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SUMMARY

With the recent completion of the Human Genome Project and the announcement of the $1000

Genome Race in 2003, the interest for developing faster and cheaper sequencing technologies is

continuously growing. Nanopore sequencing offers one of the most promising new ideas. This

method consists in reading DNA as it passes through a small aperture perforated through a mem-

brane; a technique similar to decoding a magnetic tape in a tape player. The process of linearly

moving a flexible chain from one side of a small channel to the other is called polymer translo-

cation. However, the physics behind this process is still not well understood. During the last ten

years, theorists proposed several scaling laws in order to describe this problem and explain experi-

mental observations. The goal of this thesis is to shed light on some of these interesting theoretical

predictions.

One of the most important questions addressed in this thesis is the role of the hydrodynamic in-

teractions in the polymer translocation process. Even though the impact of such interactions have

been theoretically considered, they are neglected in most simulation models. One of our aims in this

thesis is to look at the implications of increasing the pore diameter in the presence of hydrodynamic

interactions. We use Molecular Dynamics simulations with explicit solvent particles to generate unbi-

ased translocation events in order to characterize the screening of the hydrodynamic interactions by

the membrane and to test the hypothesis that polymer translocation is a quasi-equilibrium process.

The latter question is quite fundamental since this assumption is at the origin of most theoretical

approaches.

Another major goal of this thesis is to clarify the nature of the transition between the two translo-

cation regimes dominated by the pore-polymer friction and the hydrodynamic drag of the subchains

outside the channel, respectively. However, such an investigation requires the ability to simulate

translocation events with a very wide range of polymer lengths. We thus propose a new Monte Carlo

method based on a one-dimensional random-walk representation of the translocation problem that

can easily be used to study chain lengths as large as 107 monomers. This model works in conjunc-

tion with an exact calculation technique to compute the key results of the translocation events such

as the probability to occur and the average time duration. It is used to validate previous and make

new theoretical predictions about translocation dynamics as the polymer and channel lengths are

varied. It is also applied to the study of chain heterogeneity effects.
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SOMMAIRE

L’annonce de la fin du projet du génome humain en 2003, ainsi que le déclenchement de la course au

séquençage à moins de 1000$, suscite un intérêt croissant pour le développement de nouvelles tech-

nologies de séquençage plus rapides et plus économiques. Une des idées les plus prometteuses est le

séquençage par nanopores qui consiste à lire l’ADN à mesure qu’il passe à travers une petite ouver-

ture perforée à travers une membrane; une technique similaire au décodage du ruban magnétique

dans un lecteur de cassettes. Ce passage d’une chaîne flexible d’un côté à l’autre d’un minuscule

canal porte le nom de translocation d’un polymère. Cependant, la physique de ce processus n’est

toujours pas totalement comprise. Au cours des dix dernières années, les théoriciens ont proposé

plusieurs lois d’échelle dans le but de décrire ce problème et d’expliquer les observations expérimen-

tales. Cette thèse a pour objectif de jeter un peu de lumière sur certaines de ces prédictions.

Une des plus importantes questions abordées dans cette thèse est le rôle joué par les Interactions Hy-

drodynamiques (IH) durant la translocation. Bien que l’impact de ces interactions ait été abordé d’un

point de vue théorique, elles sont généralement négligées dans les modèles de simulation. Un de

nos buts dans cette thèse est d’étudier l’importance du diamètre du pore en présence d’IH. Nous uti-

lisons des méthodes de simulation par Dynamique Moléculaire avec particules de solvant explicites

afin de générer des évènements de translocation non-biaisés. Ces simulations nous permettent de

caractériser l’écrantage des IH dû à la présence de la membrane et de tester l’hypothèse voulant que

la translocation d’un polymère est un processus en quasi-équilibre. Cette dernière question est des

plus fondamentales puisqu’elle est à l’origine de la majorité des approches théoriques.

Un autre objectif considérable de cette thèse est de clarifier la nature de la transition entre deux

régimes de translocation qui sont respectivement dominés par la friction à l’intérieur du pore et par la

traînée hydrodynamique des sous-chaînes qui se trouvent à l’extérieur du canal. Cependant, une telle

étude requiert un accès au temps de translocation de très longs polymères. Notre approche repose

sur une représentation unidimensionnelle du problème de la translocation à partir d’une méthode

Monte Carlo qui nous permet d’étudier des longueurs de chaîne allant jusqu’à 107 monomères.

Ce modèle nous permet d’obtenir de façon exacte les résultats clés associés à la translocation d’un

polymère comme sa probabilité de succès et son temps moyen de parcours. Cette approche est

utilisée pour valider des prédictions théoriques déjà existantes, ainsi que pour en faire de nouvelles,

à propos de la dynamique de la translocation en fonction du changement de longueur de la chaîne.

Enfin, ce modèle est également appliqué à l’étude de l’hétérogénéité de la chaîne.
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1
Introduction

Since Kasianowicz et al. [1] demonstrated in 1996 that it is possible to monitor the presence of nu-

cleic acids while they are driven through an α–hemolysin channel (a natural protein pore), the study

of the passage and detection of flexible molecules through a small channel has been an extremely

fertile research area for biologists and chemists as well as for engineers and physicists. During the

last decade, hundreds of experimental, numerical and theoretical studies have been published on

the subject. Consequently, a PhD thesis (like this one) that is part of such an active field of research

must clearly state where it belongs in the entire scope of the field. This is the intention of the fol-

lowing introduction. After placing the research in its historical context, this chapter will define my

contribution to the field of polymer translocation. Because this thesis is a collection of published and

submitted papers, this first chapter is also written with the avowed goal of preparing the reader for

the bulk part of the thesis since the latter was written in the standard compact article format for an

expert audience.

Michel G. Gauthier

The Human Genome Project

The sequencing of the complete human genome (or the blueprint of Humankind, as some people like

to call it) was probably one of the most challenging endeavors in the recent history of life sciences.

The task was colossal: read the three billion basepairs that compose the human genetic code! This

remarkable challenge was not that of a single discipline. In fact, it was the first international life

| 1
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science project (embraced by 18 countries) of such a gigantic scale. It involved contributions from

biologists, chemists and engineers, as well as from physicists, mathematicians and computer scien-

tists. Even though the idea of mapping the human genome started to germinate in the mid-1980s,

the enterprise called the Human Genome Project (HGP) [2] was “officially” launched in October 1990

and reached its completion in 2003 [3–7], two years ahead of schedule. The project was such a suc-

cess that, as early as February 2001, both Nature [8] and Science [9] published a whole issue devoted

to the completion of the initial working draft sequence.

The amount of data generated from the HGP is tremendous. A famous analogy [2] that gives

an idea of the amount of the data contained in the human genome is to say that it would take the

equivalent of 200 volumes of the Manhattan telephone book just to write it as a sequence of A, T, C

and G (the four chemical bases of our genetic code). Impressively, all this information is contained

in each of our cells! Therefore, it is not surprising that a lot of work remains to be done to extract

and understand all the knowledge encoded in the human genetic sequence. Having such a detailed

description of the human in hand, the coming years (most probably decades) will be dedicated to

challenges such as the mapping of human genes (number, location, function), the understanding

of noncoding DNA, and the description of chromosomal structure, among others. Meanwhile, the

scientific community will also be facing the two additional enterprises of speeding up the sequencing

process (from years to hours or at least days) and bringing down its cost to more accessible prices

(k$ instead of M$).

DNA – The macromolecular unit of life

Before describing how current and promising sequencing techniques work, we should first have a

quick look at what we are actually reading, i.e. the fundamental unit of life that is deoxyribonu-

cleic acid (DNA). DNA is a linear polymer chain made of repeating units called nucleotides which

are themselves made of three distinct parts: one phosphate group, a sugar (deoxyribose), and a

heterocyclic base. The latter are divided into four different types of base: adenine (A), thymine

(T), cytosine (C) and guanine (G) (see Figure 1.1). The four bases are assembled together through

the sugar phosphate backbone to which they are attached. A chain composed of these nucleotides

forms what is called a single-stranded DNA (ssDNA molecule). The two ends of a ssDNA fragment

(called 3’ and 5’) are asymmetric in their chemical structure, which confers a directionality to ssDNA

molecules. Moreover, two ssDNA chains can bond together through their bases in the form a double
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helix in order to create double-stranded DNA (dsDNA) as illustrated on the left side of Figure 1.1.

The nucleotides are connected via hydrogen bonds between basepairs. These bonds follow two sim-

ple rules: A can bond only with T; and C can bond only with G (via two and three hydrogen-bonds,

respectively). It is this strict bonding rule, or complementarity between the two strands, that ensures

the accuracy of DNA duplication at the moment of cell division.

Even though DNA is composed of only four distinct units, its structure can be very complex. As

we mentioned in the previous section, the complete human genome consists of three billion base-

pairs, and 220 million of those are comprised in one chromosome (chromosome number 1 [10])! As

we can see in Figure 1.1, the diameter of dsDNA is of the order of 2 nm while the distance between

basepairs is 0.34 nm (approximatively one tenth of the distance along which the backbone makes

FIGURE 1.1 Schematic representation of double-stranded DNA. The double helix struc-
ture is illustrated on the left side while a more detailed description is shown on the right
side. The chemical structure of the four different bases are presented at the bottom. The
circled symbols H and P represent hydrogen bonds and phosphate groups, respectively.
The 3’ and 5’ symbols indicate the asymmetry (or directionality) of DNA strands.
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a complete turn along the spiral). Another important characteristic of dsDNA is its unusually large

rigidity, a remarkable property that is due to the double helix structure. The persistence length of

dsDNA, which can be seen as the backbone distance above which directional correlation is lost [11],

is about 50 nm, while it is only about 3 nm for ssDNA [12, 13]!

In the context of this thesis, it is pertinent to stress the importance of being able to sequence

DNA. DNA comprises the genetic information and instructions needed by all living organisms to

grow and operate normally. For example, via a process called transcription, the code embedded

in a DNA sequence can be translated in ribonucleic acid, or RNA. This RNA plays a major role in

the synthesis of proteins which are organic compounds that are involved in every functionality of the

cells. Consequently, understanding the fundamental mechanisms of life occurring at the cellular level

requires knowledge of the genome (as given by the DNA sequence) of the living creature studied.

The $1000 Genome Race

Even though the Human Genome Project was completed at a lower cost than was originally expected

($2.7 billion instead of the $3 billion planned for the whole period of the project [14]), and in spite

of the remarkable technological advances made during this project, the cost per basepair is still too

high to offer individual genome sequencing. Sequencing a human size genome has been recently

estimated to cost $10 million [15, 16], which is still far from genomic mass production (e.g. for

diagnostic purposes). The cost reductions gained during the last decades have been mainly due

to automation and improvement of the Sanger sequencing technique (see next section for more

details) rather than the development of cheaper and faster sequencing technologies. In order to

bring the cost of genomic sequencing down to a reasonable dollar figure, the J. Craig Venter Science

Foundation announced in September 2003 a $500 000 prize for advances leading to the development

of a $1000 human genome [17]. Inspired by the famous X Prize Foundation [18], this challenge was

proposed to stimulate research for new low-cost sequencing (LCS) technologies ($1000 or less), and

to ultimately be able to sequence every single human being (the human genome obtained from the

HGP is not that of a single individual, but rather based on the DNA of a group of different people,

males and females). This initiative was quickly followed by a new National Institutes of Health

(NIH) grant program designed to stimulate the development of “extremely low-cost genomic DNA

sequencing” [16].



THE CURRENT STATE OF THE ART: THE SANGER METHOD | 5

The development of a technology capable of reading a human genome at low cost would repre-

sent a major breakthrough in science [19–21]. The most exciting usage of such a technology would

surely be in the health sciences where it would help practitioners offer preventive treatments for ge-

netic diseases. For example, patients would benefit from this new diagnostic tool by being informed

of genetic predispositions or pharmacogenetic counter indications. The impact of LCS would also be

significant to biomedical research where an application would be the observation and the identifi-

cation of the genetic mutations that give rise to drug resistance. Shendure et al. wrote an excellent

review article [21] on advances in sequencing technology in which they made a list of potential

applications of LCS. A partial excerpt from that list is reproduced in Table 1.1.

• Sequencing of individual genomes as a component of preventive medicine.
• Rapid hypothesis testing for genotype-phenotype associations.
• In vitro and in situ gene-expression profiling at all stages in the development of a multicellular organism.
• Cancer research.
• Identification of known and new pathogens.
• Exploration of microbial diversity towards agricultural, environmental and therapeutic goals.
• DNA computing.

TABLE 1.1 Excerpt of a list of possible applications for low-cost DNA sequencing. See
reference [21] for a more detailed list and bibliographic references. Reprinted by per-
mission from Macmillan Publishers Ltd: Nat. Rev. Genet. [21], c© 2004.

Finally, it goes without saying that such an access to individuals’ genetic code raises a series

of ethical, legal and social issues that will also have to be addressed in the near future [22]. The

main question will be that of the ownership of a person’s genome, i.e. what use can be made of the

information contained in someone’s DNA and whose consent should be asked before using it. As a

society, we will eventually have to draw the line between acceptable and non-acceptable genotyping

for a series of purposes like, medical diagnosis and preventive treatments, screening from insurers

or employers, or helping future parents to select their own child characteristics at the embryo stage.

The current state of the art: The Sanger Method

In order to fully appreciate the technological revolution proposed by the $1000 Genome Project, one

must know how the current technology used in the context of the Human Genome Project works. As

mentioned before, most of the progress made in sequencing technology during the last 30 years has
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not been done through revolutionary technological footsteps, but through a series of refinements of

a traditional methodology proposed by Frederick Sanger in 1977 [23].

Sanger proposed a technique called Chain-Termination Sequencing Method (CTSM) for which he

won his second Nobel prize in 1980 (see Figure 1.2). This approach consists of the following seven

steps [23]:

1) Use heat to denature the dsDNA fragment that has to be read.

2) Make multiple copies of one of the two ssDNA fragments (using Polymerase Chain Reaction for

example).

3) Attach a primer to one end of the chain. The primer is a short ssDNA chain (∼ 20–30

nucleotides) that is designed to hybridize to one end of the fragment to sequence.

4) Divide the fragments into four solutions that contain DNA polymerase (an enzyme that assists

the growth of a complementary DNA strand) and the four deoxynucleotides (dATP, dTTP, dCTP

and dGTP). Each solution also includes a low concentration of one of the four termination

dideoxynucleotides (ddATP, ddTTP, ddCTP and ddGTP).

5) Once in solution, a complementary chain is grown by the polymerase until one termination

base is used (no further nucleotide can be added after a dideoxynucleotide in a growing

chain). One of the elements of the duplicated chain, either the primer or the nucleotides

(the normal or the termination ones) must be radioactively or fluorescently tagged for later

detection.

6) The resulting chains are then denatured, leaving us with a series of chains that all have the

same starting point, but that end (ddXTP) at different places along the sequence.

7) Finally, the four solutions are separated by gel electrophoresis through four different columns

filled with a polyacrylamide gel. Basically, this means that the chains are forced to migrate

through the gel using an external electric field. Since the migration speed inside the gel

depends on the length of the ssDNA chains, the sequence can be read by ranking the elec-

trophoretic bands from the fastest (shortest) one to the slowest (longest) ones.

