with higher coordination numbers such as the
hexagonal lattice were considered for this model; how-
ever they lead to prohibitively long computational times
and marginal differences in release profiles.

A uniform probability of jumping is valid as long as
there is no drug-hydrogel affinity, external field or other
source of anisotropy. For example, in a real system the
drug may exhibit affinity for the obstacles. This could be
implemented by adding a probability po for the particle
to stay on the same site when it is next to a “sticky”
obstacle.

In the current study, obstacles are completely passive
and do not respond to temperature variations or external
effects (varying pH, electric fields, etc.). Also, the obsta-
cle density is time-independent, i.e., there are no degra-
dation or swelling effects. Such active parameters would
require major changes to the method introduced in this
article since they generally involve a non-deterministic
evolution of the hydrogel matrix.

The general two-dimensional master equation govern-
ing the probability of having a drug concentration Cx,y(t)
on a free site at (x, y) at time t is:

Cx,y(t + 1) = [Cx−1,y(t)(1− qx−1,y) + Cx,y(t)qx+1,y] p+x

+ [Cx+1,y(t)(1− qx+1,y) + Cx,y(t)qx−1,y] p−x

+ [Cx,y−1(t)(1− qx,y−1) + Cx,y(t)qx,y+1] p+y

+ [Cx,y+1(t)(1− qx,y+1) + Cx,y(t)qx,y−1] p−y.

(1)

In this equation, qx,y is the site occupation index; its
value is 1 if the site at (x, y) is occupied by an obstacle
and 0 if not. Note that for a given system, the value of
qx,y is fixed for all lattice sites and is simply determined
by the structure of the hydrogel. As schematically illus-
trated in figure 1, the calculation is done iteratively, from
an initial drug concentration Cx,y(0) for each site on the
lattice. We make the assumption that we are in the low
drug concentration (dilute) regime where solute particles
do not interact with each other.

In order to model drug release from a finite-sized hy-
drogel system, one simply imposes absorbing boundary
conditions p±x = p±y = 0 on the outer boundary of the
hydrogel structure. The amount of drug crossing this
boundary is the cumulative sum of all those probabilities
which have crossed the boundary up to time t.

In this paper we restrict our work to examine sim-
ple cases which do not include surface kinetic effects.
Nevertheless it is straightforward to tailor the surface
properties of our simulated drug delivery system to re-
flect conditions which may arise from certain hydro-
gel/solute/environment configurations (e.g., resistance to
escape at the boundary, pH or viscosity gradients at the
surface of the hydrogel, etc).

If the various local concentrations Cx,y(t) (including
those in the absorbing layer) are grouped into a column
vector |C(t)〉 with s elements (one for each lattice site;
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note that we use Dirac’s bra-ket notation), equation 1
can be rewritten as a matrix equation

|C(t + 1)〉 = T|C(t)〉. (2)

The s × s Markovian matrix T (which depends entirely
on the positions of the obstacles) transforms the distri-
bution at time t into the one at time t+1. This provides
a simple computational method to carry out the itera-
tions that are implicit in equation 1 starting from an
initial drug load |C(0)〉. Mathematically, it is possible
to use this equation backwards, i.e., start with a given
final release rate and calculate the corresponding initial
configuration. This unfortunately yields unrealistic pa-
rameters (e.g. negative initial concentrations in certain
regions) and is not useful in practice.

Using this exact enumeration method, we calculate the
associated release rate curves. Our goal is to find an ini-
tial capsule configuration (which is defined by the obsta-
cle locations T and drug loading |C(0)〉) which yields a
desired release rate, e.g., a constant release rate for long
time periods.

B. Notation

For the sake of clarity, we introduce the notation M(t)
to indicate the total drug released as a function of time:

M(t) = M0 −
∫ t

0

∫
Ω

C(~r, t′)dΩdt′ (3)

where

M0 =
∫

Ω

C(~r, 0)dΩ (4)

represents the total initial amount of drugs present in
a hydrogel. C(~r, t′) describes the drug concentration at
position ~r at time t′ and Ω represents the area (or volume
for three-dimensional simulations) of the hydrogel. One
can write M̃(t) as the normalized cumulative amount of
drugs released at time t

M̃(t) =
M(t)
M0

. (5)

One can define an asymptotic release amount M(∞) (it
is equal to the M0 if no drug particle is trapped inside the
hydrogel). Also, we introduce the parameter τφ which we
define as the time at which a certain fraction, φ, of drugs
has been released from the system

φ =
M(τφ)

M0
. (6)

Finally, the rate of drug release is measured by the deriva-
tive

Ṁ =
∂M

∂t
. (7)

Similarly, one can define a normalized rate ˙̃M(t).

C. Uniformly loaded gels: Empirical fits

A uniformly loaded gel is defined as having an equal
concentration of solute on every non-obstacle site; drug
is said to be uniformly loaded in the hydrogel matrix.
There is no lag time (i.e., time lapse between the be-
ginning of the enumeration and the arrival of the effec-
tive drug concentration “wavefront” at the boundary) in
this scheme since there is a drug concentration near the
boundary which escapes the hydrogel at t = 1. We later
show that optimization of the hydrogel matrix can be re-
lated to this lag time and that schemes involving drug
reservoirs that are non-adjacent to the boundary can be
of crucial importance when searching for a constant rate
of release.

We can simulate such a uniformly loaded hydrogel and
compare our numerical data with two widely-used empir-
ical fits. According to Peppas [18], a simple power-law
relationship can describe the time dependence of drug
release until 60% of the initial load has been released:

M̃(t) =
(

t

tα

)α

(8)

where α is the release exponent, and the resulting time
scale tα is relevant only for short times (M̃ � 1). Since
the Peppas equation is not bounded as t →∞ it cannot
be used to model the escape at long times.

According to a more general statistical theory, the
Weibull model predicts that the release rate behaves like
a stretched exponential [19]:

M̃(t) = 1− exp

[
−
(

t

tβ

)β
]
· (9)

The parameters are now the exponent, β and the time
scale tβ . A series expansion of the Weibull function yields
the Peppas law to first order and thus it is expected that
β → α, and tβ → tα, as t → 0. However, both these
empirical fits suffer from an apparent lack of physical
meaning associated with the free parameters.

D. Exact solution for a test system

It is possible to solve the 2D diffusion equation in polar
coordinates for C(r, t) to obtain a predicted release curve
from a round hydrogel with radius r0 [20] and uniform
drug concentration. In this case, we simply replace the
obstacles inside the capsule by an effective viscosity (or,
more precisely, by an effective diffusion coefficient D∗)
which models the retarded diffusive motion of the parti-
cles. Since the distribution of obstacles is assumed to be
isotropic, D∗ is simply a fitting parameter.

We study here a circular drug capsule with an isotropic
obstacle distribution with a concentration well bellow the
percolation threshold, C∗obst (C∗obst ' 0.408 for a square



COMBINATORIAL DESIGN OF PASSIVE DRUG DELIVERY PLATFORMS 33

4

TABLE I: The first four λ values and the corresponding
Cn(r0) coefficients used in the diffusion equation with r0 = 1.

n λn Cn(r0)
1 2.4048 1.6020
2 5.5201 -1.0648
3 8.6537 0.8514
4 11.7915 -0.7296

lattice [21]). The capsule is said to be uniformly loaded,
i.e., an equal drug concentration occupies every non-
obstacle site. The 2D diffusion equation in polar coordi-
nates can be written as

∂C(r, t)
∂t

= D∗
(

∂2

∂r2
+

1
r

∂

∂r

)
C(r, t) (10)

with boundary conditions

C(r, 0) = H(r − r0)C0 (11a)
C(r0, t) = 0, (11b)

where H is the Heaviside function, and C0 is the initial
drug concentration of the free sites inside the capsule.
Equation 11b accounts for the absorbing boundary. The
solution to equation 10 is given by the following:

C(r′, t) =
∞∑

n=1

Cn(r0)J0(λnr′) exp

[
−D∗

(
λn

r0

)2

t

]
(12)

where J0 is the 0th order Bessel function of the first kind,
λn represents the nth zero of J0(r), r′ = r/r0 is a scaled
radial position, and the coefficients, Cn(r0), are given by:

Cn(r0) =
2C0

J2
1 (λn)

∫ 1

0

H(r − r0)J0(λnr′)r′ dr′. (13)

Table I shows the first four Cn(r0) coefficients in the se-
ries solution to the diffusion equation. In the next two
sections, we will compare our exact enumeration results
to the Peppas and Weibull empirical fits as well as to
this exact solution based on the existence of an effective
diffusion coefficient D∗ for the given system.

E. Round capsule with a periodic gel

We begin by constructing a simple periodic gel in or-
der to compare our exact numerical results with empirical
predictions and analytic results described in the previous
section. We use a round 2D capsule constructed inside a
200×200 square lattice with a periodic obstacle distribu-
tion of concentration Cobst = 1/9 (see figure 2). The drug
was loaded uniformly inside the matrix (i.e., the initial
drug concentration was normalized at C0 = M0/s for all

FIG. 2: Time evolution of the drug concentration inside a
round drug capsule (r0 = 100) with a periodic obstacle distri-
bution (Cobst = 1/9). Shown is the drug concentration from
low to high concentrations (denoted by colours ranging from
blue to red, respectively). The concentration of drug is uni-
form inside the capsule at t = 0. The bottom left figure is a
blow up of the indicated section in the t = 150 figure.

sites that are not occupied by an obstacle, where s is the
number of such sites). We calculate the time evolution
of the population of non-interacting particles using equa-
tion 1 where t is given by the iteration step count, an
integer.

The analytical function requires a value for the diffu-
sion coefficient which we must obtain in order to compare
the analytical profile with our exact numerical results. It
is possible to fit the curve in order to extract the coef-
ficient; however, there is a better way. The diffusion of
a solute through an infinite lattice has been extensively
studied by our group using another exact numerical ap-
proach [15, 16]. Using that technique, the scaled diffu-
sivity for a particle in a periodic 2D square lattice of
concentration Cobst was found to be given by:

D∗ '
1− πCobst + π2

2 C
2
obst + . . .

1− Cobst
. (14)

This value for D∗ is then used to calculate the release
profile obtained by solving equation 10. The diffusion
coefficient is strictly used to compare equation 12 with
results from our exact enumeration.

Figure 3 shows a plot of the release profile as a func-
tion of time as well as the three fits mentioned in the
previous sections. The inset shows another view of the
same data. The Weibull fit is in good agreement with
our release profile up to M̃(t) ' 0.9 and the Peppas fit
is valid up to M̃(t) ' 0.65. The values obtained for the
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FIG. 3: Total drug release as a function of time for a round
drug capsule of radius r0 = 100 (see figure 2) with a periodic
obstacle concentration Cobst = 1/9. The parameters of the
different fits are (see text for definitions): Peppas, tα/τφ =
0.25, α = 0.46; Weibull, tβ/τφ = 0.1, β = 0.72, M(∞) = M0

here since there are no traps; analytic, C0 = 1.0, D∗ = 0.8008,
5 terms in the series. The value for τφ was computed using
φ = 0.999 and was used to transform the data from both the
enumeration and the analytic solution. The curves were then
fitted on this transformed graph. The inset shows very good
agreement of our data with the analytical solution by using a

− ln
“
1− M̃(t)

”
y-axis transformation.

fitting exponents α and β are consistent with findings
made by Papadopoulou et al. [22] for Fickian diffusion.
The value of D∗ = 0.8008, as obtained from equation 14
for Cobst = 1/9, is used to plot equation 12 in figure 3.
The analytical solution is in remarkable agreement with
our exact numerical results for the release rate. This in-
dicates that periodic obstacles can indeed be replaced by
a constant viscosity within the hydrogel.