Although the technology used during the HGP is based on the same principles as the ones

outlined in this list of steps, the essence of the technique proposed by Sanger is still behind the

commercial technologies such as Capillary Electrophoresis (CE) [24]. Figure 1.3 presents the CE

technique and is a great illustration of how automation and scientific advances have been used to

refine Sanger’s sequencing technique. CE is also based on the idea that the various DNA fragments
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will migrate at different speeds, but the gel is now enclosed inside a long, small radius capillary.

Combined with fluorescence dye-termination (four distinct fluorescence wavelengths for the four

termination nucleotides), the four solutions proposed in Sanger technique can now migrate in the

same column (the capillary) and be detected using a laser as they exit the column. An example of

such an output is presented in Figure 1.3.

Finally, many other technological advancements have contributed to the improvement of San-

ger’s technique. For example, we can mention the development of better electrophoretic gels that

can operate at higher fields, the improvement of sample cleaning techniques, and the amelioration

of Polymerase Chain Reaction (PCR) technology. PCR is a biochemistry technique used to exponen-

tially amplify a given ssDNA fragment. This technology can produce the millions of copies needed

for sequencing in only a few hours [25]. At the detection level, the development of better lasers and

higher yield fluorescent dyes have contributed to reduce the quantity of sample needed to establish

FIGURE 1.2 The Sanger sequencing method in 7 steps. (1) The dsDNA fragment is
denatured into two ssDNA fragments. (2) A fragment of ssDNA is multiplied into millions
of copies. (3) A primer that corresponds to one end of the fragment is attached. (4)
The fragments are added to four polymerase solutions. Each solution contains the four
types of bases but only one type of termination nucleotide. (5) The chain grows until
a termination nucleotide is randomly added. (6) The resulting dsDNA fragments are
denatured to obtain a series of ssDNA of various lengths. (7) The fragments are separated
by electrophoresis and the sequence is read.
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a given sequence. The constant progress of computer performance is another example of the techno-

logical advancement that has played a key role in the HGP. The sequencing of the human genome of

three billion bases was done using sequences of DNA fragments up to 1000 bases only, which gives

a sense of the scale of the data analysis challenge that had to be overcome to reassemble such a

puzzle.

The Holy Grail: Nanopore Translocation

Even with all of the technological advances made during the completion of the Human Genome

Project, the Sanger method described in the previous section is still very expensive (∼M$ for full

mammalian-size genome), and also quite slow. For example, at the end of the project in 2003,

the Department of Energy (DOE) Joint Genome Institute was able to sequence 1.5 billion bases per

month [2], which means two months for one person’s genome (and this can be achieved only by

bringing together all the resources of a complete research institute!). Fortunately, several promising

avenues [21] such as microfluidic sequencing, hybridization sequencing, or single-molecule real-

time sequencing are currently on the radar of scientists around the world. The nanopore transloca-

tion idea that is treated in this thesis falls under the third of the latter prospects, i.e. a technique that

FIGURE 1.3 Schematic representation of capillary electrophoresis (CE). The four solu-
tions of the Sanger method migrate in the same capillary and the four different fluores-
cent dye-terminations are detected as they go through the detector.
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would in principle be able to sequence one entire DNA molecule (with perhaps millions of bases) in

a few minutes!

The idea behind nanopore sequencing (NS) is fairly simple: it basically consists of reading a

DNA sequence as the molecule is linearly threaded through a small aperture [27–36]. Therefore, the

expression nanopore translocation refers to the action of changing the location of the DNA fragment

from one side of a membrane (the cis side) to the other (the trans side) through a nanoscopic pore

(∼ 10−9 m) that can either be a natural biological pore, such as an α–hemolysin channel, or an

artificial solid-state one (see Figure 1.4 for examples of the two types of pores). Many examples

of this molecular exchange mechanism exist at the cellular level. Among others, we can cite the

passage of messenger RNA through the cell’s nuclear membrane [25], the transfer of DNA across

bacterial membranes during bacteriophage infection [37], the translocation of proteins through sub-

cellular membranes [38], or the viral infection of cells during which the viruses are inserted through

nanopores across the cell’s membrane to transfer their genomes into the cell [25, 39].

FIGURE 1.4 Two types of nanoscopic pores used in nanopore translocation experi-
ments. (a) An α–hemolysin protein channel (top and side views). (b) A solid-state
nanopore produced by irradiating a silicon membrane with a tightly focused high en-
ergy electron beam [26].
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In principle, nanopore sequencing would allow the sequencing of DNA that is electrophoret-

ically pulled through a pore with a diameter that is comparable to that of a DNA strand (see Fig-

ure 1.5). If an electric field is applied between two chambers containing an ionic solution and

separated by a membrane with a small hole, we can detect the flow of ions passing through the

pore by measuring the current between the two chambers (or, in other words, the conductance of

the pore). The presence of a macromolecule inside the channel will affect its conductance since it

physically reduces the passage of ions and, consequently, allows us to monitor when (and for how

long) a DNA fragment is inside the channel. The hope is that this obstruction of the ionic current

would be significantly dependent on the type of nucleotide blocking the current in order to obtain

a single-base resolution lecture of the molecule as it translocates (see Figure 1.5). This sequencing

idea is also known as the KBBD proposal for John J. Kasianowicz, Eric Brandin, Daniel Branton and

David W. Deamer. Kasianowicz et al. showed in 1996 [1] that polynucleotide molecular lengths can

be characterized using the current blockade through a membrane channel. This is often referred to

as the Holy Grail of DNA sequencing. Even though we are still far from that goal, many experimen-

tal breakthroughs have been accomplished in the field of NS. Below is a brief (but not exhaustive)

chronology presenting some of the major experimental advances made throughout the last decade.

FIGURE 1.5 The Holy Grail of nanopore sequencing. (a) The two states of the nanopore
in the presence of ions and a long linear flexible molecule is to be either open to the
free conduction of the ions or occupied by the chain, thus significantly reducing the pas-
sage of ions. (b) As demonstrated by Kasianowicz et al. [1], those two states can be
detected by measuring the conductivity of the channel. Figure reproduced with permis-
sion from [1], c© 1996 National Academy of Sciences, U.S.A. (c) Assuming that each
nucleotide has a different signature on the blockade (due to their sizes, chemical com-
positions, etc), the ultimate goal would be to detect each base as they go through the
channel so that we sequence the complete chain in a single translocation event.
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1996 Kasianowicz, Brandin, Branton and Deamer [1] demonstrated that α–hemolysin channels

can be used to detect the presence of homopolymer RNA molecules (all units of the chain

are similar). For the first time, the presence inside the channel of an electrically driven RNA

fragment was detected from the blockade of the ionic current that otherwise flows through

the pore. They observed that the lifetimes of the chains inside the channel (i.e. the durations

of the blockade events) were proportional to the chain lengths.

FIGURE 1.6 Current blockade measure during the
translocation of polyuridylic acid (poly[U]) through
an α–hemolysin channel. The bottom part is a close
view of two typical blockade events. Figure repro-
duced with permission from [1], c© 1996 National
Academy of Sciences, U.S.A.

1999 Akeson, Branton, Kasianowicz, Brandin and Deamer [40] measured the amplitude and

the duration of the current blockade generated by DNA and RNA fragments translocating

through α–hemolysin channels. They showed that it is possible to distinguish between sig-

nals (both amplitude and duration) of two different types of homopolymers (chains com-

posed of polyA or polyC units only). They were even able to distinguish the two types of

bases in the blockade signature of a block copolymer A30C70 . This can be interpreted as the

first step in the development of single-base resolution NS.

FIGURE 1.7 (a) Blockade events caused by the translocation of a mixture of two ho-
mopolymers, poly A and poly C, through an α–hemolysin channel (right side). Each
blockade is characterized by a current amplitude and blockade duration presented on
the left side. (b) Typical bilevel blockade of a block copolymer A30C70 . Figure repro-
duced with permission from [40], c© 1999 by the Biophysical Society.
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2000 Meller, Nivon, Brandin, Golovchenko and Branton [41] showed that an α–hemolysin pore

can be used to discriminate between DNA fragments of the same lengths and composition

that differ only in their sequence. This discrimination was based on three statistical parame-

ters: the average current blockade, the most probable translocation time, and the dispersion

of the translocation durations.

2000 Henrickson, Misakian, Robertson and Kasianowicz [42] found that the number of translo-

cation events is proportional to the molecule concentration and increases exponentially with

the applied voltage. Using α–hemolysin channels, they also observed that translocation is

more likely to occur if it starts on the side of the protein with the larger vestibule than the

other way around (see Figure 1.4 and 1.5a).

2001 Vercoutere, Winters-Hilt, Olsen, Deamer, Haussler and Akeson [34] used α–hemolysin

pores to discriminate between DNA hairpin chains at a single-base resolution. The combined

measurements of the current reduction and blockade duration are sufficient to discriminate

populations that differ by only one basepair.

FIGURE 1.8 The translocation of DNA hairpin molecules through an α–hemolysin
channel is characterized by the current blockade amplitude and duration. Note that the
hairpin molecule has to dissociate to go through the channel. Adapted by permission
from Macmillan Publishers Ltd: Nature [34], c© 2001.

2001 Li, Stein, McMullan, Branton, Aziz and Golovchenko [43] developed the ion-beam sculpting

technique. Using this method, they were able to produce a solid-state nanopore with a 1.8

nm diameter that they adapted to detect the passage of DNA molecules.

FIGURE 1.9 TEM image of a 61 nm diameter cavity before and after Ar+ ion-beam ex-
posure. Adapted by permission from Macmillan Publishers Ltd: Nature [43], c© 2001.
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2003 Storm, Chen, Ling, Zandbergen and Dekker [44] presented a new technique to produce

solid-state nanopores. Starting with a 20 nm pore drilled through silicon membrane using

electron beam lithography, the hole size was shrunk to one nanometer using a high energy

electron beam. The beam fluidizes the silicon and the pore size is reduced due to surface

tension.

FIGURE 1.10 Sequence of TEM images obtained during the shrinkage of the pore due
to electron irradiation. Adapted by permission from Macmillan Publishers Ltd: Nature
Materials [44], c© 2003.

2003 Bates, Burns and Meller [45] studied the non-biased escape time of DNA molecules from an

α–hemolysin pore. The chains were driven inside the channel during a period of time that

corresponds to half of the most probable translocation duration before the external field was

turned off. These experiments showed the existence of two distinct timescales. The longer of

these two timescale was assumed to be related to binding–unbinding interactions between

the DNA and the channel.

2004 Chen, Gu, Brandin, Kim, Wang and Branton [46] used fabricated nanopores to characterize

the conformations of dsDNA during translocation. They measured the blockade current sig-

nal to predict the folding state of the chain inside the channel.

FIGURE 1.11 Seven different translocation events (be-
low) and their conformational interpretation (above).
Reprinted with permission from [46], c© 2004 Ameri-
can Chemical Society.

2005 Storm, Storm, Chen, Zandbergen, Joanny and Dekker [47] measured, for the first time, the

translocation time of long DNA molecules (6500 to 97000 basepairs) through a solid-state

nanopore. They reported that the translocation time is a power law function of the chain

length with an exponent of 1.27. This was in contradiction with the linear behavior observed
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in α–hemolysin experiments. This nonlinear relationship was attributed to the very long

chains used. This regime is characterized by translocation dynamics that are dominated by

the hydrodynamic drag of the subchains outside the channel (and not by the pore-molecule

friction like in previous experiments).

2005 Mathé, Aksimentiev, Nelson, Schulten and Meller [48] observed that the interaction be-

tween ssDNA and an α–hemolysin channel is strongly dependent on the orientation of the

molecule. They measured a difference of 30% in magnitude of the ionic current between

chains entering the channel by their 3’ or 5’ ends. Moreover, the diffusion in absence of an

external driving force is two times slower for chains entering by the 3’ end.

2006 Keyser, Koeleman, Dorp, Krapf, Smeets, Lemay, Dekker and Dekker [49] presented the first

measurements of the force on a ssDNA molecule in solid-state nanopore. They demonstrated

that optical tweezers can be used to slow down or stop the translocation process.

2006 Gracheva, Aksimentiev and Luberton [50] studied single-base mutations in ssDNA using

a solid-state nanopore capacitor. They observed that the voltage traces of C3AC7 , C3CC7 ,

C3GC7 and C3TC7 sequences are in a range of 5-10 mV (i.e. experimentally detectable).

There are many advantages to using nanopore sequencing [21, 27]. The most important of all

would be the sequencing speed, which could reach rates of up to 104 bases/second [28]. Secondly,

NS has the potential of reading very long strands of DNA (recall that current technology based

on Sanger method can sequence ssDNA fragments up to 1000 nucleotides only). With nanopore

translocation, we would be able to read very long DNA chains in real-time, minimizing the error

associated with reassembling contiguous fragments or repetitive sequences. Moreover, as a single-

molecule sequencing technique, NS does not require cloning or amplifying preprocessing which,

other than being expensive, could also lead to errors (gel electrophoresis requires on the order of

1010 DNA copies to produce detectable bands). Finally, as an additional cost reduction, NS would

be reagent free and might not need an expensive optical detection apparatus.

As we can see in the brief overview of the history of nanopore translocation presented so far,

the research area is quite large and the field very active. The number of papers published during the

past five years regarding experimental setups to measure the blockade current testify to the growing

interest in the subject (among many others, see [51–60] for example). Efforts are continuously

put forth to improve single-based resolution approaches [50, 61–65]. The engineering of solid-

state nanopores has also attracted a lot of attention [35, 66–68]. Even though natural pores such
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as protein channels can be chemically designed to change their properties, they still represent a

constraint due to their fixed size and limited stability (over pH, temperature, mechanical stress, etc).

On the other hand, solid-state nanopores offer great size control over both diameter and length,

are very stable, have tunable surface properties, and can easily be integrated into devices or arrays!

Solid-state nanopores also open the door to new techniques, such as the integration of transversal

resistivity measurement devices, to monitor and investigate nucleotides inside the channel. Finally,

several other related research fields, such as chain orientation effects [48, 69] or the control of the

translocation speed [70], are also keeping the experimentalists extremely busy. Unfortunately, it is

beyond the scope of this thesis to cover all those efforts. Rather, this thesis is more focused on two

modeling approaches of the translocation dynamics. In fact, even the subjects that have been treated

up to this point could have been discussed much more extensively. However, we believe that this

summary, although brief, constitutes an appropriate background to appreciate the remaining parts

of this thesis.

Thesis rationale

This thesis contributes to our understanding of the translocation dynamics of a flexible chain that

is linearly moving through a pore of size comparable to its backbone width. Our representation of

this phenomenon is based on a polymeric model of the translocating molecule (see Figure 1.12).