This example is used as a benchmark to properly gauge
the accuracy of our model. At first glance these empirical
laws seem to limit our control of the release rate. How-
ever, it is important to keep in mind that they are based
on idealized conditions (uniform distribution of drug and
obstacles, etc.) and thus it is possible to change these
characteristics and manipulate the diffusion process. In
section III, we present a method for obtaining release pro-
files that are different from these standard release curves
in order to systematically control the drug release.

F. Round capsule with a random gel

The characteristics of drug release are strongly influ-
enced by the behaviour of drugs which linger inside the
hydrogel (e.g., slowly decaying tail on the drug release
curves for long times). This behaviour is affected by the

obstacle configuration and density. We now study the
effects of altering the obstacle properties using a round
capsule constructed inside a 200 × 200 square. The ob-
stacles are placed randomly inside the round matrix and
the drug is distributed uniformly on the remaining empty
sites. The release curves are shown in figure 4 for varying
obstacle concentrations. The solid lines correspond to so-
lutions of equation 10. Again, we can obtain the scaled
diffusivity from Mercier et al. [15, 16] for 2D square lat-
tices with randomly placed obstacles with concentration
below percolation:

D∗ ' 1− (π − 1) Cobst − 0.8558C2
obst + . . . . (15)

The resulting curves are in remarkable agreement with
our enumeration results in the limit of low obstacle con-
centrations, Cobst . 20%.

Due to the finite sizes of our hydrogels, the drug
molecules will undergo anomalous diffusion for a certain
portion of the release profile (except at Cobst = 0) before
making a transition to normal diffusion. This is a well
documented phenomenon and corresponds to a transition
from anomalous diffusion to normal (or Fickian) diffusion
which occurs after the molecules have travelled a certain
cross-over length (or time) [9, 18, 23–26]. This cross-over
length becomes larger as Cobst is increased until it is on
the order of the size of our system (the cross-over length
diverges at C∗obst). At this point, anomalous diffusion is
observed for all times in our enumerations. Drug escapes
from connected and tortuous pathways with a large num-
ber of dead ends altering the shape of the release profile
[27]. Discrepancies between analytical and enumeration
profiles are due to the fact that the analytical theory
assumes a homogeneous diffusion coefficient throughout
the hydrogel although this is not the case. Our enumera-
tion model makes no such assumption and performs exact
calculations of escape for each drug molecule from every
hydrogel configuration.

There is also an increasing percentage of drugs which
remain trapped inside the hydrogel as the obstacle con-
centration is increased. This is seen on figure 4 for release
curves from hydrogels of Cobst ≥ 0.35. These profiles at-
tain a plateau value which is not equal to unity. We have
access to the exact number of trapped particles during
an enumeration and we can set the value of M0 to be
rescaled as M(∞)/M0 in order to compare the enumer-
ation results with the analytical solution (equation 12 is
used for the solid line fits in figure 4). As seen, the ana-
lytical theory breaks down in the near percolation limit.
It is also interesting to note that the drug release rate
can also be higher than anticipated. This can be seen
on the release profile associated with an obstacle concen-
tration Cobst = 0.35 where the initial release occurs at a
faster rate than predicted by the analytical theory (see
equation 4). This is due to the creation of small drug
“reservoirs” near the outer surface of the hydrogel which
contributes an outward biasing effect.
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FIG. 4: Release profiles from circular random hydrogels with
obstacle concentrations Cobst (shown in legend) with radius of

r0 = 100. There is a clear change in M̃(t) as Cobst is increased.
For the cases of Cobst = 0.35, 0.40, M(∞)/M0 were estimated
to be 0.927 and 0.612 respectively by calculating the average
amount of trapped particles. The solid lines are solutions to
equation 10 with values of D∗ obtained from equation 15 for
shown obstacle concentrations and using M(∞) as the value
of the effective initial load.

This anomalous to normal diffusion transition has di-
rect implications in controlling the release profile. These
results suggest that high obstacle concentrations may
favour slow, more constant release rate and that linear re-
lease could occur in a specific case of a power law regime
(i.e., case II transport [28]) of anomalous diffusion. In
search of such a constant drug release profile, we will
study the effects of systematically varying obstacle con-
centations as a function of position. We will also compare
drug release profiles from hydrogels with drug loaded
uniformly versus hydrogels with discrete drug reservoirs.
This will be shown in section IV.

III. GENETIC OPTIMIZATION
METHODOLOGY

A. Gel Structure

Determining optimal obstacle density and placement is
a daunting task considering the large number of degrees
of freedom, therefore we limit ourselves to the simplest
experimental case and search for structures which may be
tested in the laboratory. Should any symmetry or pattern
be observed in the course of our optimization such as
onion structures (i.e., rings of varying obstacle densities),
layers, or reservoirs we will use it to our advantage. Note
that since we use a discretized version of the physical
system and work on a 2D lattice, there is a finite number
of spatial locations for the obstacles and solute particles.

FIG. 5: Schematic illustration showing the parameters used
to calculate the fitness parameter, F , in equation 16. This is
an idealized drug release rate profile, Ṁ(t).

Finally, we restrict our examination to the low density
drug limit where drug-drug interactions are negligible.
In fact, there does not seem to be a significant change
in the drug release profile from noninteracting particles
compared to particles with hard-core excluded volume
interactions [11].

B. Fitness parameter

Finding a good fitness parameter is a critical factor
for any optimization process. Our algorithm needs to
identify the hydrogel/drug configurations which produce
a targeted release profile using a simple quantitative test.
Since we are aiming to produce constant release rates
(over specified time intervals) we compute the following
fitness parameter (see figure 5 for schematic illustration),

F = (1− γ)∆Ṁ − γ
〈
Ṁ
〉

. (16)

In this equation, ∆Ṁ = Ṁmax − Ṁ(τφ) is the maximum
value of the rate of drug release from our simulated hy-
drogel minus the value of the release rate at some upper
time τφ (smaller values of ∆Ṁ indicate a more constant

rate of release over that period of time).
〈
Ṁ
〉

is the
average rate of release during this time interval. This
fitness parameter thus measures the linearity of the drug
release by minimizing the slope of the rate of release curve
starting from its maximal peak value while increasing the
average rate. The value γ is an adjustment parameter
which favours either minimizing the slope or maximizing
the mean release rate. Adjusting this rate permits the
creation of interesting hydrogel structures which are not
shown in this article (i.e., γ is set to 0 except for section
IV C where it is set to 0.9).
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FIG. 6: Profiles of the fitness parameter, F , as a function of
generation number, ζ, for the three best candidates during a
genetic algorithm optimization. We use the system discussed
in section IVB for this demonstration although the general
behaviour is similar for any system. The power law fits for
the two regions are shown in grey and ζ∗ in dashed grey. This
type of data is a useful guide to gauge the required number
of generations needed to attain sufficient convergence.

It is important to note that an inherent lag time often
exists at the beginning of the release process which must
be neglected in order to obtain our fit (see figure 5). This
lag time is a transient effect due to the arrival of the effec-
tive drug “wave front” and it is related to the geometry
of the system [29]. This explains why we strictly look at
the “post-peak” release process.

Our algorithm begins by initializing our first gener-
ation and calculating the fitness parameter, F , for each
individual. Each generation is built using genetic charac-
teristics from the best parents of the previous generation
following the rules of the algorithm outlined in section
III C. In principle, it is possible to select an appropriate
fitness parameter in order to achieve any desired func-
tional form for the release profile, M(t).

As an example consider a circular random hydrogel
constructed inside a 100 × 100 square matrix. Fit-
ness parameter data were obtained from the simula-
tion perfomed in section IVB. Further details on the
specifics used to implement the genetic algorithm are
given therein. This system serves as our typical example
here. Figure 6 shows that our fitness parameter converges
with increasing numbers of generations. The fitness pa-
rameter, F , is shown as a function of the generation num-
ber (ζ) for the three best candidates. In this example,
the fitness parameter decreases sharply as a function of
ζ until a cutoff generation ζ∗ ' 10. This has an impor-
tant significance when determining the optimal number
of generations needed to equilibrate each system. The
fitness parameter decreases roughly as a power law for
the region ζ < 10 region: F ' 1.6 × 10−9ζ−2.5. For
ζ ≥ 10, the fitness parameter approximately behaves like:
F ' 1.2×10−11ζ−0.1 (shown in grey on the figure). This

+
Outer Shell Inner Shell

=

Parent 0 Parent 1 Parent 2 Parent N

...

Parent of Next Generation

FIG. 7: Schematic illustration of a two ring cross-over from
two randomly selected good parents to form an offspring in
the next generation. The darker regions indicate higher con-
centrations of obstacles.

system has minimized the value of the fitness parameter
very quickly at low values of ζ∗. Other systems usually
follow a similar trend although they generally have higher
values for ζ∗.

Figure 6 also illustrates the learning mechanism of the
algorithm. It shows various instances where a candidate
acquires a favourable trait (i.e., sudden drop in effective
fitness parameter) and passes those genetic characteris-
tics to all others within a few generations.

C. Optimizing the initial obstacle distribution

We study the effects of “intelligently” placed obsta-
cles and drug reservoirs using an extended Compact Ge-
netic Algorithm (eCGA)[30]. Genetic algorithms are able
to quickly scan a large portion of phase space (i.e., the
space of obstacle and drug placement locations) and thus
efficiently find a minimum. They are a class of optimiza-
tion algorithms which progress by acquiring successful
traits from previous generations in order to quickly con-
verge to a solution. In our case, an ensemble of drug
capsules is first initialized based on a given basic design
(e.g., an onion-like layering or chessboard pattern). Each
drug capsule is then assigned a fitness parameter, F (see
section III B for details). This parameter allows one to
rank the capsules according to their ability to produce
the desired output (e.g., a constant rate of escape). The
entire ensemble (first generation) is then analyzed and
ranked according to the fitness parameter. Once the best
hydrogels are found, usually 10% are kept for the next
generation (elitism) and a new generation of offspring is
created using specific characteristics inherited from these
“parents”.
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We use three genetic mechanisms to construct our sub-
sequent generations (there are many more genetic mech-
anisms but these will suffice for our proof of principle
study). First, using a crossover technique, we take the
configuration of a predetermined section (e.g., ring-like
structure) of a randomly selected parent and couple this
with various other (ring-like) sections from other ran-
domly selected parents. We combine these traits to gen-
erate the next generation (figure 7 illustrates such a cross-
over for a circular drug capsule comprised of two rings).
The second technique involves another type of crossover
where a mother and a father each donate randomly se-
lected parts of their configurations in a chessboard pat-
tern to form unique offsprings. The former technique is
useful for configurations that exhibit angular symmetry
and the latter for those with Cartesian symmetry.

Thirdly, once a generation is formed, a certain per-
centage of mutations are introduced in these offsprings.
There are three possible types of mutation. The algo-
rithm randomly changes an obstacle for a void, it can
create an obstacle from a void and it can also change
the location of an obstacle (the relative probability for
the mutation to be of one type is: 25%, 25%, and 50%,
respectively). These mutations lead to a more thorough
“scanning” of the phase-space by introducing configura-
tions that may not be obtained through simple genetic
recombinations.

The resulting offsprings are then ranked according to
our fitness test and the entire process is repeated until a
satisfactory candidate is found. As a caveat, note that
although genetic algorithms are very efficient at locat-
ing local minima in phase space there is no way to tell
if we have reached the global minimum. In our simula-
tions, we try to minimize the chance of being trapped in
a local minimum by using a large number of generations
and a relatively large percentage of mutations (> 2% per
generation).

D. Optimizing the initial drug reservoir position

The position and number of drug reservoir(s) may also
need to be optimized in order to achieve our desired re-
lease rates. For example, in section IVC, the drug ma-
trix is divided into a chessboard pattern, some sections
of the capsule would then be given a probability of being
a drug reservoir. The algorithm is free to optimally alter
the number and placement of drug reservoirs within the
matrix.

E. Computational details

Most of the computational work was performed on 15
dual-core UltraSPARC IV+ processors with 576GB of
shared memory (www.hpcvl.org). Each simulation is ex-
ecuted over an average of 12 hours (depending on the
size of the matrix, the total Monte Carlo time required

to obtain sufficient drug release, and the number of gener-
ations). Individual analysis and smaller simulations not
requiring combinatorial optimization is performed on a
3.2 GHz P4 processor with 2GB of memory.

IV. RESULTS

A. Spherical geometry with continuous drug
distribution

The genetic algorithm is initially applied to a uni-
formly loaded circular random hydrogel constructed in-
side a 100× 100 square lattice with radius r0 = 50. The
optimization is performed on the release profile from the
moment that Ṁ(t) reaches its maximal value (this occurs
at t = 1 since the hydrogel is uniformly loaded and there
is no lag time in the drug release) until φ = 0.50 and
the adjustment parameter, γ, is set to 0. There are 1000
genetic generations and each generation is composed of
300 specimen.

Each hydrogel capsule is divided into 5 rings of equal
thickness. The genetic algorithm creates new capsules
using rings from 5 fit parents in the previous generation
and randomly combines them as discussed earlier. Once
a new hydrogel is created, mutations are introduced on
2% of the sites using the previously discussed mutation
scheme.

The obstacle configuration of the optimized hydrogel
can be seen on figure 8a. The associated obstacle con-
centration as a function of radial position, r, can be seen
in figure 8c. By carefully observing figures 8a and 8b,
one can notice the formation of a solid obstacle bound-
ary (or membrane) at r ' 45 except for one small hole
visible in the third quadrant of the circle. This boundary
was created by the genetic algorithm in order to curtail
the initial large release rate due to the bulk of the drugs’
location near the surface of the hydrogel. The hydrogel
has been divided into two sections with different obstacle
concentrations: Cobst = 0.05 in the first region while the
second region has an increasing obstacle concentration.
On average for the whole capsule, Cobst = 0.10. Another
feature of interest is that the centre of the hydrogel was
chosen to contain very few obstacles (conversely, a large
drug concentration). This would seem to minimize the
overall impact of the initial release rate peak associated
with the high drug concentration near the outer bound-
ary of the hydrogel by locating the bulk of the drug in the
centre. The ideal hydrogel seems to be one which tends to
push the membrane closer to the surface of the hydrogel.
By systematically increasing the value of ζ (the number
of generations), one can see that it is pushed towards the
outer boundary (not shown).

Figure 9 shows the cumulative release as a function of
time for our optimized hydrogel (solid line) as well as a
comparison with a hydrogel of uniform obstacle concen-
tration Cobst = 0.10 (dashed line). Since drugs initially
occupy every non obstacle site, drugs begin escaping the
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FIG. 8: a) Optimal initial (t = 0) hydrogel configuration of a
r0 = 50 capsule; obstacles are in black. The dashed grey line
represents the outer boundary of the hydrogel. b) Retarding
effect of the high obstacle concentration on the diffusion at t =
1000. There is also a very interesting visible feature – namely
the formation of an obstacle barrier near the outer boundary
of the hydrogel. The associated radial obstacle concentration
profile is also shown in c). The hydrogel has been separated
into two distinct regions. The first region 0 < r < 0.6r0 has a
very low obstacle concentration of Cobst = 0.05 and the second
region has an increasing obstacle concentration.

hydrogel as early as t = 1. This explains the steep ini-
tial slope observed for both hydrogels. However, once
the drugs outside the bounded area observed in figure 8b
have escaped, M(t) in nearly lineary until φ ' 0.50.

The circular geometry discussed in this section is a
good demonstration of the usefulness of our genetic al-
gorithm in optimizing drug release profiles. The genetic
algorithm is able to find an optimized structure which
produces a remarkably constant rate of release. The cre-
ation of the obstacle barrier seems to be a key component
in controlling the release profile. This single hole mem-
brane model has been extensively used in the past to
obtain a constant drug release rate [31]. It is quite in-
teresting to note that the genetic algorithm was able to
form a similar structure with no prior assumptions. The
optimization appears to eliminate drugs from the bound-
ary at the same time as creating this barrier. It would
be logical to further test these hypotheses.

0 0.5 1 1.50
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0.8
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FIG. 9: Profiles of cumulative drug release as a function of
time for the drug capsule shown in figure 8. This enumeration
is performed until φ = 0.5. There are 1000 genetic generations
and each generation includes 300 specimen with a mutation
percentage of 2%. The release is also compared to a control
hydrogel with a uniform obstacle distribution equal to the av-
erage value of our optimized structure, Cobst = 0.10 (dashed
line). The optimized release profile has two distinct regions.
A quick initial release of drugs near the outer boundary fol-
lowed by a linear release of drugs enclosed within the created
obstacle boundary (porous membrane).

B. Spherical geometry with central reservoir

We re-examine the drug capsule geometry used in the
previous section. However, the drug will now be initial-
ized in a single central reservoir of radius r = 10. The
single reservoir will curtail the effects of the strong initial
drug release rate observed previously. The round capsule
is constructed inside a 100×100 square with drugs evenly
distributed in the reservoir. For the first generation, we
initialize the drug capsule with 5 rings. Each ring has
a width of 10 matrix sites with randomly chosen obsta-
cle concentrations Cobst (each below the 2D percolation
threshold). Our genetic algorithm is then applied.

There are a total of 1000 generations each one of which
is composed of 300 specimen. Each specimen is simulated
for a maximum of 200000 time steps. Each generation is
constructed using the first genetic technique discussed
in section III C using a simple five ring swap (i.e., five
chromosomes involved in the genetic optimization step)
between five parents. Mutations are introduced after the
crossover at a rate of 2%.

The genetic algorithm is programmed to find the con-
figuration of obstacles which would produce the most
constant release rate in a specified range of drug release
(from Ṁmax up to φ = 0.50 and γ = 0 here as well). The
upper bound, φ = 0.50 was chosen to be sufficiently high
to control the bulk of the release profile without worrying
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FIG. 10: a) Optimal hydrogel configuration of a r0 = 50
capsule (drug reservoir in red), obstacles in black and free
space in white. The dashed grey line represents the outer
boundary of the hydrogel. b) Shows the retarding effect of the
obstacles on the diffusion at t = 5000. The associated obstacle
concentration profile is also shown in c). The average obstacle
concentration is indicated for two regions of the hydrogel. The
reservoir with a width of 10 matrix sites has Cobst = 0.08
whereas the rest of the hydrogel is fairly uniform with Cobst =
0.38. The overall obstacle concentration is Cobst = 0.32.

about the tailing effect.
The resulting optimal configuration is shown in figure

10a. Figure 10b shows the concentration of drugs in the
hydrogel at t = 5000. The obstacle concentration pro-
file has been divided into two sections (see figure 10c).
The first section has a very low obstacle concentration
of Cobst = 0.08 since it includes the drug reservoir (ob-
stacles are allowed to enter the reservoir during genetic
mutations). The second section has an average obsta-
cle concentration of Cobst = 0.38 nearly at the percola-
tion threshold. This section is suspected to be mainly
responsible for having altered the shape of our release
curve through the creation of another slow leaking mem-
brane. The overall obstacle concentration is Cobst = 0.32.
At least one ring with very high obstacle density has
been observed in all specimens with this geometry and
would appear to be a necessity to achieve controlled re-
lease rates.

Figure 11 shows the escape rate and the cummulative
amount of drug released as a function of time. The
dashed line shows a comparison of our optimized re-
sults with a hydrogel of uniform obstacle concentration
Cobst = 0.32 equal to the average obstacle concentration
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FIG. 11: Profiles of release rate, ˙̃M(t), in black and total
amount of released drugs as a function of time in red for
the drug capsule shown in figure 10. This enumeration is
performed until φ = 0.50. There are 1000 genetic generations
and each generation includes 300 specimens with a mutation
percentage of 2%. The total release is also compared to a
control hydrogel with isotropic obstacle distribution, Cobst =
0.32 (dashed line). The curve obtained from the comparison
hydrogel was divided by 10.

of our optimal structure (the rate curve was divided by 10
in order to compare its shape). The comparison hydrogel
also has a central drug resevoir of radius r0 = 10.

The release profile has been improved in terms of lin-
earity from the one observed in our standard (dashed
line). It is possible to quantify this by looking at the
fitness parameters. Our standard has a fitness param-
eter F = −2.9 × 10−9. However, our optimal struc-
ture produces a much more constant release rate with
F = −5.4 × 10−12. This optimization can be seen on
the release rate curves (black). The optimized hydrogel
shows a more constant release rate since the initial peak
is less pronounced and the decay is much slower than the
release rate from the standard.

It is quite remarkable that we are able to significantly
alter the release profile by simply reorganizing the ob-
stacle distribution around a central drug reservoir. This
could lead to the development of spherical hydrogel ma-
trices which produce a controlled drug release rate.

C. Planar geometry with optimized reservoir
distribution

We now examine a rectangular drug capsule which can
be representative of a transdermal drug delivery system
[32, 33]. The 2D system presented here can be seen as a
cross-sectional slice of such a system. This transdermal-
type hydrogel allows us to use periodic boundary con-
ditions: where drug particles leaving the system to the
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FIG. 12: Optimal drug delivery configuration of a 100×100
capsule with drug reservoirs in red, obstacles in black, and
free space in white. Each drug reservoir is numbered and its
contribution to the total release is shown on figure 13. There
is a solid layer of obstacles on the top and bottom bound-
aries except for holes from which drugs can escape on the
bottom (indicated by arrows in the unit cell). The obstacle
concentration is shown to be quite constant inside the matrix
(Cobst ' 0.32).

right are re-introduced on the left and vice versa. The
unit cell of our periodic matrix measures 100×100 lat-
tice sites and is now divided into grids measuring 10×10
sites. Each grid is initially given an obstacle concentra-
tion. We also allow the algorithm to choose the position
and number of drug reservoir(s) in order to better con-
trol the drug release. The algorithm has a 20% chance of
transforming a 10×10 obstacle grid into a drug reservoir
during the initial creation of the hydrogel, ζ = 1. These
grids are now the chromosomes to be used by the eCGA.