This means that we do not make any assumption about the nature of the translocating molecule

(ssDNA, dsDNA, RNA, ...), but rather we model it as a generic chain composed of several subunits,

called monomers. Assembled together, they form what we call macromolecules or polymers (many

monomers). However, even if we use a simple representation of the translocating molecule, the

problem of nanopore translocation is still extremely complex. Figure 1.12 is a schematic that gives a

quick overview of the major parameters that might be considered when studying such a problem. As

we can see, polymer translocation can be affected by numerous geometric factors such as the pore

diameter and length, but also by the presence of an external driving force that pulls the chain through

the channel, by the hydrodynamic coupling between different parts of the chain and between the

chain and the membrane, or by specific local interactions that might exist between the pore and the

chain. Also, the relaxation state of the chain during the translocation process can certainly affect its

dynamics. With so many aspects to consider (and this is not an exhaustive list), it is appropriate to

clearly state what we want to explore in this (computational physics) thesis and which tools we are

going to use to do this.
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Investigating hydrodynamic interactions with Molecular Dynamics simulations

One the most important aspect of the translocation is probably the existence of long range Hydrody-

namic Interactions (HI) between different parts of the chain. However, since HI studies are computa-

tionally intensive, these interactions are often omitted from the problem, even if extremely interest-

ing theoretical predictions have been made about the impact of such interactions. Chuang et al. [71]

developed a scaling argument that can be used to derive the translocation time scaling as a func-

tion of the chain length in the absence or presence of HI. They confirmed their own findings in the

absence of HI using a Monte Carlo approach, but no studies have tried to test their prediction with

HI so far. It is this lack of activity in numerically testing the scaling theory of translocation in the

presence of HI that brought our group into the field of nanopore translocation. In order to tackle this

problem, we decided to use a coarse-grained simulation model embedded in a Molecular Dynamics

algorithm (see Figure 1.13).

FIGURE 1.12 Schematic representation of the aspects of polymer translocation that we
want to study. Basically, the system is composed of a membrane through which a pore of
adjustable radius and length is perforated and a polymer which moves in a single-file way
through that pore. An external electric field E can be used to pull the chain through the
channel. Friction effects (F) of the chain in the fluid (in green) or due to pore-polymer
(in orange) may be considered. Hydrodynamic interactions (HI) between different parts
of the chain (in blue) can also affect the translocation dynamic. These interactions
are transmitted through the surrounding fluid either directly or indirectly due to the
presence of the membrane. Finally, the entropy of both subchains (not illustrated) can
drive the chain through the pore.
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Chapters 2 and 3 present the work we did within the framework of our MD model (Molecular

Dynamics). Our first article looks at the impact of the pore diameter on the translocation time in

the presence of explicit solvent (HI). More precisely, we simulate the escape of unbiased polymer

chains that are initially placed halfway through the membrane at the beginning of the translocation

process. We focus our attention on the scaling of both the relaxation and escape times as a function

of the number of monomers in the chain, and compare our results with theoretical predictions. The

relation between those two characteristic times and the diameter of the pore is studied. This work

allows us to observe the impact of the screening of the hydrodynamic interactions in the vicinity of

the wall. Indeed, as the pore size is increased, more hydrodynamic interactions between the two

subchains on both sides of the wall can be transmitted through the fluid and these effects apparently

play a key role in the chain dynamics.

FIGURE 1.13 Snapshots of the Molecular Dynamics simulation system used in Chap-
ters 2 and 3. (a) A detailed view of the system. The polymer chain is shown in yellow
while the membrane is gray. The pores are created by removing hexagonal plugs of wall
beads from the FCC wall lattice structure. Blue beads represent fluid particles that fill
the rest of the simulation box (only half of them are shown here). The system has peri-
odic boundary conditions (PBCs) in all directions. (b) Three snapshots of a translocation
event (fluid beads not shown): one at the beginning with the centre monomer of the
chain in the middle of the pore, a second one at an arbitrary time during the escape, and
a last one when all the monomers are on the same side of the membrane for the first
time.
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Chapter 3 presents a study using the same simulation system but it concentrates on the re-

laxation state of the chain during the escape from the pore. The goal of this chapter is to test

the commonly used assumption that unbiased chains are in a relaxed configuration at all moments

of the translocation process (this is often called the quasi-equilibrium hypothesis). This hypothesis

is frequently used in theoretical studies of the problem in order to reduce the problem to a one

dimensional variable for which a modified diffusion equation can be solved. We tested the quasi-

equilibrium using two series of simulations that are performed for various chain lengths and a fixed

pore size. The two sets of simulations start at the same moment of the translocation process, but

differ in the initial relaxation state of the chain.

As illustrated in Figure 1.13, our MD model is not an atomistic description of the system.

We rather use a coarse-grained representation with an explicit solvent where all the particles are

depicted using beads. This simulation approach was chosen as the best compromise between the

need for realistic HI and a reasonable computational speed (in order to allow the simulation of

hundreds of translocation events within about a year). Note that Chapters 2 and 3 do not deal with

driven translocation. This choice was motivated by the fact that this system is not well understood

yet, even for the simplest translocation situation in the presence of HI. As we will see in the recent

literature survey section, there are theoretical predictions for such a system, but there is still a need

for experimental and numerical confirmations.

Studying very long polymers with a novel Monte Carlo algorithm

In the course of our MD studies, it became quickly evident that we would not be able to study very

large systems due to the presence of the explicit solvent particles. The polymer sizes considered

in our MD model are not larger than 31 monomers. In order to be able to study the theoretically

predicted transitions between the various scaling laws as the polymer size increases, we decided to

developed our own numerical model. Chapters 4 to 7 make use of this second approach which we

refer to as the MC model (Monte Carlo). This new method allows us to easily study chain lengths

of up to 107 monomers without completely neglecting the hydrodynamic effects. It was initially

developed to study the translocation time of very long chains, but it rapidly became a powerful tool

to study several other aspects of the translocation problem (Chapter 7 shows an excellent example

of the versatility of this model).

The series of four papers that use the MC model is divided as follow. Chapter 4 presents the

derivation of the biased random-walk (RW) algorithm developed in order to obtain both the correct
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free-solution velocity and diffusivity for any value of an external biasing force. It is only in Chapter 5

that this algorithm is applied to the polymer translocation problem. In this first part of a two paper

series, we show how the complex three-dimensional motion of a flexible chain can be mapped onto

the biased one-dimensional lattice RW of a point-like particle (see Figure 1.14) if we assume that

the quasi-equilibrium hypothesis is valid. It is also in this first article that we propose an exact

numerical method for both the translocation time and the translocation probability; this method

is based on a Master Equation description of the lattice RW and the concept of mean first-passage

time. The second part of the series (Chapter 6) validates this model by presenting an exhaustive

parametric analysis of the predictions made using this new MC approach. Finally, Chapter 7 shows

FIGURE 1.14 Schematic summary of our translocation Monte Carlo model. We ex-
press the complex three-dimensional dynamics of the pore-polymer system as a one-
dimensional random-walk. We focus on three aspects of the translocation problem: the
entropic balance between the two subchains, the pulling of the chain by an external field,
and the frictional effects (hydrodynamics of the subchains and the pore-polymer inter-
actions). The first two effects are integrated into the random walk parameters via the
direction and the strength of the bias while the third one enters the model through the
Monte Carlo step duration. The resulting Monte Carlo algorithm can be solved exactly
using a Master equation approach to obtain the escape probability and escape time.
Chapter 5 is dedicated to the derivation of this random-walk model while Chapters 6
and 7 present applications.
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an application of our MC model to the study of the impact of the heterogeneity of a chain on its

translocation dynamics. The goal of this last article was to study the impact of both the composition

and sequence of a heterogeneously charged chain on its translocation dynamics (probabilities of

transfer, translocation times, and also translocation time distributions).

The numerically exact computational approach that is behind most of the results obtained using

the MC model consists in solving the lattice Monte Carlo algorithm. Basically, the escape time of

the chain in a given pore-polymer configuration is coupled to the escape time of the same chain

in the neighbouring configurations through the random-walk description (here the term neighbours

refers to the closest lattice configurations). As we will see in the next sections, it is a common

theoretical practice to reduce the translocation dynamics to a single variable problem (hence the

need for the quasi-equilibrium hypothesis). That variable is called the translocation coordinate and

it represents the fraction of the chain that is on a given side of the membrane. Studies using such

an approach generally obtain information about the translocation by solving the diffusion equation

for the translocation coordinate. Our contribution, as presented here, includes an innovation that

proposes a solvable one-dimensional MC mapping of the translocation problem.

Finally, neither the MC nor the MD model deals with the dynamics of the chain looking for

the entrance of the pore. Both models only consider chains that have at least one monomer inside

the channel at the beginning of the process. Therefore, in this context, the expression translocation

does not mean moving from one location to another, but rather signifies escaping on either side of

the channel. Of course, all of our articles were either published in or submitted to peer reviewed

journals, i.e. they were written for a specialized audience. The aim of the remaining sections of

this introduction is thus to help the reader make the connection between the nanopore problem as

discussed so far and the scientific content of the next six chapters (that are written with only a brief

presentation of the subject, as expected for journal articles). Consequently, the following sections

summarize several general physics notions and numerical simulation details that are needed in order

to understand and interpret our work. The last section of this introduction is a review of the most

important numerical and theoretical articles published during the last decade; these articles are

related to the work presented in this thesis and may therefore be useful to appreciate the main

chapters of the thesis.
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Molecular Dynamics simulations

The two first articles presented in this thesis use Molecular Dynamics simulations to study the translo-

cation problem. MD basically consists of numerically solving the classical equations of motion for

all of the n particles in the system for a short time increment δt . As mentioned earlier, we use a

coarse-grained model where all of the various types of particles (the chain, the membrane, and the

solvent) are represented as spherical generic atoms or beads that might only differ in their masses

and/or their interaction potentials. Each bead is characterized by a position r and a momentum

p (which are vectors), leaving us with 6n (in three-dimensions) first-order differential equations of

motion given by [72]

∂ ri

∂ t
=

pi

mi
, (1.1)

∂ pi

∂ t
= Fi , (1.2)

where mi represents the mass of the particle, i is the particle index that varies from 1 to n , t is

the time, and Fi is the total force felt by the ith bead. In our case, the force Fi is derived from

three different contributions: (1) a truncated (repulsive part only) Lennard-Jones (LJ) potential that

is acting between every bead pairs, (2) a Finitely Extensible Non-linear Elastic (FENE) potential [73]

between all neighbouring monomers of the polymer chain, and (3) a harmonic potential that keeps

all the wall beads around an average position. The detailed description of those three potentials is

given in Chapter 2.

There are many ways to numerically calculate the particle trajectories
�

ri(t) , pi(t)
	

predicted

by Equations 1.1 and 1.2. One of the most popular, and also the one that we use in our simula-

tion code, is the Velocity Verlet algorithm [72]. Given an initial set of positions and momenta and

an integration step δt , this algorithm updates the states of the particles using the two following

equations:

ri(t +δt) = ri(t) +δtvi(t) +
1

2
δt2ai(t) , (1.3)

vi(t +δt) = vi(t) +
1

2
δt
�

ai(t) +ai(t +δt)
�

, (1.4)

where vi and ai are respectively the velocity and the acceleration of particle i . One advantage of

this algorithm is that it only requires the storage of one {r , v , a} set per particle. This efficient use

of memory can be achieved following four simple steps:



MONTE CARLO CALCULATIONS | 22

1) Update all positions using Equation 1.3.

2) Update the velocities at mid-step using vi(t +δt/2) = vi(t) +δtai(t)/2.

3) Calculate the new accelerations ai(t +δt) from the new positions ri(t +δt) .

4) Complete the updating of the velocities using vi(t +δt) = vi(t +δt/2) +δtai(t +δt)/2.

The temperature kBT of the system can be calculated using the equipartition theorem which

states that each of the 3n translational degrees of freedom contributes kBT/2 to the total kinetic

energy:

3n
kBT

2
=

1

2

∑

i

miv
2
i . (1.5)

More precisely, three degrees of freedom should be ignored due to the fact that the total momentum
∑

i mivi is conserved in MD. However, this correction can quickly be ignored as n increases. In

our simulations, the temperature is only controlled during the warm-up period (via a rescaling of

the velocity of all beads). This warm-up period is necessary to ensure that the initial system is in a

relaxed state. When the real simulation starts, there is no more control of the temperature and we

work in a {V , E , N} ensemble.

Finally, please note that I wrote the entire MD code used in Chapters 2 and 3, even though

several MD simulation packages are available. My code was developed using Rapaport’s book [74]

as a reference.

Monte Carlo calculations

Three chapters of this thesis use a Monte Carlo based approach to calculate the escape times and

probabilities of translocating polymers. The book on computer simulation methods written by D. W.

Heermann gives a good definition of what MC methods are [75]:

“The Monte Carlo method is defined by representing the solution of a problem as a
parameter of a hypothetical population, and using a random sequence of numbers to
construct a sample of the population, from which statistical estimates of the parameter
can be obtained.”

The method that is presented in Chapter 5 is one of the simplest applications of MC methods. In-

deed, this technique is based on a one-dimensional lattice random-walk where the process is purely
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Markovian in the sense that this RW has no memory whatsoever (each new step is determined from

the present state only, and not from past ones). The basic idea is to treat the translocation process

using a lattice random-walk characterized by a probability of moving towards the cis or the trans side

( pc and pt ), a probability of not moving (s), and a time step duration (∆t ). Each of these variables

is function of the local state, i.e. of the external field applied and the pore-polymer configuration

(for the friction and the entropy).

Using pc , pt and s , a given step of a translocation event can be simulated using a random num-

ber generator. Depending on the generator value, the chain either moves or maintains its position

inside the channel and the time increases by the computed ∆t increment. This process is repeated

until the chain exits on one side of the channel. The same steps can be followed repeatedly for

many other translocation events. The results of these simulations yield, within an uncertainty that

is a function of the number of simulated events, all the information about the translocation time

distributions and probabilities.

As easy to implement as the MC simulation is, the precision of such a technique is still very

dependent on the available computational resources and calculation time. However, the same prob-

lem can be numerically solved using a Master equation approach. The key point of this idea is that

the probability of being in a given pore-polymer configuration is always coupled to the probabilities

of being in the neighbouring ones. The simplest case is the calculation of the probability of exiting

on a given side of the channel from the i th pore-polymer configuration, Pt(i) for example. If the

configuration index i increases from the cis to trans side, this probability obeys to the following

straightforward Master equation:

Pt(i) = pcPt(i− 1) + sPt(i) + ptPt(i+ 1) , (1.6)

where the probability of exiting on the trans side from the configuration i is expressed as a sum of

probabilities of exiting on that side one MC step later. If there are n possible configurations from

i = 1 to i = n , one can write n versions of Equation 1.6 for the n different Pt probabilities with the

two boundary conditions of Pt(0) = 0 and Pt(n+1) = 1. Similarly, the work presented in Chapter 5

explains how the same type of (discrete) Master equation can be written for the average escape

time and the higher moments of their distributions. Therefore, each observable is associated with a

system of coupled equations taking the form of tridiagonal matrices that can be numerically solved,

and simulations are thus unnecessary. The gain in both efficiency and precision is remarkable, as we

shall see.
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Diffusion in free-solution

As mentioned in the previous section, Chapter 4 is the only one of the six papers presented in this

thesis that does not explicitly study the translocation problem. This chapter presents a detailed

derivation of our new one-dimensional random-walk algorithm in the presence of an external bias.

The goal of the current section is to present the two notions of diffusion processes in a liquid that

are the foundations of this algorithm, i.e. the Stokes-Einstein relation and Stokes’ law.

The displacement of a particle of radius R evolving in a thermal bath free of physical obstacles

and external forces is called Brownian motion. In one dimension, the evolution of the displacement

x is described as a function of time t by Fick’s second law [76]:

∂ φ

∂ t
=
∂

∂ x

�

D
∂ φ

∂ x

�

, (1.7)

where φ(x , t) is the probability of presence (or concentration) and D(x , t) is a quantity called

the diffusion coefficient. Solved for the initial condition φ(x , 0) = δ(x) , where δ is the Dirac

delta function, and for a diffusion coefficient that is not function of space nor time D 6= D(x , t) ,

Equation 1.7 can be used to show that

¬

∆x2
¶

=
¬

x2
¶

− 〈x〉2 = 2Dt , (1.8)

where
¬

∆x2
¶

is the variance of the displacement of the particle after a time t . Of course, one has

〈x〉= 0 in this trivial situation.