We have incorporated the general trends observed in
the previous sections directly into the initial conditions
of our hydrogel in order to augment the efficiency of our
optimization algorithm. In an attempt to reproduce the
high obstacle concentration near the exit boundary, the
lower boundary has been blocked with obstacles with the
exception of 10 periodically-placed holes in the unit cell.
Note that during genetic mutations, these holes are free
to change location or become blocked. The eCGA can
now concentrate on finding optimal obstacle structures
without having to invest reorganizing steps to form the
previously observed high density layer of obstacles near
the boundary.

This scheme allows for the optimization of both the
obstacles and the placement of the drug reservoirs. The
grid pattern allows for a greater number of chromosomes
used in the optimization compared to the previous sec-
tion. The eCGA also uses all three genetic recombination
techniques discussed in section III C. Each capsule is al-
lowed to diffuse for 2×105 time steps. There are 500 gen-
erations, each with 300 specimens and a mutation rate of
2%. The genetic algorithm optimizes the release profile
up to φ = 0.5 and here γ = 0.9.

The optimized hydrogel slice can be seen in figure 12.
The unit cell is periodically repeated on both sides for
illustrative purposes. It exhibits a number of interest-
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FIG. 13: Profiles of release rate (black) and total released
drugs (red) as a function of time for the drug capsule shown in
figure 12. This simulation ran for 3.3× 105 time steps. There
were 500 genetic generations and each generation comprised
of 300 specimen. The genetic algorithm optimized the release
profile up to φ = 0.5. The contribution to the release rate by
individual reservoirs is also shown in grey.

ing features. The obstacle concentration is fairly con-
stant and near percolation throughout the drug matrix
(Cobst ' 0.32). Remarkably, the eCGA has obstructed all
of the holes on the boundary line (shown in green) except
for two which were left open for drug release. Also, the
density of drug reservoirs at each grid layer is increasing
as the distance from the boundary increases.

Results obtained from this matrix are shown in fig-
ure 13. The drug release rate is rather linear for the
range where 5% and 60% of the drug has escaped. Con-
trolled release has therefore been obtained by adjust-
ing the placement of obstacles and the initial position
of drug.

Since our drug particles are non-interacting, we are
able to perform the simulation one reservoir at a time.
This allows us to investigate the contribution to the total
release from each reservoir. Figure 13 shows the contri-
bution of each reservoir to the total release curve (grey).
The total release rate from this matrix is shown in black.
The total release due to all the reservoirs is shown as the
red curve.

These results are quite remarkable and testify to the
power of this combinatorial approach. It is clear that
controlled release can be achieved using our method and
that it is a matter of carefully organizing the drug ma-
trix itself. The algorithm finds a simple structure which
consists of a concentration of obstacles near percolation
and a carefully placed drug pyramid-like drug placement
which yields a constant release rate. A similar structure
could be implemented experimentally (at least qualita-
tively) to serve as the basis for a constant release drug
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platform.

V. CONCLUSION

In this article we propose an exact enumeration model
for drug diffusion which produces results that are in
agreement with empirical fits and analytical data. Us-
ing this model, we can optimize the initial conditions of
a given drug matrix in order to control the rate of drug
release using a genetic algorithm. We use a simple fit-
ting parameter in order to rank drug matrices according
to their ability to produce our desired rate of release.

Each structure studied allowed us to gain valuable in-
formation pertaining to the behaviour of the release pro-
file. We first showed that it is possible to favorably alter
the release profile for the simple case of a round drug
matrix with a central drug reservoir.

We can also control the release rate by using a rectan-
gular transdermal-type drug matrix with horizontal pe-
riodic conditions. It is possible to control drug release
by letting the eCGA optimize the location and number
of drug reservoirs. The resulting matrix from this eCGA
optimization was then used to show that it is possible
to re-create a constant rate of drug release by changing
the position and number of drug reservoirs of the system.
This allowed us to show the general characteristics drug
matrices should have in order to produce a controlled

rate of release.
To summarize we have demonstrated using a proof of

principle study that we can systematically study the ef-
fects of drug matrix geometry on the behaviour of drug
release. By beginning with a simple geometry with no
immediately apparent structure and progressively vary-
ing the degrees of freedom of the system we were able to
control the rate of drug release from our capsules. In par-
ticular we have shown that we can obtain an increasingly
linear release rate in a reproducible manner with partic-
ular geometries that can provide impetus for the design
of future drug delivery systems. The new optimization
method introduced in this article can in principle be used
for a wide range of drug delivery challenges.
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Diffusion is often used as a primary method of transport in many drug delivery schemes. We
present a systematic investigation of the Weibull and the Peppas functions as useful tools in quan-
tifying mass transport in drug release related situations. The data is obtained from a 2D simulated
hydrogel using an exact enumeration scheme. We note that there are distinct regimes for some of
the free parameters which depend on obstacle density. Further, the free parameters in the fits are
shown to be largely time-dependent and therefore cannot be used to infer fundamental characteris-
tics of the underlying physical mechanism. We show that the Weibull function is more dependable
in characterizing release profiles although one must be cautious when interpreting data due to the
parameters’ fluctuating nature.

Keywords: Diffusion; Weibull; Peppas; Hydrogels; Drug delivery; Exact-enumeration

I. INTRODUCTION

A controlled release mechanism is often critical to suc-
cessfull drug therapy. Drug delivery usually consists of
the timely release of a specific substance in order to be
successful. Many drug release platforms rely on diffusion
of a drug through a polymeric network such as a hydro-
gel in order to control the rate of release [1, 2]. Since
the design of the hydrogel platform can be modified, the
release profile can be tailored to meet the needs of the
specific therapy being used [3, 4] (e.g., constant release,
pulsed released, etc.). For this reason, it is important to
study the dependence of diffusion on the conditions that
arise in such hydrogels (e.g., hydrogel density, placement
and degree of order of the obstacles). Proper characteri-
zation of release profiles (i.e., drug release as a function
of time) is thus crucial in determining if a specific drug
release platform is appropriate.

There are various effective ways of characterizing the
release profile of a solute escaping a hydrogel. Many of
these approaches give empirical relationships with sev-
eral free parameters which allow the description of re-
lease profiles under a variety of conditions. One of the
most widely used methods comes from the field of ma-
terials science. For example, Weibull first introduced a
stretched exponential to quantify fatigue data [5] and it
was later adapted for pharmaceutics by Langenbucher [6]
to describe the drug release as a function of time. It has
been used many times to date and continues to be of
great empirical importance [7–10].

Korsmeyer et al. [11] have proposed another fitting
function which is often used to describe the release pro-
file. This so-called Peppas function seems to be attract-
ing mixed reactions [12]. Critisism is generally directed
towards its inability to describe the release profile over
the entire duration of drug release [13]. However, it is

∗Electronic address: gary.slater@uOttawa.ca

often used in experimental analysis and thus warrants
careful examination [14, 15].

This article is a systematic study on fitting drug re-
lease profiles from fully loaded and non-degrading simu-
lated hydrogels of varying densities and sizes. We use
a two-dimensional (2D) exact lattice enumeration ap-
proach that will be discussed in further details in section
III in order to obtain exact diffusional release profiles
from our hydrogels. The density of the hydrogel is mod-
eled by a certain concentration of unmovable obstacles.
Also, fully loaded refers to the fact that each non-obstacle
site contains an equal initial drug concentration and that
release immediately begins at t > 0. We investigate the
relationship between the Weibull and the Peppas func-
tions and contrast the differences between the two fits by
examining the dependence of the parameters on the enu-
meration time and gel structure using data obtained from
our exact enumeration approach. We study the relation-
ship between the free parameters in the fitting functions
and the different possible geometries of a hydrogel and
possible release kinetics in a controlled theoretical envi-
ronment and using exact numerical results with no error
bars which are usually associated with experimental data.

We begin with a brief overview of the Weibull and
Peppas functions (and nomenclature) followed by an ex-
planation of the enumeration method used to compute
drug release profiles. Release profiles are analyzed using
the Weibull and the Peppas fits for various hydrogel ge-
ometries (i.e., a gel composed of periodic obstacles and
one of randomly placed obstacles). We focus on the de-
pendence of their associated free parameters with time.
We illustrate that a marked change in behaviour of the
Weibull function occurs as the hydrogel’s density is in-
creased towards the percolation threshold for obstacles
placed randomly. We show that performing a fit on re-
lease profiles starting from varying initial times can also
yield different values for the parameters in the Weibull
fit. We conclude by investigating the effects of system
size on release profiles.
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II. THEORY

The Weibull [5] and the Peppas functions [11] are fre-
quently used to describe the drug release process (i.e.,
the total drug released from a hydrogel as a function of
time for a specific structure). For a fully loaded hydrogel,
the Weibull function is given by

Γ̃(t) =
Γ(t)
Γ(∞)

= 1− exp

[
−
(

t

tβ

)β
]

(1)

where Γ̃(t) represents the normalized cumulative amount
of drug released at time t. The specific functional form
of Γ̃(t) is determined by the exponent, β, a characteristic
time tβ and the asymptotic release amount Γ(∞) (the
latter is equal to the total amount of drug present in the
hydrogel at t = 0, Γ0, if no drug particle is trapped inside
the hydrogel). We can write Γ(t) as:

Γ(t) = Γ0 −
∫ t

0

∫
Ω

C(~r, t′)dΩdt′ . (2)

C(~r, t′) describes the drug concentration at position ~r
at time t′ and Ω represents the volume (or area in two-
dimensions) of the hydrogel. Note that Γ̃(t → ∞) can
be < Γ0 if some drug particles remain trapped inside the
hydrogel. The exponent β determines the shape of the
Γ̃(t) versus time curve. The curve can be exponential
(β = 1), sigmoidal and S-shaped with initial upward cur-
vature (β > 1), or parabolic with a higher initial slope
(0 < β < 1) [7].

The Peppas fit is given by the following relationship:

Γ̃(t) =
Γ(t)
Γ0

=
(

t

tα

)α

(3)

where the exponent α is related to the dynamic properties
of the release profile. The choice of a normalization factor
is arbitrary here. The initial load Γ0 is a logical choice,
and the resulting time scale tα can then be compared to
tβ for short times (Γ̃ � 1). The Peppas equation cannot
be used to model the escape at long times since it is not
bounded as t →∞. For this reason, only the first part of
the release curve is usually taken for this fit (Γ̃(t) . 0.6)
when used experimentally. However, Rinaki et al. [15]
have shown that the Peppas fit can be well suited to
describe the release curve well beyond Γ̃(t) ' 0.6. In
principle, α → β as t → 0 and so α and β may both
depend on t. This is shown in the following sections
using our exact enumeration model.