If the Brownian particle evolves in a Newtonian liquid of constant viscosity η , its friction coef-

ficient ξ is given by the Stokes’ law [77]:

ξ= 6πηR , (1.9)

where R is the radius of the particle. In the low velocity limit, the friction coefficient is the propor-

tionality constant between the force F applied on the particle that is pulled through a viscous liquid

and the resulting constant velocity v [77]:

v =
F

ξ
=

F

6πηR
. (1.10)

The friction coefficient ξ is also related to the the diffusion coefficient D through the Einstein rela-

tion [77]:

D =
kBT

ξ
, (1.11)
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where kBT represents the energy of the thermal bath in the surrounding environment. Combining

Equations 1.9 and 1.11 gives what is called the Stokes-Einstein relation [11]:

D =
kBT

6πηR
. (1.12)

Finally, note that in the case of non-spherical objects, a quantity called the hydrodynamic radius can

be defined in order to be used in Equations 1.10 or 1.12. This hydrodynamic radius corresponds to

the size of a sphere that would have the same friction coefficient as the non-spherical object.

First-passage processes

S. Redner, in his excellent textbook [78], defines First-Passage Processes (FPP) as:

“[...] stochastic processes in which the event, such as [...] a chemical reaction, the firing
of a neuron, or the triggering of a stock option, relies on a variable reaching a specific
value for the first time.”

Based on this definition, the polymer escape events studied in this thesis clearly qualify as FPP.

Obviously, such a classic problem has been analytically solved for various theoretical conditions and

some of these solutions will be used in the analysis of our results (in Chapters 5 and 6).

Our translocation problem is analogous to the first-passage of a one-dimensional Brownian

particle in an interval (see Figure 1.15). In this situation, the particle initially starts its journey

anywhere in between two absorbing boundaries. In the non-biased case, if the particle starts at a

distance l from the left boundary, the probability P→(l) that it will reach the right boundary before

the left one is given by [78]

P→(l) =
l

L
, (1.13)

FIGURE 1.15 One dimensional first-passage problem of a Brownian particle between
two absorbing boundaries separated by a distance L . The particle starts at a distance l
from the left boundary and evolves until it is absorbed by the first boundary it touches.
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where L is the width of the interval. Obviously, the complementary probability of reaching the left

side before the right one is simply given by P←(l) = 1− P→(l) . The second quantity of interest is

the average traveling time taken to reach a given boundary. If the Brownian particle has a diffusion

coefficient D (satisfying Equations 1.11 and 1.12), these two times, called mean first-passage times

(MFPT), are given by [78]




t←(l)
�

=
2Ll − l2

6D
and




t→(l)
�

=
L2− l2

6D
. (1.14)

These quantities can also be analytically obtained in the context of a uniformly biased particle (i.e.

the biasing force acting on the particle is constant everywhere in the interval). In such a case, the

probability given by Equation 1.13 becomes [78]

P→(l) =
1− evl/D

1− evL/D
, (1.15)

where v is the average drift velocity of the particle (which satisfies Equation 1.10). Finally, the

biased MFPT are now given by [78]




t←(l)
�

=
−2L/v

1− ev(l−L)/D

�

evl/D − 1

evL/D − 1

�

+
l

v

�

1+ ev(l−L)/D

1− ev(l−L)/D

�

, (1.16)

and



t→(l)
�

=
L

v

�

1+ e−vL/D

1− e−vL/D

�

−
l

v

�

1+ e−vl/D

1− e−vl/D

�

. (1.17)

As we will see in Chapters 5 and 6, polymer translocation dynamics cannot be expressed as a constant

bias problem. However, in some limiting cases, it will be possible to compare our results to the

analytical expressions presented in this section.

Polymer physics in a nutshell

Outstanding textbooks on polymer physics have been written and the aim of this section is not to

rewrite any of them (among the most interesting ones, see Rubinstein & Colby [11], Doi & Ed-

wards [79], and Teraoka [80]). As its title suggests, the goal of this section is to briefly summarize

the polymer physics concepts that are either used in the development of our models, or needed for

the interpretation of our results.
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Ideal chains

The simplest representation of a polymer chain, and surely the starting point of most polymer physics

theories, is that of a chain with no interactions between non-adjacent monomers. In such a case, a

polymer chain with N+1 monomers could be depicted as a finite length random-walk (RW) in which

each step represents a link between two monomers (see Figure 1.16a). If no angular constraint is

applied between two consecutive steps, this approach is called the freely-jointed chain (FJC) model.

The two parameters of the RW, i.e. the number of steps, N , and the length of these steps, a , are

respectively related to the degree of polymerization N + 1 of the chain and the distance between

adjacent monomers.

The total distance traversed during this RW, L = Na , is called the contour length [80], but this

quantity does not give any information about the chain conformation. The first physical quantity we

can compute for the ideal chain is the end-to-end vector R , which is the vector between the starting

FIGURE 1.16 (a) A polymer chain represented by a random-walk of step lengths a . The
vector R is the end-to-end distance between the two ends of the chain. (b) Representa-
tion of the Rouse model in which the chain is represented by a series of beads connected
by springs of root-mean-square extension b . The bottom drawing illustrates the fact
that the Rouse model disregards the hydrodynamic interactions and is consequently a
free-draining object (the friction is proportional to the number of beads). (c) The Zimm
model is an improved version of the Rouse model in which hydrodynamic coupling (dot-
ted lines) between the beads is added. The bottom part illustrates how these interactions
screen the streamlines inside the volume occupied by the polymer so that its friction co-
efficient increases like Rg instead of N (i.e. that Equation 1.12 applies).
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and the ending points of the RW (the end monomers), or net displacement. Since we are looking at

an isotropic RW, the average end-to-end vector is null, but its average square value is given by [11]

¬

R2
¶

= 〈R ·R〉=

* 

N
∑

i=1

ri

!

·





N
∑

j=1

r j





+

=
N
∑

i=1

N
∑

j=1

¬

ri · r j

¶

= Na2 , (1.18)

where the r vectors represent the N uncorrelated bond vectors of the RW. The square root of Equa-

tion 1.18, N1/2a , can be interpreted as a rough measure of the diameter of the spherical space

occupied by the chain.

A second relevant measure of the size of the ideal chain is its radius of gyration Rg . For a chain

in a given conformation, the mean square radius of gyration is the average square distance between

each monomer and the polymer’s centre of mass [80]:

R2
g =

*

1

N + 1

N
∑

i=0

�

Ri −Rcm
�2

+

with Rcm =
1

N + 1

N
∑

i=0

Ri , (1.19)

where Rcm is the position of the centre of mass while Ri is the position vector of each monomer.

The square radius of gyration averaged over the ensemble of all possible conformations is given

by [80]

R2
g =

1

2(N + 1)2

N
∑

i=0

N
∑

j=0

D

�

Ri −R j

�2
E

. (1.20)

For a very long FJC, the latter equation can be reduced to [80]

R2
g =

Na2

6
=

¬

R2
¶

6
. (1.21)

However, one must be careful with the use of the word radius. The expressions given by Equa-

tions 1.18 and 1.20 are values averaged over the ensemble of allowed chain conformations, but they

do not mean that the chain always adopt a spherical shape. In fact, the instantaneous shape of a

ideal chain is almost always highly anisotropic [80].

Finally, a third meaningful quantity, called the Kuhn length, can be used to describe an ideal

chain in the presence of angular correlations between consecutive bond vectors. The Kuhn length

b is an effective bond length used to redefine the bond segment of a stiff chain so that these new

segments behave as if they were freely jointed, i.e. so that its mean square end-to-end distance is

given by
¬

R2
¶

= Nb b2 , where Nb is the number of Kuhn segments. Mathematically, the Kuhn length

is equal to twice the persistence length of the chain, which is the characteristic length over which the

correlation between segments is exponentially lost [80]. Therefore, the Kuhn length is a measure of

distance over which the chain loses the memory of its stiffness.
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Real chains

In real polymer chains, there are physical constraints such as the excluded volume effects that

strongly affect the chain conformation. This means that real chains look more like self-avoiding

walks (SAW) rather than RW, with the consequence of making them swell compared to ideal ones.

Using scaling arguments to estimate the impact of excluded volume effects on both the energy and

entropy of the chain, Flory [81] was able to quantify the swelling due to long range interactions in

self-avoiding chains. His theory predicts that the radius of gyration should now scale like

Rg ∼ N ν b , (1.22)

where ν is called the Flory exponent. Flory’s scaling arguments led to an estimate of that exponent

ν = 3/(d + 2) , where d is the dimensionality of the system. This estimate turned out to be exact

in one and two dimensions, but not in 3D for which its value has been numerically estimated to

0.588[81]. Nevertheless, the three dimensional Flory exponent is often approximated to ν = 3/5.

Entropy

The entropy S associated with all the possible conformations that a chain (ideal or real) can take is

given by

S = ln Z , (1.23)

where Z is the number of distinct conformations, or random-walks (RW or SAW), of N steps. This

partition function scales like [82]

Z ∼ z̃N Nγ−1 , (1.24)

where z̃ is called the lattice coordination number (LCN) and γ a universal exponent that depends

only on the system’s dimensionality. The LCN basically represents the number of possible directions

that we have to choose from at each step of the random-walk. For example, a three-dimensional

ideal chain has a LCN of z̃ = 6 on a cubic lattice while its self-avoiding counterpart has a LCN of

z̃ ≈ 4.68 [83]. The second factor of Equation 1.24 is a power law correction called the enhancement

factor, and it can be calculated for various specific conditions. In the context of this thesis, we are

interested in the value of γ for chains that have one end attached to a flat surface (the part of the

translocating chain that is outside the channel). In such a case, γ is equal to 1/2, 0.69(1) and 1 for

ideal, self-avoiding and rod-like chains, respectively [84].
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Chain dynamics

Thus far, we have looked only at conformational characteristics of polymeric chains. In this section,

we present some dynamical properties for a chain in solution. More precisely, we focus on the

friction coefficient of a polymer immersed in a liquid. In this context, the friction coefficient of the

whole polymer chain ξ is related to its diffusion coefficient D via the Einstein relation presented

in Equation 1.11; i.e. D = kBT/ξ . Therefore, the diffusion coefficient D is a measure of the

mean-square displacement of the centre of mass of the chain
D

�

�Rcm

�

�

2
E

as a function of time t , i.e.
D

�

�Rcm

�

�

2
E

∼ Dt .

In this thesis, two molecular models of polymer dynamics are considered. The first, and sim-

plest one, is called the Rouse model [85]. It consists of replacing the chain by a series of point-like

beads connected with springs of root-mean-square length b (see Figure 1.16). The beads are also

submitted to a random force that acts as thermal noise. In the original Rouse model, no excluded

volume effects nor any hydrodynamic interactions are considered, and each bead only interacts with

its closest neighbour(s) via the connecting harmonic spring(s). This model assumes that the fluid

can freely move through the chain (see Figure 1.16b). If each monomer has a friction coefficient ξ0 ,

the total Rouse friction coefficient ξR of the chain of N monomers is simply

ξR = Nξ0 , (1.25)

which can be used with the Einstein relation to evaluate the characteristic Rouse time tR needed for

the chain to diffuse over a distance comparable to its own size:

tR ∼
R2

g

D
∼

Nξ0R2
g

kBT
∼ N1+2ν . (1.26)

Scaling theory indicates that this time also corresponds to the longest relaxation time of the normal

modes in the bead-spring Rouse model. A more detailed mathematical treatment of the Rouse model

and its internal vibrational modes can be found in [79]. For an ideal chain, Equation 1.26 thus

predicts tR ∼ N2 , while tR ∼ N11/5 for a chain with excluded volume interactions.

The Rouse model is very convenient since it can be expressed in the form of solvable equations

of motion. However, this model does not include the hydrodynamic interactions that are transmitted

through the solvent between all bead pairs. An improved version of the bead and spring model has

been developed by Zimm [86]. In the Zimm model, the hydrodynamic interactions are considered

in the equation of motion via a second-rank tensor, called the Oseen tensor. The major contribution
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of Zimm was to use a preaveraging approach to decouple the tensor from the rest of the equation

(see [80] for more details). As a consequence of the presence of these hydrodynamic interactions,

a single polymer chain drags a volume of solvent that is in its immediate vicinity when it moves in

a solution (see Figure 1.16). Therefore, the chain can be considered as a solid sphere of size ∼ Rg

with a Zimm friction coefficient ξZ given by the Stokes’ law [11] (Equation 1.9). Scaling arguments

then predict

ξZ ∼
Rg

b
ξ0 ∼ N νξ0 , (1.27)

and the corresponding characteristic Zimm diffusion time is then given by

tZ ∼
R2

g

D
∼

N νξ0R2
g

kBT
∼ N3ν . (1.28)

This model thus predicts tZ ∼ N3/2 and tZ ∼ N9/5 for ideal and real chains, respectively.

Survey of interesting theoretical and numerical models

As mentioned previously, the problem of nanopore translocation has attracted a lot of attention from

experimentalists since the KBBD proposal [1] in 1996, but it also has inspired several theorists who

quickly developed analytical and numerical approaches to the problem. This section presents a series

of key people and publications that are either fundamental in the field or, at least, highly relevant to

our own contributions. Again, this list should not be considered as an exhaustive one, but simply as

prerequisite knowledge to appreciate the main part of this thesis.

1996 Sung and Park [87] wrote what is probably the most cited paper in polymer translocation

theory. Their approach is to treat translocation dynamics as a diffusion process across a free

energy barrier.

Treating the polymer as a ideal chain of n segments with one end anchored to the mem-

brane surface, they derived the probability of finding the second end at any position on the

same side of the surface. From that probability, they calculated the free energy of that chain

F(n) = 1
2

kBT ln(n) + µn + const, where µ is the chemical potential per segment and the

constant term is independent of n . Now consider a chain of length N with two subchains

of lengths n and N − n on the trans and cis side, respectively, of a thin wall. Sung and Park
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treated those subchains independently so the total free energy of the complete chain is given

by

F(n, N) = F(n) + F(N − n) =
1

2
kBT ln [n (N − n)] + n∆µ+ const , (1.29)

where ∆µ is the chemical potential difference between the trans and the cis side. Using the

total free energy F(n, N) of the chain, Sung and Park developed a stochastic model based

on the variable n associated with the free energy barrier. This variable can diffuse randomly

and its displacement can be described using a Fokker-Planck equation for the probability

distribution of n as a function of time. Assuming that the diffusion coefficient of the chain,

D , is constant during the translocation process, Sung and Park solved the Fokker-Planck

equation to obtain the mean first-passage time τ that the chain takes to diffuse from n = 1

to n= N − 1 (or translocation time) for three limiting cases

τ(µ?) =
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(1.30)

where L = N b is the contour length of the chain composed of N monomers of size b and

µ? = N∆µ/kBT . Equation 1.30 shows that the scaling of the translocation time goes from

τ ∼ L2/D to τ ∼ L/D∆µ as the chemical potential is lowered on the trans side, which is

the most important result of Sung and Park contribution. They assumed that the diffusion

coefficient of the chain scales like D ∼ N−ν , which gives translocation times of ideal chains

that scale like τ∼ N3 and τ∼ N2 in the absence and in the presence of a chemical potential

difference, respectively. Sung and Park also published interesting studies on polymer escape

from spherical cavities [88] and on translocation induced by adsorption [89].