Both of these empirical fits lack information about the
fundamental mechanism responsible for altering the dif-
fusion as well as the physical properties of the hydrogel.
Some authors have associated kinematic diffusion argu-
ments to the value of the free parameters [9, 11, 13, 16]
with varried success.
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FIG. 1: Time evolution of a 3×3 system of particles undergo-
ing diffusion on a 2D square matrix with two obstacles (black)
(Cobst = 2/9). We use a fully loaded hydrogel and the initial
configuration is shown at t = 0 (Cxy(0) = 1 on each non-
obstacle site). The outer boundary is shown in grey and the
cummulative release from the hydrogel, Γ(t), is shown after
each time step.

III. ENUMERATION METHODOLOGY

We use a lattice enumeration method based on the
model proposed by Majid et al. [17] and used in a previ-
ous study by the authors in order to obtain exact numer-
ical results for problems related to short time diffusion,
escape rates and transient effects. We can alter diffu-
sion properties by inserting obstacles which hinder the
movement of the diffusing particles. We study here the
effects of systematically increasing the obstacle concen-
tration, Cobst, on a 2D square lattice towards the percola-
tion threshold (C∗obst ' 0.408 for a 2D square lattice with
coordination number z = 4 [18]). We can also change
the size of the hydrogel and note the associated effects
on the release profile. Figure 1 illustrates the enumera-
tion method by following solute diffusion through 3 con-
secutive time steps on a simple 3 × 3 2D square lattice
with 2 obstacles (Cobst = 2/9). The boundary is shown in
grey and the cumulative sum of drug that have escaped
is shown at each time step, Γ(t). We compute all pos-
sible particle trajectories of a solute based on its initial
location and its probability to diffuse to any first nearest
neighbour on the lattice.

In an isotropic 2D square lattice system, the prob-
ability to diffuse in any given Cartesian direction is
p±x = p±y = 1/4. A given solute particle has an equal
probability to diffuse (or jump) to any four of the neigh-
bouring sites. Time is discrete and all particles must
attempt a jump at each time step. A move is simply re-
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jected (i.e., the particle is reflected) if the neighbouring
site is occupied by an obstacle.

The two-dimensional master equation which describes
the probability of having a drug concentration Cxy(t) on
a free site at (x, y) at time t is:

Cxy(t + 1) = [Cx−1,y(t)(1− qx−1,y) + Cx,y(t)qx+1,y] p+x

+ [Cx+1,y(t)(1− qx+1,y) + Cx,y(t)qx−1,y] p−x

+ [Cx,y−1(t)(1− qx,y−1) + Cx,y(t)qx,y+1] p+y

+ [Cx,y+1(t)(1− qx,y+1) + Cx,y(t)qx,y−1] p−y.

(4)

In this equation, qx,y is the site occupation index; its
value is 1 if the site at (x, y) is occupied by an obsta-
cle and 0 if there is no obstacle. For a given system,
the value of qx,y is fixed for all lattice sites and is deter-
mined by the structure of the hydrogel under investiga-
tion. As schematically illustrated in figure 1, the calcula-
tion is done iteratively, from an initial drug concentration
Cxy(0) for each site on the lattice. Solute particles do not
interact with each other.

In order to model drug release from a finite-sized hy-
drogel system, one imposes absorbing boundary condi-
tions p±x = p±y = 0 on the outer surface of the hydro-
gel structure. The cumulative amount of drug escaping
through this boundary is the sum of all those probabili-
ties which have crossed the boundary up to time t (also
shown on figure 1).

It is also possible to implement a stochastic mechanism
by which to simulate various active effects (e.g., moving
obstacles, degradation of the hydrogel, etc.). In principle,
one could also apply surface kinetic effects (e.g., sticky
obstacles, resistance to escape at the boundary, pH or
viscosity gradients at the surface of the hydrogel, etc).
These effects will not be studied in this article.

If the various local concentrations Cxy(t) (including
those in the absorbing layer) are grouped into a column
vector |C(t)〉 with s elements (one for each lattice site;
note that we use Dirac’s bracket notation), equation 4
can be rewritten as a matrix equation

|C(t + 1)〉 = T|C(t)〉. (5)

The s × s Markovian transfer matrix T (which depends
entirely on the positions of the obstacles) provides a sim-
ple iterative method of transforming the distribution at
time t into the one at time t + 1, where t is an integer.
Using this notation we can write the initial total amount
of drugs present in the system in discretized form

Γ0 =
∑
xy

Cxy(0) (6)

and it follows that the total released drug at time t is

Γ(t) = Γ0 −
∑
xy

Cxy(t) . (7)

IV. RESULTS

A. Diffusion out of a circular disk with no obstacles

We begin by studying the relationship between α and
β as a function of total simulation time. We simulate
diffusion on a fully loaded circular disk (there are no ob-
stacles) constructed inside a 200×200 square matrix (i.e.,
radius r0 = 100). We can write a diffusion time for the
system, τ , as

τ ' r2
0

4D
∼ 104

1
∼ 104 (8)

where D is the diffusion coefficient and the product 4D
is of order unity here. We thus expect our characteristic
times tβ and tα to be of order 104.

The drug release profile together with the associated
fits can be seen in figure 2. The drug release was sim-
ulated up until Γ̃(t) = 0.999 in order to study a large
portion of the profile. For the Weibull fit, β0.999 = 0.718,
tβ,0.999 = 4192 and for the Peppas fit, α0.999 = 0.216,
tα,0.999 = 30603. Because there are no obstacles (trapped
drugs), Γ0 = Γ(∞). As expected, it is quite apparent
from the figure that the Peppas fit should not be used
to characterize the release profiles at long times. On the
other hand, the Weibull function provides a good fit over
the whole range of the release profile.

Figure 3 shows the behavior of tα,β , as a function
of simulation time for both fitting functions. When
using the Peppas fit, the value of tα is highly depen-
dent on the portion of the release profile used. After
t ' 5000, the value of tα diverges approximately linearly.
The characteristic time, tβ in the Weibull function con-
verges to tβ = 4180 ± 30. All asymptotic values for tβ
and later, βt→∞ were obtained by fitting the long time
portion of the graph with an exponential of the form:
y(t) = y∞ + Ae−Bt and by extracting y∞.

Papadopoulou et al. have made an argument for the
relationship between the two exponents [9]. They pro-
pose that the linear relationship they observed between
α and β is indicative of a physical connection to the re-
lease mechanism. They also propose that the value of β
is inversely proportional with the amount of disorder in
the medium. These suggestions can easily be tested here.

Figure 4 shows the exponents α and β from equations
3 and 1, respectively, as a function of simulation time.
The inset shows the same data on a semi-log plot. As
t → 0, we observe α → β. This is expected since a series
expansion of equation 1 yields, to first order, equation 3.
Similarly, the two time constants converge when t → 0.
However, α and β diverge quite fast and, suprisingly,
the divergence starts well below the characteristic time
obtained for the Weibull fit.

The value of α is not reliable and decreases approxi-
mately linearly with time for t > 5000. The profile of
the exponent in the Weibull function has an intriguing
feature which can be clearly seen in the inset of figure
4. The value of β starts at β = 0.748 and decreases to
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FIG. 2: Normalized cumulative release as a function of time
for the case of no obstacles. The release was permitted to
reach Γ̃(t) = 0.99 in order to observe long time release dy-
namics. The fitting parameters are: for Weibull β0.99 = 0.718,
tβ,0.99 = 4192 and for Peppas α0.99 = 0.216, tα,0.99 = 30603.
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FIG. 3: Free parameter tα,β as a function of the simulation
time for the case of no obstacles. When using the Peppas
function, tα is dependent on simulation time and diverges
nearly linearly above t ' 5000. However, when using the
Weibull function, the characteristic time converges to tβ =
4180 ± 30 after an initial peak value tβ = 5191 which occurs
at simulation time t = 592.

reach a minimum value of β = 0.563 at t = 592 and then
slowly converges to βt→∞ = 0.728.

Contrary to the proposed argument [9], there does not
seem to be any physical significance to the diverging value
of α with respect to β other than perhaps an indicator
of the portion of the release profile used in the fit. Also,
since both values (especially the parameters in the Pep-
pas fit) are dependent on time, one must be careful when
comparing fits from different release profiles. Different
values of β cannot be indicative of the transport mech-
anism: indeed, we are definitely in the purely Fickian
diffusion limit here (there is no hydrogel) and observe a
wide range of β values. However, when using the Weibull
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FIG. 4: Exponents used in the Peppas and Weibull functions
with respect to simulation time for diffusion with no obstacles.
As expected, α → β for short times. The value of α is always
dependent on the portion of the release profile used in the fit.
It decreases approximately linearly with time after t ' 5000.
The Weibull function’s exponent converges to βt→∞ = 0.728
after reaching a minimum at t = 592. The inset shows another
view of the same data on a semi-log plot. The minimum
occurs at Γ̃(592) = 0.25 making it a non-negligeable portion
of the release profile.
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FIG. 5: Mean squared error on the fits as a function of the
time used on a log-log plot for diffusion with no obstacles.
Surprinsingly, both fits are fairly good over a large portion
of the release profile. The two curves start diverging at
Γ(6000) = 0.6 where the relative error is 0.01%. As expected,
the error on the Weibull function is less than that of the Pep-
pas fit and reaches a maximum value of

˙
δ2

¸
= 1.3 × 10−4.

There is also an interesting region between t ' 200 and
t ' 1000 where the error on the Weibull fit actually decreases.

function, the exponent β stabilizes at t ' 5tβ . This can
be a good rule of thumb when characterizing a release
profile with this function.

The mean error squared of the fits diverge as one tries
to fit a larger portion of the release data when using the
Peppas fit (see figure 5). Amazingly, the errors on the two
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fits only start diverging significantly around Γ̃(6000) '
0.6 – which is the usually reported highest limit for using
the Peppas fit (this occurs at time t ' tβ). The two fits
are surprisingly quite similar in terms of mean squared
error until this point. However, the mean error reaches
a maximum value of

〈
δ2
〉

= 1.3 × 10−4 when using the
Weibull function. This error represents .01% of the value
of Γ̃(t) = 0.99 at that point. There is an interesting
feature in the curve for the Weibull function: the error is
decreasing for a region between 200 < t < 1000.

It is of interest to note that by fitting with the Weibull
function at very short times, one can in fact obtain a
decent estimate of the value of βt→∞. Although the value
of βt→∞ can be estimated, tβ is not well estimated for
short times and should be discarded. For this reason,
one should fit at least up to Γ̃(t) = 0.8 or t ' 5tβ of the
release profile in order to obtain a dependable value for
both β and tβ since these values seem to plateau in that
region.

It is quite clear that the values of the free parameters
in either fits cannot be interpreted to have any funda-
mental physical meaning since they are time-dependent.
Further, when using the Weibull fit 0.563 < β < 0.748 at
different times during a single release profile. This vari-
ation cannot be attributed to non-Fickian diffusion or
other geometrical properties since there are no obstacles
present in the simulation.

B. Hydrogels composed of periodic obstacles

We now study the effects of increasing the density of
obstacles in a hydrogel (i.e., increasing Cobst) on the re-
lease profile. We begin by looking at the behaviour of
the release profile in hydrogels with periodically placed
obstacles in order to obtain exact results (see figure 6a).
The system used here is a circular hydrogel constructed
inside a 200× 200 square matrix. The release was simu-
lated until Γ̃(t) = 0.99 for each simulation. Again, there
are no trapped drugs here and Γ0 = Γ(∞) for these gels.
The cumulative drug release profiles can be seen in figure
7. As expected, increasing the obstacle concentration ef-
fectively slows the diffusion (i.e., decreases the effective
diffusivity of the drug).