1999 Muthukumar [90] published the second most cited paper in translocation theory. Muthuku-

mar’s approach differs from Sung and Park’s paper in two ways. Firstly, Muthukumar derived

a more general form of the total free energy

F(n, N)
kBT

= (1− γcis) ln(N − n) + (1− γtrans) ln(n) + n
∆µ
kBT
+ const , (1.31)

where the constant γ is the universal exponent [82, 84] of random walk near a surface (see

our Equation 1.24); γ is equal to 0.5, ≈ 0.69 and 1 for ideal, self-avoiding and rodlike
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chains, respectively. Secondly, Muthukumar used nucleation theory [91] arguments to solve

the mean first-passage time problem for the chain through the channel. Assuming a constant

rate k0 for the formation or the decay of a nucleus that is independent of n (i.e. D = const. 6=

D(n) 6= D(N)), Muthukumar obtained the result that the time to transfer all the monomers

from the cis side to the trans side is given by

τ(µ?) =
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�� 1 ,
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exp
�
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�

, µ?� 1 ,

(1.32)

for long chains. In the case where the entropic terms in Equation 1.31 are negligible in com-

parison to the chemical potential one, we obtain that τ ∼ N/k0 and τ ∼ N2/k0 for strong

and weak ∆µ limits, respectively. Muthukumar’s results differ from Sung and Park in their

definition of k0 , the chain diffusivity. In the work of Sung and Park, the translocation time is

dominated by the whole chain diffusion coefficient D(N) while Muthukumar’s approach is

based on the rate k0 6= k0(N) at which monomers are transfered through the pore. Finally,

Muthukumar also contributed to several other studies looking at the escape of polymers in

confined environment (escaping from a sphere, transferring between two spheres through a

channel, etc); see [92–94] for examples.

2000 Kumar and Sebastian [95] followed a similar approach to Sung and Park to study the ad-

sorption induced translocation of a chain from the outside of a spherical cavity to the inside.

Their main conclusion is that the translocation time is proportional to the polymer length

(τ ∼ N ), as in the KBBD experiment where the chain was driven by an external electric

field.

2001 Chuang, Kantor and Kardar [71] pointed out the fact that the translocation time obtained

assuming Brownian Dynamics has a smaller scaling exponent (τ ∼ N2 ) than the one of the

equilibration time of a Rouse chain (τR ∼ N1+2ν , see Equation 1.26), which is a violation

of the quasi-equilibrium hypothesis. They performed Monte Carlo simulations with Rouse

dynamics for translocation of an unbiased chain (in 1D and 2D). The chain was initially

placed on the cis side of the membrane with one monomer inside the pore. The unbiased

translocation occurs due to a constraint applied to the first monomer such that it is never
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allowed to go back on the cis side. Their most important finding is the fact that the translo-

cation time scales like τ ∼ N1+2ν , which is inconsistent with previous derivations based on

the stochastic motion of the translocation coordinate [87, 90]. Their result can be explained

by the following scaling argument. The unbiased translocation time is expected to scale like

the time needed to diffuse over a distance comparable to the radius of gyration Rg of the

chain, i.e. τ ∼ R2
g/D , which means τ ∼ N1+2ν and τ ∼ N3ν for Rouse and Zimm dynamics,

respectively.

2005 Storm, Storm, Chen, Zandbergen, Joanny and Dekker [47] derived the scaling laws for the

forced translocation of very long polymer chains. They argued that there are two domi-

nating frictional regimes, depending of the polymer length. First, when the chain is short

enough that the friction of the chain is dominated by the friction inside the pore, the translo-

cation time scales linearly with N . On the other hand, when the hydrodynamic drag of the

subchains outside the channel dominates the friction inside the channel, they showed that

τ ∼ R2
g ∼ N2ν or τ ∼ NRg ∼ N1+ν depending if Rouse or Zimm dynamics are considered,

respectively. This derivation was consistent with their experimental translocation exponent

of 1.27 measured for long dsDNA. No study of undriven translocation was presented.

2006 Luo, Ala-Nissila and collaborators wrote a series of three papers [96–98] in which they

present Monte Carlo (2D fluctuating bond model) and Langevin dynamics simulation results

of polymer translocation (biased and unbiased). In the unbiased simulations, the chain is

initially placed halfway through the channel and the translocation time is the time needed

to escape on either side of the pore. Both models give a translocation time that scales like

τ ∼ N1+2ν in the absence of driving force. Also, for a very long pore compared to the chain

length, they obtained τ ∼ N for unbiased chains. When an electric field drives the chain

inside the channel, two scaling laws are observed with both models: τ ∼ N2ν for relatively

short chains and τ∼ N1+ν for longer ones. They also observed that the biased translocation

time is inversely proportional to the field strength and that the stiffness of the unbiased chains

does not affect the scaling laws of the exit time. Finally, they obtained remarkable results of

the existence of an optimal pore length for which the translocation time as a function of the

chain length τ(N) passes through a minimum value.

All the theoretical studies mentioned above only consider homogeneous chains, i.e. chains

where physical properties such as the charge density or the friction coefficient is the same for all
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monomers. However, the effect of chain heterogeneity has also attracted the attention of theorists.

Among others, we can mention the work of Romiszowski and Sikorski [99] who studied the impact

of monomers with various hydrophilic potentials, Muthukumar [100] who studied sequence effects

on the translocation dynamics based on entropic arguments, or Luo, Ala-Nissila et al. [101] who

looked at the effect of a driving force that varies with the type of monomer.

Finally, other research avenues related to the polymer translocation problem have also been

theoretically investigated. For example, many papers (theoretical and numerical) that treat sub-

jects like the unzipping or unfolding of molecules using a small pore [102–105], chaperone-assisted

translocation [106], orientation effects [107], or pore-polymer binding constraints [108–110] are

regularly published. These research opportunities will not be explored in this thesis but, as it will be

discussed in the conclusion, they certainly should inspire us in the future development of our two

simulation models.

Presentation of the thesis

This thesis consists of a collection of six articles (chapters 2 to 7) that were either published or

submitted to peer reviewed journals during my Ph.D. degree. The following is a list of those articles

with a brief description of the most important findings of each contribution.

Ch. 2 MG Gauthier, GW Slater. Molecular Dynamics simulation of a polymer chain translocating

through a nanoscopic pore: Hydrodynamic interactions versus pore radius. Accepted for publi-

cation in Eur. Phys. J. E. (November 29, 2007).

The goal of this first paper, which uses the MD model, is to study the impact of hydrodynamic

interactions (HI) on the scaling of the translocation time τ for unbiased chains. We use six

different pore sizes and observe a transition in the scaling law from τ ∼ N11/5 at small pore

diameters to τ ∼ N9/5 for the larger pores. These two results correspond to the scaling

laws predicted by Chuang et al. [71] without and with HI respectively (even though explicit

solvent is used for all our simulations). Consequently, the results we obtain with small pores

are attributed to a screening of the HI by the membrane. As the pore size increases, this

screening disappears and we recover the prediction in presence of HI.
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Ch. 3 MG Gauthier, GW Slater. Non-driven polymer translocation through a nanopore: computational

evidence that the escape and relaxation processes are coupled. Submitted to Phys. Rev. E.

(September 14, 2007).

This paper uses the same MD simulation setup as the previous paper. The objective of this

article is clearly stated in its title; i.e. to test the commonly used quasi-equilibrium hypoth-

esis of polymer translocation. Basically, this hypothesis states that the translocation process

is slow enough so that the chain can be assumed to be in a relaxed conformation at any

moment; in other words, if τr is the relaxation time of the chain, we suppose that τ� τr .

However, the results presented in this paper show that 50% of the translocation process

takes place in the last ∼ 12% of the translocation time, which means that there is a large ac-

celeration at the late stage of the process. Moreover, the relaxation time has been evaluated

to be approximatively equal to one tenth of the translocation time in these conditions. This

means that the second half of the translocation occurs in a laps of time comparable to the

relaxation time, which is in contradiction with the quasi-equilibrium hypothesis.

Ch. 4 MG Gauthier, GW Slater. Building reliable lattice Monte Carlo models for real drift and diffusion

problems. Phys. Rev. E 70, 015103(R) (2004).

As mentioned earlier, this paper is the only one that does not explicitly discuss polymer

translocation. In this article, we demonstrate that commonly used Monte Carlo lattice

random-walk algorithms do not give the proper diffusivity for highly biased particles. We

show that this problem could be fixed using stochastic jumping times at each MC step. We

also derive a new random-walk (RW) algorithm with an explicit probability of not moving

that is set to generate the right variance of the time elapsed between two real displacements.

It is the one-dimensional version of this new RW algorithm that is used in our MC model of

polymer translocation.

Ch. 5 MG Gauthier, GW Slater. A Monte Carlo algorithm to study polymer translocation through

nanopores: I. Theory and numerical approach. Accepted for publication in J. Chem. Phys.

(November 27, 2007).

This paper is the first one of a series of two on the derivation of our Monte Carlo approach

for polymer translocation. In this first part, we present how the three-dimensional poly-

mer dynamics can be integrated into the one-dimensional random-walk algorithm derived in

Chapter 4. More precisely, we show how the conformational entropy of the subchains outside
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the channel and the driving force due to an electric field inside the pore can be translated

into a one-dimensional bias. We also present how the frictional effects of the subchains in

the surrounding fluid and the pore-polymer interactions can be considered via corrections to

the Brownian time. Finally, we explain how the translocation probabilities and the average

translocation times (and the higher moments of their distributions) can be computed exactly

using a Master equation approach.

Ch. 6 MG Gauthier, GW Slater. A Monte Carlo algorithm to study polymer translocation through

nanopores: II. Scaling laws. Submitted to J. Chem. Phys. (July 12, 2007). Resubmitted in

response to the referee report (September 7, 2007).

This second and last paper of this short series presents an exhaustive parametric analysis

of the polymer translocation model derived in the first part and discuss the fundamental

scaling behaviors predicted by our model. Our most interesting result is the observation

of a transition in the scaling law of the translocation time τ ∼ Nβ as N increases in the

presence of an external field. We show that the scaling exponent changes from β = 1 at

moderately long chains to β = 1+ ν (or β = 2ν ) for very large values of N in the context

of Rouse (or Zimm) dynamic. This scaling law was predicted and experimentally observed

by Storm et al. [47]. We also compare several of our results to the solution of the biased

first-passage problem between two absorbing walls.

Ch. 7 MG Gauthier, GW Slater. Sequence effects on the translocation of heteropolymers through a

small channel. Submitted to J. Chem. Phys. (December, 2007).

This last article shows an application of our MC model to study the effect of the chain het-

erogeneity on the the translocation process. Most of the results in this paper are for chains

of length N = 8 and composed of two types of monomers A and B that differ only by their

charge. Using our exact calculation approach, we present the results (translocation proba-

bility, average and variance of the translocation time) for the 256 possible arrangements of

A and B monomers and for various monomer charge ratios. We find that the composition of

the chain (number of A and B monomers) is not sufficient to fully describe the translocation

dynamics and that each of the 256 arrangements leads to unique translocation events. We

also highlight the effect of the degree of monomer mixing by studying several arrangements

of a chain composed N = 218 monomers with the same number of A and B monomers.
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Other contributions

During the last four years and a half, I also had the chance to publish other papers and to present my

work in several national and international conferences. In the case of publications, two of them, for

which I am the first author but that are not directly related to the subject of this thesis, are presented

in appendices A and B (simply in order to acknowledge those contributions).

Publications

1) KD Dorfman, GW Slater, MG Gauthier. Generalized Taylor-Aris dispersion analysis of spatially periodic lattice
Monte Carlo models: Effect of discrete time. J. Chem. Phys. 119, 6979–6980 (2003).

2) MG Gauthier, GW Slater, KD Dorfman. Exact lattice calculations of dispersion coefficients in the presence of
external fields and obstacles. Eur. Phys. J. E 15, 71–82 (2004).
See APPENDIX A.

3) MG Gauthier, GW Slater. A new set of Monte Carlo moves for lattice random-walk models of biased diffusion.
Physica A 355, 283–296 (2005).
See APPENDIX B.

4) OA Hickey, JF Mercier, MG Gauthier, F Tessier, S Bekhechi, GW Slater. Effective molecular diffusion coefficient in
two-phase gel medium. J. Chem. Phys. 124, 204903(1–4) (2006).

5) F Torres, MG Gauthier, JF Mercier, GW Slater. Diffusion of small particles in a network of square cavities: Exact
numerical results. Phys. Can. 63, 138–140 (2007).

Conference presentations

1) GW Slater, MG Gauthier. Building lattice random-walk models for drift and diffusion problems. Canadian
Association of Physicists Annual Congress, Charlottetown, Canada (2003).

2) MG Gauthier, GW Slater. Exact lattice calculations of diffusion coefficients in the presence of external fields and
obstacles. American Physical Society March Meeting, Montréal, Canada (2004).

3) MG Gauthier, GW Slater. Molecular Dynamics simulations of polymer translocation through a nanoscopic pore.
American Physical Society March Meeting, Los Angeles, United States (2005).

4) MG Gauthier, GW Slater. Scaling laws of polymer translocation through a nanoscopic pore: a Molecular Dynamics
Simulations and a new Monte Carlo approach. Gordon Research Seminar and Conference on Analytical
Chemistry, Roscoff, France (2005).

5) MG Gauthier, GW Slater. A new Monte Carlo approach for exact calculation of polymer translocation time through
a channel. American Physical Society March Meeting, Baltimore, United States (2006).

6) MG Gauthier, GW Slater. A new Monte Carlo approach for polymer translocation through a channel. PASI
Conference on Disorder and Complexity, Mar del Plata, Argentina (2006).



REFERENCES | 39

7) MG Gauthier, GW Slater. Polymer moving through a small channel: A new Monte Carlo approach to study binding
effects and chaperones-assisted translocation. American Physical Society March Meeting, Denver,
United States (2007).

8) F Torres, MG Gauthier, GW Slater. Diffusion in a Network of Square Cavities : Exact Numerical Results. Canadian
Association of Physicists Annual Congress, Saskatoon, Canada (2007).

9) MG Gauthier, GW Slater. Is the non-driven translocation of polymer through a small channel a quasi-equilibrium
process? International Soft Matter Conference, Aachen, Germany (2007).
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The detection of linear polymers translocating through a nanoscopic pore is a promising idea
for the development of new DNA analysis techniques. However, the physics of constrained macro-
molecules and the fluid that surrounds them at the nanoscopic scale is still not well understood. In
fact, many theoretical models of polymer translocation neglect both excluded volume and hydrody-
namic effects. We use Molecular Dynamics simulations with explicit solvent to study the impact of
hydrodynamic interactions on the translocation time of a polymer. The translocation time τ that
we examine is the unbiased (no charge on the chain and no driving force) escape time of a polymer
that is initially placed halfway through a pore perforated in a monolayer wall. In particular, we look
at the effect of increasing the pore radius when only a small number of fluid particles can be located
in the pore as the polymer undergoes translocation, and we compare our results to the theoretical
predictions of Chuang et al. [Phys. Rev. E 65, 011802 (2001)]. We observe that the scaling of the

translocation time varies from τ ∼ N11/5 to τ ∼ N9/5 as the pore size increases (N is the number
of monomers that goes up to 31 monomers). However, the scaling of the polymer relaxation time
remains consistent with the 9/5 power law for all pore radii.