We see the same qualitative behaviour as previously
shown with the characteristic times, tα,β , as a function
of simulation time (see figure 8). In the Peppas fit, tα di-
verges approximately linearly for long times. By fitting
with an exponential decay, we obtain the converging val-
ues of tβ for the Weibull function (given in Table I). The
values of tβ as a function of Cobst are plotted in figure 9.
This shows a strikingly linear relationship of the form:

tβ(Cobst) = tβ(0)
(

1 +
Cobst

C

)
, (9)

where tβ(0) = 4180 and C = 0.54. The error bars are
smaller than the symbols.

a)

b)

FIG. 6: Two circular 50× 50 hydrogels with obstacles placed
a) periodically and b) randomly. In both cases Cobst = 1/9
and the distribution of particles is shown at t = 0 and at
t = 500. The concentration of drug particles ranges from
high (red) to low (blue).

TABLE I: Asymptotic Weibull fitting parameters for a hydro-
gel composed of periodically placed obstacles.

Cobst tβ(t →∞) βt→∞
0 4180± 30 0.728± 0.001

1/25 4460± 20 0.727± 0.001
1/16 4670± 20 0.727± 0.001
1/9 5080± 30 0.726± 0.001
1/4 6090± 30 0.725± 0.001
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FIG. 7: Normalized cumulative drug release as a function of
time for hydrogels of various periodic obstacle concentrations
(shown in legend). The simulation was performed until Γ̃(t) =
0.99. Increasing the obstacle concentration effectively slows
down the diffusion of drug.
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b) Weibull

a) Peppas
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FIG. 8: Characteristic times, tα,β , as a function of simula-
tion time in a) the Peppas fit and b) the Weibull function for
hydrogels of various periodic obstacle concentrations (shown
in legend). There is no significant qualitative change in be-
haviour of tα,β as one increases the obstacle concentration
other than a systematic increase of tα,β .
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FIG. 9: Characteristic times, tβ , as a function of Cobst for,
◦ a system composed of periodically placed obstacles and, �
a system composed of randomly placed obstacles. There is
a linear relationship between tβ and Cobst for the periodic
system whereas tβ blows up at C∗obst (dashed line) for the
random system.

Figure 10 shows the exponents in the fits as a func-
tion of simulation time. Again, α is time-dependent and
diverges from β as t → ∞. The associated values of
βt→∞ are given in Table I. These results are consistent
with each other and suggest that the asymptotic value
of β does not depend on Cobst in an ordered medium:
βt→∞ ' 0.727± 0.001.

The mean squared error of the fits increases smoothly
for both fits (see figure 11). The error associated with
both fits is low until t ' tβ , where the errors starts di-
verging for all obstacle concentrations. The error then
reaches a maximum value for the case of the Weibull

b) Weibull
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0 10000 20000 30000 40000 500000.5

0.6

0.7

0.2

0.4

0.6
0
1/25
1/16
1/9
1/4

FIG. 10: Exponents used in the a) Peppas and b) Weibull
functions with respect to simulation time for hydrogels of var-
ious periodic obstacle concentrations (shown in legend).
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FIG. 11: Mean squared error on the fits as a function of simu-
lation time shown on log-log plots for a) the Peppas fit and b)
the Weibull function for hydrogels of various periodic obstacle
concentrations (shown in legend). Again, both fits are fairly
good over a large portion of the release profile. However, the
error on the Peppas fit diverges while the error on the Weibull
function reaches a maximum value.

function; each Weibull curve approximately has the same
maximum value of

〈
δ2
〉

= 1.29 × 10−4 (or ' 0.01% of
Γ̃(t)).

For systems with periodically placed obstacles, we thus
have an empirical expression for equation 1 which de-
pends on Cobst:

Γ̃(t, Cobst) = 1− exp

−( t

4180
(
1 + Cobst

0.54

))0.727
 (10)

where Γ̃ = Γ(t)/Γ0 since Γ(∞) = Γ0 here.
The fact that βt→∞ does not seem depend on Cobst in

ordered media indicates that the mechanism of diffusion
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remains unchanged in these highly ordered types of con-
figurations. In fact, this indicates that we could obtain
the same release profile by removing all the obstacles and
including an equivalent viscosity in the hydrogel equal to

η(Cobst) = η(0)
(

1 +
Cobst

0.54

)
(11)

where η(0) is the viscosity of the solvent phase in the
absence of obstacles.

In conclusion, we note again that the value of β varies
greatly depending on the simulation time for each release
curve. Therefore, one must use caution when comparing
release profiles fitted with the Weibull function.

C. Hydrogels composed of randomly placed
obstacles

Complimentarily, we study the effects of randomly
placed obstacles with various concentrations on the drug
release profile. Again, we use a circular hydrogel con-
structed inside a 200× 200 square lattice (see figure 6b).
Note that the release was simulated until Γ̃(t) = 0.90
for each simulation. For each reported obstacle concen-
tration, an average of Γ̇(t) was performed over 500 re-
alizations of disorder in order to obtain good statistical
data due to the finite size of our hydrogel. The cumu-
lative drug release profiles can be seen in figure 12. As
expected, an increase in Cobst has a retarding effect on
the drug release from the hydrogel. We show the release
profile for Cobst = 0.40 in this figure although the values
of tα,β , α, and β will not be shown on the next figures
due to the difference in orders of magnitude.

There is an increasing number of drugs which remain
trapped inside the hydrogel as one increases the obsta-
cle concentration. For this reason, one must perform the
Weibull fits with Γ(∞) < Γ0 as a free parameter (from
equation 1). There are two ways to obtain the amount
of trapped drugs in our hydrogel: we can perform the
fits with 3 parameters over a long portion of the release
profile or we can actually calculate this value directly
from our gels. In order to obtain a good estimate for
this asymptotic value by fitting the function, one must
allow the simulation time to be very large to get a good
portion of the asymptotic part of the profile. The fit-
ted values of Γ(∞) have been found to correspond to
the calculated value of trapped drugs during test simula-
tions. For this reason, we use the calculated values of the
fraction of trapped drugs for Γ(∞) and use it to fit the
normalized profiles Γ̃(t) = Γ(t)/Γ(∞) with the Weibull
function. This reduces the number of fitting parameters
to two (β, tβ).

Figure 13 shows tα,β in the fits as a function of sim-
ulation time. The behaviour of the curves is similar to
that observed in the previous sections. Again, the values
of tα for the Peppas fit diverge at long times whereas
tβ converge to a unique value when using the Weibull

function. There is a slight upward shift in the values of
tα,β obtained for low Cobst when compared to those ob-
tained from a hydrogel composed of periodic obstacles.
There is a sharp rise in the Weibull characteristic time
for Cobst = 0.35 and Cobst = 0.40 (not shown). This is
associated with the increasing tortuous nature of the hy-
drogel. The asymptotic values of tβ for these hydrogels
can be seen in Table II. We can plot the value of tβ as
a function of Cobst (see figure 9) and observe the char-
acteristic time blowing up as it approaches C∗obst. These
values were fitted with the empirical function:

tβ(Cobst) = tβ(0)
(

1 +
ACobst

(C∗obst − Cobst)
γ

)
(12)

where the constants were found to be A = 1.5± 0.2 and
γ = 0.7± 0.1 while the following were fixed C∗obst = 0.408
and tβ(0) = 4180. A series expansion of equation 12
yields values that are consistent with those obtained from
equation 9 for t → 0.

TABLE II: Asymptotic fitting parameters used in the Weibull
function for a hydrogel composed of randomly placed obsta-
cles. Note that the value of Γ(∞) was calculated during the
enumeration. These values are for a system of size 200× 200.

Cobst tβ(t →∞) βt→∞ Γ(∞)/Γ0

0.00 4180± 30 0.728± 0.001 1.00
0.10 5320± 50 0.728± 0.001 1.00
0.20 7700± 80 0.717± 0.001 1.00
0.30 15500± 300 0.629± 0.001 0.98
0.35 28600± 500 0.590± 0.001 0.97
0.40 71000± 1000 n/a 0.89

Figure 14 shows the value of the fitting exponents as
a function of time. As observed earlier, α decreases for
long times and cannot yield any significant result. Inter-
estingly, all the curves cross at t ' 7000. Also, the values
obtained for βt→∞ are now distinct for each obstacle con-
centration for these system sizes (i.e., β = β(r0)). These
values are shown in Table II for increasing Cobst. We
could not obtain a reliable value for βt→∞ for the case of
Cobst = 0.40.

Finally, we can study the mean square error on the
fits as a function of simulation time (see figure 15). The
qualitative behaviour of the error does not seem to be
very different from that observed previously.

In periodic systems, the diffusing drugs have a clear
path out of the system and have no risk of encounter-
ing dead-ends or long tortuous obstacle clusters that are
common in random systems.

D. Size-dependence of β in the Weibull fit

Let us now examine the effects of the obstacle concen-
tration, Cobst, and system size, L, on the β parameter
in the Weibull function. Every system in this section
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FIG. 12: Normalized cumulative release as a function of time
for randomly placed obstacles of increasing concentration,
Cobst (shown in legend).
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FIG. 13: Characteristic times tα,β as a function of simula-
tion time for a) the Peppas fit and b) the Weibull function
for randomly placed obstacles. There is a large systematic
increase of the characteristic time for the case of Cobst = 0.35
and of Cobst = 0.40 (not shown) although the curves behave
in similar fashions.

is constructed with randomly-placed obstacles following
the same method as explained in section IV C except with
varying radii depending on the studied system size. The
average values of β0.9 are shown together with the asso-
ciated standard deviation for 500 realizations of disorder.

The exponent β0.9 as a function of inverse system size
is shown in figure 16 for various values of Cobst. β0.9 is
obtained for every system by fitting up to Γ̃(t) = 0.9.
This explains the slightly lower values of β0.9 shown here
as opposed to the previously reported values of βt→∞.
There is a tendency for β0.9 to decrease as the system
size increases for low values of Cobst. However, the trend
is reversed for higher Cobst. The results indicate that as
the system size is increased, β0.9 ' 2/3 independent of
Cobst.

b) Weibull
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FIG. 14: Exponents a) α and b) β as a function of simulation
time for randomly placed obstacles.
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FIG. 15: Mean error squared as a function of simulated time
for a) the Peppas fit and b) the Weibull function for randomly
placed obstacles.
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FIG. 16: Exponent β0.9 as a function of inverse system size,
L−1 for different obstacle concentrations, Cobst. The error
bars represent the standard deviation observed over the 500
systems.