I. INTRODUCTION

The dynamics by which a flexible molecule such as
DNA crosses a membrane through a nanoscopic chan-
nel is of great interest to understand several biological
mechanisms. For example, this type of translocation
process is involved in DNA replication [1] and in the
mechanism of virus infection of a cell nucleus [2]. Fur-
thermore, it has been shown that one can use an elec-
tric field to force DNA molecules through nanoscopic
pores which can be either natural protein pores like α-
hemolysin [3, 4], or silicon nitride (or other inorganic
materials) based fabricated pores [5]. Combined with
the development of efficient nanosensors for the identi-
fication of DNA bases [6, 7], the translocation of DNA
through these nanoscopic pores is a promising idea for
fast DNA sequencing [8, 9]. The translocation of flexible
molecules through nanopores could lead to several other
applications, such as the partitioning of molecules [10] or
the storage of information on macromolecules [11].

With so many interesting applications, it is not surpris-
ing that several theoretical studies have been devoted to
understanding the polymer translocation problem in the
absence of an external force. A common practice [12–17]
is to project the entire dynamic of the polymeric chain
onto a single variable s called the translocation coordi-
nate (see Fig. 1a), which is the fractional length of the
chain on an arbitrary side of the pore. Hydrodynamic in-
teractions are then neglected and the problem basically
consists in the study of the diffusion of a single particle,
sometimes driven by an external field, over a potential
barrier caused by the various entropic conformations of

∗E-mail: gauthier.michel@uOttawa.ca
†E-mail: gary.slater@uOttawa.ca

the chain on each side of the pore. Such studies are al-
ways based on the hypothesis that the translocation of
the chain is a quasi-equilibrium process. In other words,
it assumes that the translocation time τ of a polymer is
much larger than its relaxation time τr. This approach
predicts that the mean translocation time τ scales like
N2 (where N is the number of monomers) in absence of
an external driving force. However, Chuang et al. [18]
argued that this result cannot be right because the re-
laxation time of self-avoiding chains scales like Nα, with
an exponent α that is often greater than 2. As a conse-
quence, a long chain would translocate much faster than
it would equilibrate, thus contradicting the hypothesis of
quasi-equilibrium.

In order to test the quasi-equilibrium hypothesis, Chu-
ang et al. performed two-dimensional Monte Carlo simu-
lations of excluded volume chains translocating through
a pore in a membrane. In particular, they found that,
in absence of hydrodynamic interactions (an unavoidable
feature of Monte Carlo methods), the translocation time
of a two-dimensional self-avoiding chain scales exactly
like its relaxation time but with a larger prefactor. Based
on their results, they developed a scaling argument to
predict the scaling of the translocation time τ ∼ Nβ of
a 3D-chain with (β = 9/5) and without (β = 11/5) hy-
drodynamic interactions (in 2D, their derivation gives
β = 5/2 and β = 9/4, respectively). The exponent
without hydrodynamics was recently confirmed in a 2D
Monte Carlo study published by Luo et al. [19]. Guil-
louzic and Slater [20] used Molecular Dynamics (MD)
simulations to test Chuang et al. scaling predictions with
hydrodynamic interactions. They obtained a transloca-
tion exponent β = 2.27 ± 0.04, which is close to the
Chuang et al. value (β = 11/5) without hydrodynamic
interactions even though solvent particles were explic-
itly included in the system. This is due to the screen-
ing of the hydrodynamic interactions in the presence of
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the wall (the velocity flow field created by the mono-
mers should vanish in the vicinity of the wall). Thus,
one would expect that MD simulations would recover the
Chuang et al. prediction for translocation in the presence
of hydrodynamic interactions (β = 9/5 in 3D) if the pore
size is increased since this would decrease the screening
of the velocity flow field near the polymer.

The goal of this article is thus to analyze the results
of MD simulations of polymer translocation with vari-
ous pore radii to see how the translocation exponent β
changes as the screening of the hydrodynamic interac-
tions disappears with increasing pore size. We will also
examine how the relaxation time of the chain τr and its
scaling exponent α are affected by the presence of the
pore. Since it is now possible to produce artificial nano-
pores with diameters as small as ∼ 2 nm [5], understand-
ing the transition between these two regimes is of great
interest for the development of novel nanotechnologies.

II. SIMULATION METHOD

We use coarse-grained united-atom Molecular Dynam-
ics simulations with explicit solvent. Our system consists
in a solid wall (or membrane) with a small aperture. The
volume that is not occupied by the wall is filled with fluid
beads and by a polymeric chain that is placed halfway
through this membrane. In our simulations, all beads
(monomers, fluid and wall) interact with each other via
a pairwise truncated (repulsive part only) Lennard-Jones
(LJ) potential

ULJ(r) =





4ε
[(σ

r

)12

−
(σ
r

)6
]

+ ε : if r ≤ rc

0 : if r > rc ,
(1)

where r is the distance between the two beads and rc is
the cutoff distance. In order to have a strictly repulsive
potential, we use rc = 21/6σ.

In addition to the Lennard-Jones potential, we
add a finitely extensible non-linear elastic potential
(FENE) [21] between all pairs of connected monomers
of the polymer chain

UFENE(r) = −κ
2
λ2 ln

(
1− r2

λ2

)
, (2)

where the constants κ and λ represent the interaction
strength and the maximum length of the bond, respec-
tively. As suggested by Grest and Kremer [22], we use
κ = 30ε/σ2 and λ = 1.5σ for our simulations.

Finally, the mean position of the particles of the wall
are fixed in space by harmonic potentials

UH(r) =
1
2
k (r− ro)2 , (3)

where k is a the spring constant, ro is the lattice site po-
sition (equilibrium position) of the particle while r is its

FIG. 1: (a) Schematic representation of a coarse-grained
polymeric chain translocating through a membrane. The
translocation coordinate s is defined as the ratio of the num-
ber of monomers on the cis-side of the membrane n over the
total number of monomers in the chain N (0 ≤ s = n/N ≤ 1).
(b) Illustration of the wall used in our simulations. All beads
are placed at their equilibrium position on the triangular lat-
tice of 25 × 15 unit cells. The six hexagons indicate the six
pore sizes rp that we studied (for a given rp, all the wall par-
ticles included in the corresponding hexagon were removed
from the system).

real position. In our simulations, the value of k was set
to 300ε/σ2. The mass of the wall beads (mw) was three
times larger than the mass of the fluid (mf) and monomer
(mm) beads: mw = 3mf = 3mm. The wall parameters k
and mw were chosen to fulfil two criteria (see Ref. [23] for
details). First, we must prevent the melting of the wall
structure. To do so, the spring constant k must be large
enough to satisfy the empirical Lindemann criterion for
melting [24]. Secondly, the mass ratio mw/mf must be
chosen so that the Einstein frequency of the harmonic
wall beads is comparable to that of the LJ fluid beads
around their energy minimum. This second criterion en-
sures that the MD integration time step chosen for the
fluid beads is also suitable for the wall beads.

The wall and pore structures are illustrated in Fig. 1b.
The equilibrium positions of the wall beads are dis-
tributed on a two-dimensional triangular lattice of 25×15
unit cells (∼ 28.1σ × 29.2σ). In this study, we al-
ways use a single-layer wall (one bead thickness). The
pore is built by simply removing hexagonal plugs of wall
beads. The pore size rp defines the number of shells re-
moved (with rp = 1 associated to a single bead pore).
The two-dimensional density of the wall beads is set to
ρw2D ≈ 0.9165σ−2. This value was chosen in order to
get a three-dimensional density of ρw3D = σ−3 if the wall
thickness were increased using a FCC structure. Since
the density of the fluid + monomer beads was set to a
lower value ρf+m = 0.85σ−3, the probability that fluid
beads cross the wall elsewhere than through the pore is
negligible. The third dimension of the simulations box
(perpendicular to the wall) was set to be close to the
other dimensions (∼ 27.5σ) and periodic boundary con-
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ditions (PBC’s) were used in all directions during the
simulation. We verified that the system size is sufficiently
large to avoid PBC’s artifacts by testing if the relaxation
time of our longest polymer chain (N = 31) was inde-
pendent of the system size.

The physical quantities in this paper are dimensionless
numbers and are expressed in terms of fundamental MD
units where ε represents the energy strength of the in-
teractions while σ and mf respectively fix the length and
mass scales. The time scales are thus measured in units
of
√
mfσ2/ε.

III. THE TRANSLOCATION PROCESS

Before we present data, we need to define what we
mean by the translocation and the translocation time of
a polymer through a channel. For experimentalists, the
translocation process is usually divided into two stages.
The first one is the time taken by the polymer to find
the entrance of the pore while the second one is the time
spent inside the pore. Since these two steps are indepen-
dent from each other, it is a common practice to study
the second one separately (i.e., to study the dynamics of
a polymer that has already found the entrance of the pore
when the simulation begins [18, 25–28]). Also, polymer
translocation is often driven by an external field or by
a chemical potential difference between the two sides of
the wall. In this paper, we deal with unbiased processes
and we only look at the second stage of the transloca-
tion event. Moreover, we investigate polymers that start
halfway through the pore (instead of starting with one
of their end monomers inside the pore). This approach
was previously used by Guillouzic and Slater [20] and
Luo et al. [19], but it differs from most published in-
vestigations. Many studies that deal with the complete
passage from one side of the pore to the other include
artificial conditions to ensure that the polymer will not
go out the same side it came in (see Refs. [18, 19, 29, 30]
for example). Such boundary conditions are not realistic
and can have a huge impact on the equilibrium state of
the chain, which can lead to observational artifacts. Our
approach does not imply such artificial constraints and,
in our opinion, it is the only way to obtain the realistic
behavior of an unbiased translocating polymer that can
be compared with experimental observations. For exam-
ple, Bates et al. looked at the escape probability of un-
biased DNA chains that were previously driven roughly
halfway through an α-Hemolysin protein pore [31]. Note
that in order to have a well-defined middle monomer, the
number of monomers, N , must be an odd number.

Technically, our simulations of the translocation pro-
cess are divided into two steps. First, after the system
is fully initialized, there is a warm-up period where the
ith monomer of the polymer chain (with i = (N + 1)/2)
is kept fixed in the middle of the pore (see Fig. 2a). The
duration of this warm-up is set to twice the value of the
relaxation time τr(N) of the chain. This relaxation time

FIG. 2: Our simulations are divided into two steps: (a) a
warm-up period where the ith monomer of the polymer chain
is kept fixed in the middle of the pore while the rest of the
chain is free to move; (b) a translocation (or escape) period
which terminates when all the monomers are located on the
same side of the membrane.

(Fig. 3) was determined using the decay of the autocor-
relation function of the end-to-end distance as a function
of time. During this warm-up period, the temperature
of the system was regulated to kBT = ε by rescaling the
velocities of the moving beads. When the warm-up is
finished, the center monomer is released and the translo-
cation process starts. The temperature is not controlled
anymore after the warm-up period. The simulation stops
when all the monomers are on the same side of the mem-
brane (see Fig. 2b). The duration of that second step
defines what we call the translocation (or escape) time
τ(N).

IV. THE EQUILIBRIUM RELAXATION TIME

First, we will examine the relaxation time τr(N) of a
polymer chain of length N with its middle monomer fixed
in the center of the pore. This first series of simulations
is necessary for four reasons; (1) to choose the duration
of the warm-up period in our translocation simulations,
(2) to observe how the scaling exponent α changes with
the pore size rp (τr ∼ Nα), (3) to compare our results
for the exponent α(rp) with the theoretical predictions of
Chuang and coworkers, and (4) to test finite (simulation
box) size effects.

As mentioned earlier, we calculated the relaxation time
of the chains by computing the autocorrelation function
of its end-to-end vector h (see inset, Fig. 3). The value
of τr is given by the asymptotic characteristic decay time
of the function

〈(
h(t0)− h

)
·
(
h(t0 + t)− h

)〉
t0
∼ e−t/τr , (4)

where h represents the average value of the end-to-end
vector and 〈. . .〉t0 represents an average over time t0.
Note that the middle monomer is fixed in the three spa-
tial directions in the center of the pore. The position of



MD SIMULATION OF A POLYMER CHAIN TRANSLOCATING THROUGH A NANOSCOPIC PORE | 49

4

FIG. 3: Scaling of the relaxation time τr of a chain fixed in the
middle of the pore as a function of the number of monomers
N for two different pore sizes (rp = 1 and rp = 6) as well
as for a case with no wall. The scaling law τr ∼ Nα

sc gives
α = 1.80 ± 0.04 for rp = 1, α = 1.74 ± 0.04 for rp = 6, and
α = 1.77 ± 0.06 without a wall (equivalent to rp = ∞). The
simulation system is schematically represented in inset. The
center monomer of the polymer is fixed at the center of the
pore (even in the case where there is no wall) and the rest
of the polymer is free to move. The dynamics of the two
subchains is affected by the presence of the wall and by the
fluid (not shown) that surrounds it. The end-to-end distance
vector h of the chain is recorded as a function of time.

the two free ends of the polymer are used to obtain h(t).
The relaxation times thus correspond to chains that have
their two subchains spatially constrained by the presence
of the wall. Obviously, this constraint decreases as the
pore size rp increases.

Results for two different pore sizes and for polymer
lengths between N = 11 and N = 31 are shown in Fig. 3
(we verified that these results were not PBC dependent;
data not shown). Comparing the results obtained for
pore radii rp = 1 and rp = 6, we can see that the re-
laxation time τr is indeed affected by the pore size rp:
for instance, we obtain τr(rp = 6) ≈ 1.5 × τr(rp = 1).
We also note that the relaxation times obtained in the
absence of a wall are very closed to the ones obtained
for the largest pore, as expected. Despite of the prefac-
tor differences, all relaxation times obey the scaling law
τr ∼ Nα. The scaling exponents α(rp = 1) = 1.80±0.04,
α(rp = 6) = 1.74 ± 0.04, and α(no wall) = 1.77 ± 0.06
are close to the Chuang et al. prediction [18] α = 9/5
for self-avoiding chains with hydrodynamic interactions.
Since the longest relaxation times are obtained for rp = 6,
we chose the duration of the simulation warm-up period

to be 2× τr(rp = 6).
The relaxation of the end-to-end vector h generally in-

volves both compressional and rotational modes. In the
former case, the magnitude of h changes as a function
of time, while in the latter it is the orientation of h that
varies. In the small rp limit, complete rotation is not pos-
sible because the ends of the chain are trapped on a fixed
side of the wall. Both subchains then relax independently
from each other, which leads to a shorter relaxation time
(smaller pre-factor) that is affected by the subchain-wall
steric interactions. In the opposite limit of very large
pores (or no pore), the two subchains are coupled via hy-
drodynamic interactions and can also rotate around the
central bead; this is standard Zimm dynamics and the
relaxation time is indeed equal to that of a completely
free chain (data not shown).