TESTING THE WEIBULL AND PEPPAS FUNCTIONS... 51

9

Diffusion in random systems typically follows three dif-
ferent time regimes. First, over a very short time scale,
a particle diffuses as if it were in an environment free of
obstacles or constraints (for our systems, this would last
for a time of order unity and is thus irrelevant). The
diffusing particle then explores the local structure of the
environment, which slows it down substantially. During
that period of time, it does not possess a unique dif-
fusion coefficient since it has yet to discover the typical
nature of the random system of obstacles. The random-
ness of the environment can in fact be characterized by
a correlation length λ(Cobst). Until the particle has dif-
fused over this length scale, its diffusion is anomalous
and is strongly influenced by the details of the random
distribution of obstacles. Finally, after it has diffused
over distances larger than λ, the particle sees the aver-
age characteristics of the environment and its diffusion
becomes normal (or Fickian) [17, 19]. The cross-over
(or correlation) length increases with Cobst and diverges
at Cobst = C∗obst. For finite-size systems such as those
studied here, the overall drug release pattern will thus
depend on the relative values of the system size L and
the correlation length λ(Cobst). Whenever L � λ(Cobst),
anomalous diffusion will have a negligible influence and
the particle should see an average obstacle concentration
and experience normal diffusion with a reduced diffusion
coefficient D(Cobst) < D(0). Just like in the case of peri-
odically distributed obstacles, we then expect a universal
Weibull exponent β. However, if L is comparable to (or
smaller than) the correlation length λ(Cobst), anomalous
diffusion will be dominating and the exact nature of the
local random structure and the precise value of the ratio
L/λ(Cobst) will play major roles. This is why the expo-
nent β0.9 is changing with system size L in figure 16; we
also note the much larger error bars for higher concentra-
tions, indicating the increased importance of anomalous
diffusion. As L increases, anomalous diffusion plays a
lesser role and all Weibull exponents converge towards
the same value, as expected. In these larger systems,
the increased obstacle concentration acts again as an ef-
fective viscosity which slows down the diffusive action of
the drugs without affecting the shape of the release curve
(i.e., changing β). The asymptotic (i.e., for an infinite
system) value of β0.9 ' 2/3 is due to our choice of sim-
ulation parameters such as the upper fitting limit; an
extrapolated value of β1.0 should give a value consistent
with that found for periodic systems or random systems
with low obstacle concentrations (about 0.728, see Tables
I and II).

E. Sliding window analysis of the release profile

Due to the nature of experimental setups, it is usu-
ally impossible to start release measurements from Γ̃(t =
0) = 0. There is usually a time lag before release mea-
surements can take place that we denote as t′. Using the
Weibull function and its three parameters (i.e., Γ(∞),

0 10000 20000 30000 400000.5
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0.8

0.9

1

FIG. 17: Sliding window analysis of β as a function of a lower
time bound t′. We show the results of the Weibull fit in the
time interval between t′ and the time where Γ̃(t) = 0.999.
As expected, β → 1 as the value of t′ is increased. The
asymptotic value of tβ = 4180 is shown for comparison.

tβ , and β), we investigate the effects on β of fitting drug
release profiles from an initial time t′ ≥ 0 up to the time
where Γ̃(t = 43707) = 0.999. This is shown in figure 17
where β is plotted as a function of the lower time bound
of the fit, t′. The asymptotic value obtained in section
IV A of tβ = 4180 for t′ = 0 is shown on the graph for
comparison. The release profiles used here come from 2D
circular disks constructed inside 200×200 square lattices
with no obstacles (i.e., the pure diffusion limit).

We observe a value of β(t′ = 0) that is different (lower)
from the one obtained in section IV A. This is due to
the fact that we now chose to fit with Γ(∞) as a free
parameter. As we increase the lower time bound of the
fit, we obtain β → 1 and recover the solution Γ̃(t →∞) ∼
e−t, as expected. There is also an inflection point in the
curve at t′ � tβ . The value of β obtained is very sensitive
to the lower time bound suggesting that ignoring even a
small portion of the initial drug release profile can have
large effects on the associated Weibull function’s fitting
parameters. This is another example showing the lack of
dependability when strictly using the Weibull function’s
parameters in order to categorize or compare drug release
profiles.

V. CONCLUSION

We have provided a systematic investigation showing
the behaviour of two widely-used empirical fits while
representing drug release profiles from various hydrogels
(and the free diffusion case). Our drug release profiles
were obtained using an exact enumeration technique de-
signed to model diffusion without the error bars that are
usually associated with stochastic numerical and exper-
imental techniques. We have shown that one must be
careful when comparing fits from different release pro-
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files since the free parameters were shown to be time-
dependent. However, there is a stable regime for the free
parameters when using the Weibull function which occurs
around t = 5tβ . Verifying if whether or not one is using
the Weibull function in its stable regime can be done iter-
atively in a laboratory setting by obtaining release data
and fitting the Weibull function until the obtained value
of tβ does not change significantly (stable regime). One
should then only use the Weibull function to fit a release
profile that contains data up to a time of at least 5tβ .

We have also studied the effects of system size on
the use of the Weibull function and have noticed fi-
nite size effects. We have shown that β0.9 depends on
the system size, L, for smaller systems and especially
when approaching the critical obstacle concentration,
Cobst → C∗obst. However, β0.9 converges towards a con-
stant value as the system size is increased regardless of
Cobst. In large systems, the correlation length of the ran-
dom distribution of obstacles is small compared to the
size of the system and the effects of anomalous diffusion
are negligible. The obstacle concentration acts like an ef-
fective viscosity retarding the diffusive motion of the drug

molecules. This does not significantly alter the shape of
the release curve.

Finally, we have shown that the portion of the release
profile used to fit the Weibull function can have large
effects on the associated release exponent, β. Essentially,
β is not a reliable indicator of the release mechanism
since we find a wide range of possible values of the fitting
parameters – even in the free diffusion case when Cobst =
0.
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4
Optimization of the initial

drug concentration
distribution

The generation of random numbers is too important to be left to chance.
(Robert R. Coveyou, 1915–1996)

4.1 Introduction

It was thought that we could perform an additional level of optimization in the early phases of this

project. Namely, that we could not only optimize the placement of obstacles inside the hydrogel,

but that we could also optimize the initial concentration distribution of drug, C (~r, 0) , such that it

would not be homogeneous initially. This would potentially improve the quality of our drug release

profile in terms of controlling the release characteristics. We used a Metropolis simulated anneal-

ing algorithm in order to find the optimal initial drug distribution profile for hydrogel structures

previously optimized by the genetic algorithm. This hybrid optimization process unfortunately

increases the execution time by more than a few orders of magnitude and was thus found to be

inefficient for the purposes of our studies. Furthermore, it was not clear how such optimized distri-

butions C (~r, 0) could be prepared experimentally. Nevertheless, it has yielded interesting results

and will briefly be discussed here.
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Since our enumeration is a Markovian process and we have a simple iterative algorithm, it is

relatively straightforward to alter the initial drug concentration for one site and immediately know

its effect on the associated release profile for a hydrogel with a given obstacle distribution, as the

following matrix equation demonstrates:

M(t) =
s∑

i=0

S(t, i)C0(i) (4.1)

where C0(i) represents the concentration of drug initially on site i . S(t, i) is an s × s matrix

which represents the probability of escaping at time t by a particle with initial location i , where

s is the number of non-obstacle sites (i.e., valid initial drug locations). Changing a drug concen-

tration at site i simply alters the ith value of vector C0(i) and the associated release profile can

be determined relatively quickly by recalculating the product for one row only. As we will see in

the next section, this lends itself quite well to the Metropolis algorithm where changing the drug

concentration at site i can represent a trial microstate, ωi . The quantity we wish to minimize is

chosen as the absolute difference between our obtained release profile and an ideal one. It can be

written as the “energy” of the system,

U = |Mideal(t)−M(t)|, (4.2)

where Mideal(t) is an arbitrary release profile we wish to obtain (e.g., a constant drug release over

a given period of time).

4.2 Metropolis simulated annealing

The Metropolis simulated annealing algorithm is a probabilistic Monte Carlo global optimum

finder. The Monte Carlo technique were first proposed in 1949 by Nicholas Metropolis and Stanis-

law Ulam as a statistical approach to studying differential equations [63]. Monte Carlo here refers

to the use of pseudo-random numbers in order to generate various microstates during calculation.

Minimizing correlation in the generated number sequence is a critical gauge of the quality of any

computer-based number generator. An efficient number generator must also be relatively quick

since random numbers are often needed in many iterations. For this reason, the Mersenne Twister

algorithm was chosen for its overall efficiency and quality [64]. Incidentally, the name Monte

Carlo was chosen in honor of Ulam’s uncle who was a gambler.
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The simulated annealing technique was devised in order to calculate the ground state of ther-

modynamic systems. Starting from a highly energetic (high temperature, T ) state, the system is

gradually crystalized to a state of minimal energy (low T ). Following the same logic, it is thus

possible to crystalize (minimize) any given physical property (e.g., fitness parameter) of a well-

defined system by slowly decreasing its pseudo-temperature. Consider a thermodynamic system

with an average physical property 〈ψ〉 associated with some state ω in a large phase space Ω

〈ψ〉 =
∫
Ω
ψ(ω)ρ(ω)dω (4.3)

and where ρ(ω) is the associated probability density. The system is at equilibrium at a certain

temperature T and with total energy U(ω) for a given microstate. We can write Eq 4.3 approxi-

mately in discrete conformational space as an average of n randomly generated states ωi using the

appropriate thermodynamic probability density ρ = exp (−U(ω)/kBT ):

〈ψ〉 ' 1

n

n∑
i=1

ψ(ωi)e−U(ωi)/kBT . (4.4)

Importance sampling is then used to generate states, ω∗i , which are distributed according to the

probability density function. The average value of ψ then becomes

〈ψ〉 ' 1

n

n∑
i=1

ψ(ω∗i ) (4.5)

and can effectively be computed numerically.

Later, in 1953, Metropolis et al. proposed a method for generating these ideal states, ω∗i , in a

computationally convenient fashion [65]. The algorithm can be summed up as follows:

1) Establish an initial microstate (drug concentration distribution), ω0 ;

2) generate a random trial change in the microstate (change the concentra-

tion at one site), ω1 ;

3) compute ∆U = U(ω1)− U(ω0);

4) if ∆U ≤ 0 , accept ω1 ;

5) else if ∆U > 0 , accept ω1 with probability e−∆U/kBT ;

6) else, retain ω0 as the state.

One then repeats this process a large number of times for each value of T . Thus the idea of

simulated annealing is that one should systematically lower the value of T in order to freeze the
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FIGURE 4.1 Optimized hydrogel of radius r0 = 31 . The obstacles are in black
and the initial drug concentration is shown ranging from low (blue) to high (red). The
outer boundary of the hydrogel is schematically shown as the grey dashed line. Notice
all the familiar structures found in the previous optimizations. Namely, the creation
of an obstacle boundary somewhere in the hydrogel and a high concentration of drug
near the centre to help curtail any strong initial drug peak.

system in its phase space optimum (i.e., ground state). This yields progressively better solutions

(i.e., drug release profile which increasingly resemble Mideal(t)). The following section presents a

typical hydrogel obtained making use of this optimization scheme.