V. THE TRANSLOCATION TIME

The translocation times that we obtained for the six
different pore sizes (1 ≤ rp ≤ 6) are shown in Fig. 4.
We calculated the average escape time τ for polymers
initially set halfway through the membrane. The length
of the chains that we used were between N = 13 and
N = 31 monomers. The last curve (B) was obtained from
similar simulations except that the wall was removed. In
this case, the escape time correspond to the time needed
for the polymer to diffuse on either side of an imaginary
wall (which corresponds to infinite pore size rp → ∞).
As we can see in Fig. 4, our data can be described by
a power law relationship τ ∼ Nβ over the size range
used in this study. As expected, we also observe that
the translocation times decrease when the pore radius
increases. Moreover, the empirical exponent β clearly
varies with the pore radius rp. The relation between the
exponent β and the pore size rp is shown in Fig. 5. For
the smallest pore size (rp = 1), the translocation expo-
nent β is close to, but slightly larger than, the prediction
of 11/5 made by Chuang et al. for systems where only
excluded volume interactions are considered (no hydro-
dynamic interactions). As the pore size increases, the
exponent β tends toward their prediction of 9/5 for sys-
tems where hydrodynamics interactions are considered.
We only studied pore sizes up to rp = 6 but the results
obtained in absence of a wall seem to confirm that the
translocation exponent is a function of the pore size only
for small pores (β(rp ≥ 5) ' 9/5).

In the case of a free polymer, the translocation time
τ(N) is roughly the time needed for the polymer to
diffuse over a distance equal to is radius of gyration
(∆x2 ∼ R2

g ∼ N2ν , where ν ' 3/5 is the Flory expo-
nent. Since the diffusion coefficient D of a polymeric
chain in the presence of hydrodynamic interactions scales
like 1/Nν , we expect that the translocation time of a free
chain will scale like τ ∼ R2

g/D ∼ N3ν ∼ N9/5. This is
why our translocation exponent β is identical to the re-
laxation exponent α = 9/5 when the pore size is large
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FIG. 4: Scaling of the translocation time τ(N) as a function
of the polymer length N for different pore sizes rp. The bot-
tom points (B) were obtained in absence of a wall, in which
case the polymer has escaped when all the monomers are on
the same side of an imaginary wall initially centered on its
middle bead. The values of the slopes are given in Fig. 5.

enough.
Figure 4 also shows us that, even though the scaling

exponent β is equal to the free-chain value of 9/5 when rp

is large, the escape times are still affected by the presence
of the wall. More precisely, the translocation times at
rp = 6 are approximately twice as large compared to the
free-chain values (τ(rp = 6) ' 2 × τ(no wall)). In other
words, as the pore size increases, the exponent β and the
scaling prefactor do not reach their respective free-chain
values simultaneously.

These results agree with the value of β(rp = 1) ' 2.27
obtained by Guillouzic and Slater [20] for a similar sys-
tem. This previous study also reported that, even though
the hydrodynamic interactions are explicitly included in
the model via the presence of fluid particles, the trans-
location exponent is closer to that predicted by models
that include only excluded volume effects. Guillouzic and
Slater explained this result by the fact that, when the
pore size is comparable to the monomer size, the translo-
cation process is dominated by polymer-pore interactions
while hydrodynamic interactions play a minor role be-
cause they are screened by the wall. When the pore size
increases, the screening of these interactions decreases
in the vicinity of the hole. The fact that we recover the
translocation exponent predicted for cases with hydrody-
namic interactions (β = 9/5) when we increase the pore
size confirms this explanation.

It is interesting to note that while the translocation
time is roughly 10 times larger than the relaxation time

FIG. 5: Translocation exponent β (in the relation τ ∼ Nβ)
for different pore sizes rp. The two lines indicate the Chu-
ang et al. predictions for systems with (9/5) and without
(11/5) hydrodynamic interactions.

for the smaller pores, the two times are about equal for
the larger ones. This has implications for the validity
of the quasi-equilibrium hypothesis. This point will be
examined in another paper.

In order to easily compare the sizes of the polymer and
the pore, Fig. 6 presents the same data as Fig. 4 except
that the x-axis now gives the dimensionless ratio between
the equilibrium radius of gyration of the chain (calculated
in absence of the wall), Rg, and the pore size r?p . The
pore size r?p is the average radius of the pore expressed in
units of σ. It is calculated using the volume of the pore
as given by the wall density and the number of wall beads
removed to create the pore. This graph indicates that our
results cover a range of polymer dynamics that goes from
polymer single file through the pore (translocation one
monomer at a time where the hydrodynamic interactions
are screened by the wall) to simple diffusion of a poly-
mer blob in a pore of comparable or larger size (several
monomers that fully interact with each other can cross
the wall at the same time). This explains why we have a
translocation exponent β that varies with rp. The data
sets in Fig. 6 go from a scaling close to 11/5ν at rp = 1
to a scaling almost equal to 9/5ν at rp = 6 (the factor
1/ν comes from the rescaling of the x-axis by Rg ∼ Nν).

If the explanation presented in the previous paragraph
is valid, one would expect to be able to see both trans-
location regimes on a single data set if the latter were
able to cover a wide range of Rg/r?p values. In Fig. 6,
our rp = 3 data do not seem to exhibit such a transi-
tion. In order to see this transition, we added five data
points (N = 3, 5, 7, 9, and 11) to our rp = 2 data set
in Fig. 6. This extended data set clearly shows the tran-
sition between the two regimes around the critical value
Rg/r?p ' 1.
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FIG. 6: Same data as for Fig. 4 except that the x-axis was
rescaled as Rg/r

?
p . The quantity r?p is the effective radius of

the pore expressed in units of σ. It was calculated using the
density of the wall and the number of wall beads that were
removed to create the pore. Positive values on this axis now
correspond to situations were the polymer radius of gyration
Rg is larger than the pore radius r?p while negative values
mean that Rg < r?p .

VI. DISTRIBUTION OF ESCAPE TIMES

Figure 7 presents the escape time probability density
functions (pdf) of the chains for each of the six pore sizes.
It is interesting to note that if we rescale the transloca-
tion times using the mean translocation time τ(N), all
pdf’s converge toward the same universal function for a
given pore size. The transition between the two translo-
cation regimes (r?p < Rg and r?p > Rg) is now clear since
we observe two types of distribution functions. In the dif-
fusion regime (rp ≥ 3), all the pdf’s are well fitted by the
same exponential decay ∼ exp(−t′) with a standard devi-
ation of ∆t′ ∼ 1 (in other words, the standard-deviation
is equal to the mean). In contrast, the two pdf of the sin-
gle file regime (rp ≤ 2) are more log-normal distributions
with a standard deviation close to 0.8. Consequently, our
results suggest that the shape of the pdf and the value of
the reduced standard-deviation can be used to infer the
regime that is relevant in a given experimental situation.
This needs further exploration.

The transition between log-normal distributions in the
single file regime and exponential distributions in the dif-
fusion regime can be understood if we remember that the
center monomer of the chain is kept fixed in the middle
of the pore for a period of time before the translocation
(or escape) process is started. In the case of large pore
sizes (diffusion regime), this means that a large fraction

FIG. 7: Probability density functions of the translocation
time for the six different pore sizes studied. Each histogram
is a combination of the results obtained for different polymer
lengths N with the times rescaled using the average escape
time (t′ = t/τ(N)) for each value of N (13 ≤ N ≤ 31). The
standard deviation of the distribution is represented by ∆t′.

of the monomers can be located on the same side of the
membrane at the end of the relaxation period. Such a
situation would explain why several escape events are
observed at small t′ for rp ≥ 3. On the other hand, in
the single file regime, the translocation represents at least
the time needed for half the monomers to go through the
pore, resulting in the presence of a lag time before which
any escape can be observed.

The results presented in Fig. 7 can be compared with
those obtained by Bates et al. for single-stranded DNA
in an α-Hemolysin protein pores [31]. One of their ex-
periments consists in driving the DNA roughly halfway
through the pore using an electric field during a period
of time equal to half of the most probable translocation
time, and then turning off the field so that the DNA
can escape the protein channel without any external bias
(only entropic forces are present). They also observed
an exponential escape time pdf, but their results can
only be explained if we assume two different character-
istic timescales (tfast and tslow). In units of the average
translocation time τ , they measured tfast ≈ 0.09τ and
tslow ≈ 1.91τ . They believe that the existence of these
two timescales is due to attractive interactions between
the DNA and the channel. In our simulations, there are
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FIG. 8: Rescaling of a long chain into M blobs of radius
Rblob = rp.

no such interactions (the simulation of the Bates et al. ex-
periment will be the subject of future studies). This ex-
periment also differs from our simulations for the initial
conditions since the initial positions of their DNA strands
are distributed around an average value when they turn
off the driving force, while all the polymers in our sim-
ulations are placed exactly in the center of the pore. It
would be very interesting to know the distribution of the
initial conditions in Bates et al. experiments so we can
use them in future simulations.

VII. DISCUSSION

In this paper, we report the translocation times of a
coarse-grained polymer escaping from a nanoscopic pore.
Our approach was to tackle this fundamental problem in
its most simple form (no ions, no external force, a single-
layer membrane, and a polymer set halfway through the
pore) using MD simulations in order to extract the ba-
sic scaling laws of that process and to be able to com-
pare our observations with the Chuang et al. predic-
tions [18]. Our simulations showed that when the pore
size is much smaller than the radius of gyration Rg of the
chain, the translocation time scales approximately like
τ ∼ Nβ'11/5. This result is in agreement with the Chu-

ang et al. prediction for the translocation of a polymer
in absence of hydrodynamic interactions, even though
we included an explicit solvent in our simulations. This
discrepancy points to the fact that the hydrodynamics
interactions are screened due to the presence of the wall.
Our work also showed that the value of the exponent β
changes as the pore size increases and quickly converges
toward the free-diffusing chain value of β ' 9/5 when
the pore radius becomes larger than Rg. However, the
value of the translocation time itself does not converge
as fast as β toward the free-chain value. For large pores,
the relaxation and translocation times are comparable
in magnitude, which suggest that the quasi-equilibrium
hypothesis then fails.

The next step would be to revisit this same problem
using much larger polymer sizes. In the case of interme-
diate pore sizes that are large enough to accommodate
a great number of monomers, but with a chain length
that is still large compared to rp, one would expect to
be able to use a blob rescaling theory [32], with a blob
size Rblob = rp (see Fig. 8), and obtain a scaling law
τ ∼M11/5, where M is the number of blobs in the chain.
This is not possible using this algorithm because of the
huge computing times that this would require. Alterna-
tive simulations methods are currently being explored,
including two-dimensional MD simulations.

Of course, the situation would be quite different in the
presence of very long channels, especially in the small
polymer size limit. Again, studying this problem will
require another simulation approach.
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Most of the theoretical models describing the translocation of a polymer chain through a nano-
pore use the hypothesis that the polymer is always relaxed during the complete process. In other
words, models generally assume that the characteristic relaxation time of the chain is small enough
compared to the translocation time that non-equilibrium molecular conformations can be ignored.
In this paper, we use Molecular Dynamics simulations to directly test this hypothesis by looking
at the escape time of unbiased polymer chains starting with different initial conditions. We find
that the translocation process is not quite in equilibrium for the systems studied, even though the
translocation time τ is about 10 times larger than the relaxation time τr. Our most striking result
is the observation that the last half of the chain escapes in less than ∼ 12% of the total escape
time, which implies that there is a large acceleration of the chain at the end of its escape from the
channel.

I. INTRODUCTION

The translocation of polymers is the process during
which a flexible chain moves through a narrow channel to
go from one side of a membrane to the other. Many the-
oretical and numerical models of this fundamental prob-
lem have been developed during the past decade. These
efforts are motivated in part by the fact that one of the
most fundamental mechanism of life, the transfer of RNA
or DNA molecules through nanoscopic biological chan-
nels, can be described in terms of polymer translocation
models. Moreover, recent advances in manipulating and
analyzing DNA moving through natural [1, 2] or syn-
thetic nanopores [3] allow us to believe that such mechan-
ical systems could eventually lead to the development of
new ultrafast sequencing techniques [1, 4–11]. However,
even though a great number of theoretical [12–23] and
computational [24–42] studies have been published on
the subject, there are still many unanswered questions
concerning the fundamental physics behind such a pro-
cess.

The best known theoretical approaches used to tackle
this problem are the ones derived by Sung and Park [12],
and by Muthukumar [13]. Both of these methods study
the diffusion of the translocation coordinate s, which is
defined as the fractional number of monomers on a given
side of the channel (see Fig. 1). Sung and Park use a
mean first passage time (MFPT) approach to study the
diffusion of the translocation coordinate. Their method
consists in representing the translocation process as the
diffusion of the variable s over a potential barrier that
represents the entropic cost of bringing the chain halfway
through the pore. The second approach, derived by Mu-
thukumar, uses nucleation theory to describe the diffu-
sion of the translocation coordinate. Either of these two

∗E-mail: gauthier.michel@uOttawa.ca
†E-mail: gary.slater@uOttawa.ca

methods have inspired several other theoretical groups
(see Refs. [14, 16, 17, 22] for example). However, such
models assume that the subchains on both sides of the
membrane remain in equilibrium at all times; this is what
we call the quasi-equilibrium hypothesis. This assumption
effectively allows one to study polymer translocation by
representing the transport of the chain using a simple
biased random-walk process [15, 43, 44].

In the case of driven translocation, simulations mon-
itoring the radius of gyration of the subchains on both
sides of the membrane have shown that the chains are
not necessarily at equilibrium during the complete trans-
location process [35, 40]. However, as far as we know,
no direct investigation of the quasi-equilibrium hypoth-
esis has been carried out so far for unbiased transloca-
tions, although it is commonly used to conduct theoret-
ical studies. For example, the fundamental hypothesis
behind the one-dimensional model of Chuang et al. [27]
is that the translocation time is much larger than the re-
laxation time so that the polymer would have the time
to equilibrate for each new value of s. This assumption
is indirectly supported by the observation made by Guil-
louzic and Slater [45] that the scaling exponent of the
translocation time τ with respect to the polymer length
N (τ ∼ N2.27) is larger than the one measured for the
relaxation time τr (τr ∼ N1.71). We recently made simi-
lar observations for larger nanopore diameters [46]. The
main goal of this paper is to carry out a direct test of
the fundamental assumption that is behind most of the
theoretical models of translocation. We will be using two
sets of simulations to compare the translocation of chains
that start with the same initial value of s but that differ
in the way they reached this initial state.

II. SIMULATION METHOD

We use the same simulation setup as in our previ-
ous publication [45, 46]. In short, we use coarse-grained
Molecular Dynamics (MD) simulations of unbiased poly-
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FIG. 1: Schematic representation of our simulation system.
The wall consists in a single layer of beads on an triangular
lattice while the pore itself is formed by simply removing one
wall bead (some wall beads and all of the solvents beads have
been removed for clarity reasons). This simulation system
is described in details in Ref [45, 46]. The trans-side of the
membrane is defined as the side where the chain terminates
its translocation process (its final destination). The translo-
cation coordinate s is defined as the ratio of the number of
monomers on the cis-side of the membrane, n, to the total
number of monomers in the chain N (0 ≤ s = n/N ≤ 1).

mer chains initially placed in the middle of a pore per-
forated in a one bead thick membrane (see Fig. 1). The
simulation includes an explicit solvent. All particles in-
teract via a truncated (repulsive part only) Lennard-
Jones potential and all connected monomers interact via
a FENE (Finitely Extensible Nonlinear Elastic) poten-
tial. The membrane beads are held in place on a trian-
gular lattice using an harmonic potential and the pore
consists in a single bead hole. All quantities presented in
this paper are in standard MD units; i.e. that the lengths
and the energies are in units of the characteristic param-
eters of the Lennard-Jones potential σ and ε, while the
time scales are measured in units of

√
mσ2/ε where m

represents the mass of the fluid particles. The simulation
box size is of ∼ 28.1σ × 29.2σ × 27.5σ, where the third
dimension is the one perpendicular to the wall, and peri-
odic boundary conditions are used in all directions during
the simulation. We refer the reader to Ref. [45, 46] for
more details.