4.3 Results

We present results obtained using our novel hybrid optimization technique. The optimization al-

gorithm resembles the one presented earlier using the genetic algorithm except that at each gen-

eration, the simulated annealing optimization finds an optimal initial drug distribution for every

hydrogel and then assigns the fitness parameter based on the release profile obtained from this

optimized obstacle and initial drug distribution. The hydrogels with the obstacle and drug dis-

tributions which best favour a controlled rate of drug release from each such generation are kept

to form the next generation and the algorithm repeats this process for a given number of genetic

generations. The algorithm can be described as follows:

1) Initialize a starting hydrogel population by randomly placing obstacles;

2) Perform simulated annealing to find the optimal load distribution C (~r, θ, 0)

for each hydrogel and obtain the resulting fitness parameter;

3) Rank hydrogels according to their fitness parameter;
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FIGURE 4.2 Shown are the rate of release (black) and the total release (red) as a
function of time for the optimized hydrogel. The rate of release is constant until it
gradually starts decreasing around t ' 2500 .

4) Keep a certain number of these fit parents for creation of next generation;

5) If not last generation, empty drug from hydrogels and perform genetic

swaps with parents. Form next generation of hydrogels, return to step 2;

6) Else, an optimal hydrogel structure has been found.

We used a small hydrogel of radius r0 = 31 (see Figure 4.1) since the annealing optimization

is computationally intensive. The associated obstacle and drug concentration distributions found

as a result of using both optimizations is shown at t = 0; most of the drug is located near the centre

of the hydrogel where it is enclosed by an obstacle barrier (black) created by the genetic algorithm.

This optimized structure is the result of 17 genetic generations where each generation is composed

of 100 specimens. The genetic operation used here randomly swaps 2 rings of thickness equal to

r0/2 lattice sites between 2 fit parents from the previous generation (i.e., two chromosome swap

in the genetic algorithm). The mutation rate is set at 3% . The fitness parameter is chosen as a

horizontal line of height equal to

Mideal =
[∫

Ω
C(~r, θ, 0)dΩ

]−1

. (4.6)
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Each time a specimen is created (using these two genetic operations), its initial drug concen-

tration distribution was optimized using the Metropolis algorithm with the following parameters:

the number of Monte Carlo iterations (as defined in Eq 4.5), n = 150, 000 per temperature step,

the value of kBT was lowered from 1013 down to 0 in 2.5 × 1011 increments. The number of

Monte Carlo steps, n , is chosen to be sufficiently large in order to (hopefully) study the entire so-

lution “phase space”. In order to obtain good statistical data, the trial microstates ω∗i (i.e., changes

to the drug concentration distribution) are chosen to maintain their acceptance rate at a value near

0.5 or lower for each temperature step [33, 66]. There is somewhat of a circular logic deficiency

in this algorithm whereby altering the drug concentration distribution alters the release profile and

so does altering the initial obstacle positions. Ideally, both of these parameters should be altered

simultaneously although this would require more computing power. This hybrid technique was

seen as a good compromise for optimizing both parameters.

Recall page 37 where the case of the fully loaded hydrogel is investigated. The created obsta-

cle boundary seen here is strikingly similar to the one created for the fully-loaded hydrogel except

that the simulated annealing was now able to attenuate the effects of a strong initial drug release

peak by removing drugs from near the outer boundary. This seems to be a favourable structure

in order to obtain a constant drug release over long times. The release rate (black) as well as the

total release (red) as a function of time indicate that the drug release has been optimized to a cer-

tain extent (see Figure 4.2). As seen, the release rate is quite constant Ṁ ' 4.5 × 10−5 up until

t ' 2500 or M(t) ' 0.1 . After which, the rate gradually decreases until the enumeration ends

when M(t) = 0.55 .

An efficiently controlled rate of release could thus be obtained for longer times; however, as

mentioned before, this algorithm is quite demanding in terms of computing power and so only

a limited number of genetic generations can be performed while maintaining a limited number

of specimens per generation. Also, the annealing algorithm was only finding a constant rate of

release over a small portion of the drug release profile (up until M(t) ' 0.1). The size of the

hydrogel is also quite limited in this test example. Nevertheless, this novel technique will be of

interest as computing power increases with (seemingly) no limit! A more efficient alternative at

this point is the scheme proposed in Chapter 2 where a single optimization algorithm is used to find

the number and placement of drug reservoirs, all of equal initial drug distribution. This scheme

produced highly controlled drug release profiles without the simulated annealing algorithm.
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Conclusion

People do not like to think. If one thinks, one must reach conclusions. Conclusions are
not always pleasant.
(Helen Keller, 1880–1968)

The work presented in this thesis contributes to our knowledge of drug release from polymeric

hydrogels, and specifically: the effects of geometry and design of the hydrogel, and how to reliably

characterize release profiles. In the literature, drug release profiles are usually described using one

of various empirical functions with varying success. Some have sought to establish a direct link be-

tween the free parameters in these functions and their associated diffusional mechanism. We have

presented a systematic study of these free parameters under theoretically controlled conditions and

have found no conclusive links. We have also presented an effective scheme that one may use in

order to tailor the geometry of a hydrogel to obtain a functional form of the drug release profile

using a combinatorial technique. This was performed using a genetic optimization algorithm that

was designed and implemented specifically for this research. All drug release profiles were ob-

tained using the exact enumeration scheme presented earlier. This numerical technique provided

drug release profiles devoid of error bars (that are usually associated with experimental and/or

numerical results).

There are many fortunate advantages to using the exact enumeration scheme in order to ob-

tain diffusional drug release profiles from simulated hydrogels. For one, the algorithm lends itself

very well to operational speedup techniques on current computing devices (i.e., efficient cache
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utilization, intelligent array scanning, etc.) due to its iterative nature. This allowed us to per-

form a relatively large number of enumerations and obtain an impressive collection of data which

effectively helped guide our research. The enumeration data has also allowed us to obtain ex-

act drug release profiles from a wide variety of hydrogel structures. As we have shown, these

non-equilibirum (short time) data usually tend to be noisy when using conventional Monte Carlo

diffusion simulations – especially in the high obstacle concentration limit where we may venture

into the realm of anomalous diffusion. Thus, the main advantage of using the exact enumeration

is that we are able to obtain the entire drug release profile in all its details without fear of missing

important information or having error bars (or noise) which may obscure interpretation. Using this

scheme, we have conclusively shown (see Chapter 3) that two widely used empirical functions, for

example, do not fit the profile perfectly and that their free parameters actually vary depending on

the portion of the release profile used in the fit and therefore must be used with caution.

The empirical characterization functions studied were the Peppas and the Weibull functions.

The latter was shown to be better suited in representing a drug release profile coming from a large

number of varying hydrogel structures. The Weibull function fits drug release profiles relatively

well independently of the obstacle concentration which explains its importance in the literature. It

is also possible, as we have shown, to solve the diffusion equation analytically for certain initial

conditions and compare it to our exact drug release results. The drug release profiles coming from

our enumeration are shown to be in excellent agreement with the analytical theory for the case of

low obstacle concentration. However, as one increases the obstacle concentration, the diffusion

coefficient becomes dependent on the position and we can no longer obtain an analytical solution

(nor the functional form of the coefficient for that matter).

The drug release profile is shown to change its behaviour as the obstacle concentration is

increased (e.g., the profile flattens). For this reason, many have tried to equate a change in the fitting

parameters of the Weibull profile with this change in diffusional behaviour. The free parameters

obtained by fitting a given release profile with the Weibull function would then be indicative of

the release mechanism. If true, this would offer a powerful tool in analyzing transient diffusion

problems and the associated physical mechanism involved. Although the Weibull function is good

at fitting drug release profiles, its associated free parameters are not consistent and actually depend

on many factors (e.g., the portion of the profile used in the fit, the time used to start the fit, etc.).

One must thus use extreme caution when comparing various drug release profiles coming from

different hydrogels solely using the Weibull function. We have presented certain guidelines to
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interpret and compare drug release profiles using this function with more reliability since there are

regimes where the free parameters tend to converge to fixed values. Therefore, we have concluded

that one should fit the Weibull function up to t ≥ 5tβ as a good rule of thumb. This can be done

experimentally by iteratively fitting a larger and larger portion of the drug release profile until one

notices the value of tβ stabilizing.

We have carried out enumerations on simulated hydrogels of given sizes and have found

potential finite size effects in our drug release profiles. We have briefly shown that the Weibull

function’s free parameters depend on system size and the effect becomes more important as one

increases the obstacle concentration, as expected. Surprisingly, we have shown that the exponent

in the fit seems to tend to a single value independently of the obstacle concentration as the size of

the system is increased. It is probable that the fitting parameter does not actually depend on the

obstacle concentration for infinite systems since the onset of anomalous diffusion only occurs close

to the percolation threshold in such hydrogels. This would also mean that the analytic solution is

a good description of the drug release process as long as r0 � RCR . Studying the positional

dependence of the coefficient of diffusion as one increases the obstacle concentration toward the

percolation threshold would be interesting. This could lead to a theory on finding the functional

form of the coefficient of diffusion in complex structures.

It is possible to use a genetic optimization algorithm in order to control the functional form

of the drug release profile and drastically alter it such that none of the traditionally used empirical

functions could be used to properly its characteristics. Using the same exact enumeration approach

to find the release from simulated hydrogels, we were able to alter the location of obstacles within

the release platform opportunistically in order to obtain release profiles that were constant over

long times. With the help of the optimization algorithm, we were able to notice specific structural

qualities of our optimal hydrogel. For example, we have consistently observed the creation of an

obstacle boundary near the edge of the release platform and concluded that it must play a critical

role in obtaining our desire rate of release. Also, the obstacle concentrations tended to be very

close to the percolation threshold in at least one region (usually located near the outer boundary)

of each of our optimal hydrogel structures indicating that a constant rate of release was favoured

in fractal structures from which anomalous diffusion arises. We have studied various hydrogel

geometries under this scheme (e.g., round capsule, transdermal-type device) and also the impact of

varying the initial location of the drug particles.
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The amount of control we had over the release profile was measured with a fitting parameter

(a mathematical criterion which ranked the level of “niceness” of a certain profile with respect to

an ideal one) before an adequate one was found. It is by changing this fitness parameter that one

may later choose to experiment in obtaining other various forms of release profiles (e.g., pulsed

release, slowly increasing release, etc.). Also, it would be quite interesting to model various real-

life properties of a hydrogel. Some of these effects could be straight forward to implement in

our existing model such as hydrogel-drug affinity/repulsion. This could be done by altering the

probability of diffusing to a nearest neighbour depending on the location of obstacles. We could

introduce some bias in the diffusion in a similar fashion which could represent a pH gradient or

external electric field (if the drug molecules were charged). However, other effects would require

altering the model to such an extent as to accommodate for stochastic processes such as degradation

of the hydrogel, or thermal variations in the location of obstacles, etc. Nevertheless, we have

demonstrated the usefulness of this powerful technique in being able to tailor a hydrogel platform

to obtain a specific drug delivery profile.

This thesis provided advancement in our knowledge related to characterizing drug release

profiles as well as brought forth a novel technique to be used in controlling drug delivery profiles.

The results presented in this thesis with respect to the characterization of drug release profiles can

serve as a practical guide to experimentalists faced with the task of comparing various hydrogels

and their associated release profiles. We have presented practical suggestions in order to reliably

use the Weibull and the Peppas functions. We have also shown the effectiveness of our combina-

torial approach to designing drug delivery platforms. It is hoped that this thesis may serve as the

foundation for future studies and refinements to our current drug delivery model.
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