The simulation itself is divided into two steps; (1) the
warm-up period during which the ith bead of the polymer
is kept fixed in the middle of the pore while its two sub-
chains are relaxing on opposite sides of the wall, and (2)
the translocation (or escape) period itself during which
the polymer is completely free to move until all monomers
are on the same side of the membrane (note that the fi-
nal location of the chain defines the trans-side of the
membrane in this study since we have no external driv-
ing force that would define a direction for the transloca-
tion process). The time duration of the first period was
determined from previous simulations [45, 46] using the
characteristic decay time of the autocorrelation function
of the chain end-to-end vector. The time elapsed during
the second period is what we refer to as the translocation

FIG. 2: Schematic representation of our two sets of simula-
tions, called R (for Relaxed) and NR (for Not Relaxed). For
the NR case, the middle monomer is kept fixed inside the
pore during the initial warm-up relaxation phase. The poly-
mer then moves freely until it completely escapes from the
pore. However, the translocation clock then starts only when
the polymer reaches state s = s0 for the first time. In the R
case, the polymer is initially prepared in the s = s0 state and
allowed to relax with its (Ns0 +1)th monomer fixed inside the
pore. The translocation clock then starts immediately after
the chain is released. The two sets of simulations thus differ
only in the way the initial chain is prepared.

time τ .
In previous papers [45, 46], we calculated both the re-

laxation time τr(N) and the translocation time τ(N) for
polymers of lengths N between 15 to 31 monomers in the
presence of the same membrane-pore system. Our sim-
ulation results, τ ≈ 1.38N2.3 and τr ≈ 0.43N1.8 in MD
units, indicate that the escape time is at least 10 times
longer than the relaxation time for this range of poly-
mer sizes. These translocation times correspond to poly-
mers starting halfway through the channel and the re-
laxation times were calculated with the center monomer
(i.e. monomer i = (N+1)/2, where N is an odd number)
kept fixed in the middle of the pore.

As we mentioned in the Introduction, the goal of this
paper is to run two different sets of simulations in order to
directly test the quasi-equilibrium hypothesis (see Fig. 2).
In the first type of simulations (that we will call NR for
Not Relaxed), we start with the same configuration as in
the previous paper: the polymer chain is initially placed
halfway through the pore, then allowed to relax with its
middle monomer fixed, and is finally released. However,
we do not start to calculate the translocation time from
that moment; instead, we wait until the translocation co-
ordinate has reached a particular value s = s0 for the first
time (see the top part of Fig. 2). The translocation time
τNR(s0) thus corresponds to a chain that starts in state
s = s0 with a conformation that is affected by the trans-
location process that took place between states s = 1/2
and s = s0. In the second series of simulations (called R
for Relaxed), we allow the chain to relax in state s = s0
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FIG. 3: Translocation times τ for relaxed (R) and not relaxed
(NR) polymers. The initial condition is s0 = 6/N for all
molecular sizes.

before it is released. In other words, the (Ns0 + 1)th
monomer is fixed during the warm-up period (see the bot-
tom part of Fig. 2); the corresponding translocation time
τR(s0) now corresponds to a chain that is fully relaxed in
its initial state s = s0. Obviously, the quasi-equilibrium
hypothesis implies the equality τNR(s0) = τR(s0), a rela-
tionship that we will be testing using extensive Molecu-
lar Dynamics simulations. In both cases, we include all
translocation events in the calculations, including those
that correspond to backward translocations (i.e., translo-
cations towards the side where the smallest subchain was
originally found).

III. NR VS R: THE ESCAPE TIMES

Figure 3 shows the translocation times obtained from
these two sets of simulations when we choose the starting
point s0 = 6/N (six monomers on one side of the wall,
and all the others on the other side). We clearly see
that the translocation process is faster when the polymer
is initially relaxed (R). The difference between the two
escape times is around 25% for all polymer lengths N .
Since the relaxation state of the chain at s = s0 is the only
difference between the two set of results, this indicates
that the NR polymers are not fully relaxed at s = s0.
Thus, contrary to the commonly used assumption, even
an unbiased polymer is not in quasi-equilibrium during
its translocation process.

Also interesting is the probability to escape on the
side where the longest subchain was at the beginning of
the simulation. We observed (data not shown) that this
probability was always ∼ 10 − 20% times larger in the
R simulations. This observation also confirms the fact
that the chain is out of equilibrium during translocation
since its previous trajectory even affects the final out-
come of the escape process. Note that we did verify that
this difference is not the reason why the escape times are

FIG. 4: The radius of gyration of the longest subchain vs.
polymer size N . We show values corresponding to the be-
ginning (s = s0 = 6/N) and the end (s0 = 0) of the process,
both for chains that were initially relaxed (R) and non-relaxed
(NR). The fifth data set is the radius of gyration of a relaxed
chain of length N [45, 46].

different.

IV. NR VS R: THE RADII OF GYRATION

As we will now show, the slower NR translocation pro-
cess is due to a non-equilibrium compression of the sub-
chain located on trans-side of the wall. By compression,
we mean that the radius of gyration Rg of that part of
the polymer is smaller than the one it would have if it
were in a fully relaxed state.

Figure 4 compares the mean radius of gyration of the
subchain on the trans-side at s = s0 for both the relaxed
(R) and the non-relaxed (NR) states (the two first curves
from bottom). The radius of gyration is larger for the re-
laxed state when the number of monomers is greater than
about 19, i.e. RR

g (s = s0) > RNR
g (s = s0) if N > 19. This

is the second result that suggest the translocation process
is not close to equilibrium. Moreover, this discrepancy
between the two states increases with N (the two curves
diverge) in the range of polymer lengths studied. Fig-
ure 4 also shows that this difference is negligible by the
time the escape is completed (RR

g (s = 0) ≈ RNR
g (s = 0)).

However, it is important to note that the final radius of
gyration is always smaller than the value we would ob-
tain for a completely relaxed chain of size N (the top
line, Rg ≈ 0.357N0.631). Of course, this means that the
R simulations, which start with equilibrium conforma-
tions, also finish with non-equilibrium states.

V. THE s(t) CURVE

Why do we observe such a large amount of compression
when the translocation time is more than ten times larger
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than the relaxation time? A factor of ten would normally
suggest that a quasi-equilibrium hypothesis would be ad-
equate. The answer to this question is clearly illustrated
in Fig. 5 where we look at the normalized translocation
coordinate s′ = s(t′)/s0 as a function of the scaled time t′.
These NR simulations used the initial condition s0 = 1/2
(thus starting with symmetric conformations and max-
imizing the escape times). For a given polymer length,
each s(t) curve (we have typically used ∼ 500 runs per
polymer length) was rescaled using its own escape time
tmax, such that t′ = t/tmax and 0 ≤ t′ ≤ 1. These curves
were then averaged to obtain eight rescaled data sets (one
for each molecular size in the range 13 ≤ N ≤ 31; note
that N must be an odd number). Remarkably, the eight
rescaled curves were essentially undistinguishable (data
not shown). This result thus suggests that the transloca-
tion coordinate s(t) follows a universal curve; the latter,
defined as an average over all molecular sizes, is shown
(circles) in Fig. 5. Please note that the translocation co-
ordinate is defined with respect to the final destination
of the chain (s = Ncis/N), and not the side with the
shortest subchain at a given time.

This unexpected universal curve has two well-defined
asymptotic behaviors: (1) for short times, we observe the
linear functional

s′(t′) = 1− 0.318t′ , (1)

which we obtain using only the first 10% of the data, and
(2) as t′ → 1, the average curve decays rapidly towards
zero following the power law relation

s′(t′) = 1.31× (1− t′)0.448 , (2)

this time using the last 10% of the data. The whole data
set can then be fitted using the interpolation formula

s′(t′) = (1 + 0.130 t′ + 0.216 t′2)× (1− t′)0.448 , (3)

where the coefficient of the t′2 term is the only remaining
fitting parameter. Equation 3 is the solid line that fits the
complete data set in Fig. 5. As we can see, this empirical
fitting formula provides an excellent fit.

Figure 5 can be viewed as the percentage of the trans-
location process (in terms of the number of monomers
that have yet to cross the membrane in the direction of
the trans side) as a function of the percentage of the (fi-
nal translocation) time elapsed since the beginning. The
small shaded region in Fig. 5 represents the second ma-
terial half (as opposed to temporal half) of the escape
process (s = s0/2). However, this region approximatively
covers only the last ∼ 12% of the rescaled time axis; this
clearly implies a strong acceleration of the chain at the
end of its exit. The first 50% of the monomer transloca-
tions take the first ∼ 88% of the total translocation time.
The inset in Fig. 5 emphasizes the fact that the trans-
location coordinate is submitted to a strong acceleration
at the late stage of the translocation process.

FIG. 5: Scaled translocation coordinate s′ = s(t′)/s0 as a
function of scaled time t′ = t/tmax, where tmax is the indi-
vidual translocation time for each translocation event that
was simulated. Eight curves (not shown) were obtained for
N = 13, 15, 17, 19, 21, 23, 27, and 31 the following way: for
a given chain length initially placed halfway through the pore,
(1) each of the translocation events gives a s(t) curve that
goes from s(0) = 1/2 to s(tmax) = 0, (2) then each of these
curves is rescaled in time using t′ = t/tmax, (3) and finally,
the time-axis is discretized and all the curves for that given
N are averaged along the y-axis. Data points (circles) are the
average of these eight curves which are not shown since their
distribution was of the order of the data point sizes. The solid
line that fits the universal curve represented by the complete
data set is given by Eq. 3. The inset presents the acceleration
of the scaled translocation coordinate d2s′/dt′2 obtained from
Eq. 3.

This large acceleration of the translocation process is
entropy-driven. At short times, the difference in size be-
tween the two subchains is small, and entropy is but a mi-
nor player. At the end of the process, however, this differ-
ence is very large and the corresponding gradient in con-
formational entropy drives the process, thus leading to
a positive feedback mechanism. Translocation is then so
fast that the subchains cannot relax fast enough and the
quasi-equilibrium hypothesis fails. The trans-subchain is
compressed because the monomers arrive faster than the
rate at which this coil can expand. The ratio of ten be-
tween the translocation time and the relaxation time (for
the polymer lengths and initial conditions that we have
used) is too small because half of the translocation takes
place in the last tenth of the event.

Finally, the existence of a universal curve is a most in-
teresting result. Clearly, our choice of rescaled variables
has allowed us to find the fundamental mechanisms com-
mon to all translocation events. This universal curve is
expected to be valid as long as the radius of gyration of
the polymer chain is much larger than the pore size, and
it demonstrates that our results are not due to finite size
effects.
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VI. THE Rg(T) CURVE

Still more evidence that un-driven (no external field)
translocation is not a quasi-equilibrium process is pre-
sented in Fig. 6a where we show how the mean radius of
gyration of the subchain located on the trans-side of the
wall changes with (rescaled) time during the NR trans-
location process (like in the previous section, we have
chosen the initial condition s0 = 1/2 here). All the
curves have approximatively the same shape, i.e. an
initial period during which the radius of gyration in-
creases rather slowly, followed by an acceleration period
that becomes very steep at the end. When these curves
are rescaled by a three-dimensional Flory factor of N3/5

(R′g(t′) ≡ Rg(t′)/N3/5, see Fig. 6b), they seem to all
fall approximatively onto each other. As we observed for
the translocation coordinate (s′), the radius of gyration
Rg(t′) is experiencing a noticeable acceleration at the end
of the translocation process. Again, the shaded zone in
Fig. 6 shows that the second half of the process occurs
in the last ∼ 11% of the translocation time.

If we assume that Flory’s argument (Rg ∼ N3/5) is
valid during the complete translocation process, we must
be able to translate the expression given by Eq. 3 in order
to fit the increase of the radius of gyration presented in
Fig. 6b, i.e. we should have

R′g(t′) = b×
(

1− s′(t′)
2

)3/5

, (4)

where the 1−s′(t′)/2 represents the fraction of the chain
that is on the trans-side at the time t′ and b is a length
scale proportional to the Kuhn length of the chain. We
used Eqs. 3 and 4 to fit the average of the eight R′g(t′)
curves presented in Fig. 6b and obtained b = 0.315 (see
the smooth curve). This one-parameter fit does a de-
cent job until we reach about 80% of the maximum time.
However, it clearly underpredicts Rg in the last stage of
the translocation process, i.e. during the phase of strong
acceleration discussed previously. This observation also
validates the fact that the translocation process is out of
equilibrium during that period. In fact, the failure of the
three-dimensional Flory’s argument is also highlighted
by the scaling of the radius of gyration at the end of the
translocation process. Indeed, the third and fourth data
sets presented in Fig. 4 have a slope that is around 0.73,
which is closer to the two-dimensional Flory’s scaling of
Rg ∼ N3/4.

VII. CONCLUSION

In summary, we presented three different numerical re-
sults that contradict the hypothesis that polymer trans-
location is a quasi-equilibrium process in the case of un-
biased polymer chains in the presence of hydrodynamic
interactions. First, we reported a difference in transloca-
tion times that depends on the way the chain conforma-
tion is prepared, with relaxed chains translocating faster

FIG. 6: (a) Radius of gyration on the trans-side of the wall as
a function of the scaled translocation time. Each simulation
event is rescaled using the time tmax it took to exit the chan-
nel (t′ = t/tmax). The scaled time is then always bounded be-
tween 0 ≤ t′ ≤ 1. From bottom to top, the eight curves were
obtained for N = 13, 15, 17, 19, 21, 23, 27, and 31 by aver-
aging Rg(t′) over hundreds of simulations (typically ∼ 500
runs). (b) Rescaling of the curves presented in part (a). Each

radius of gyration curve was divided by N3/5 to obtain the
gray curves (R′g = Rg/N

3/5). The smooth curve is given by
Eq. 4 with a proportionality constant of 0.315. The shaded re-
gion covers the last 11% of the translocation time and begins
at the mid-point of the average radius of gyration increases,
i.e. at R′g(t′) ≈ (R′g(1) + R′g(0))/2.

than chains that were in the process of translocating in
the recent past. Second, we saw that the lack of relax-
ation also leads to conformational differences (as mea-
sured by the radius-of-gyration Rg) between our two sets
of simulations; in fact, translocating chains are highly
compressed. Third, perhaps the strongest evidence is
the presence of a large acceleration of both the translo-
cation process (as measured by the translocation param-
eter s) and the growth of the radius of gyration: roughly
half of the escape actually occurs during a time duration
comparable to the relaxation time! The large difference
between the mean relaxation and translocation times is
not enough to insure the validity of the quasi-equilibrium
hypothesis under such an extreme situation.

The curve presented in Fig. 5 is quite interesting. It
demonstrates that the translocation dynamic is a highly



NON-DRIVEN POLYMER TRANSLOCATION: EVIDENCE THAT THE ESCAPE AND RELAXATION ARE COUPLED | 60

6

nonlinear function of time. We proposed an empirical
formula (Eq. 3) to express the evolution of the translo-
cation coordinate as a function of time (both in rescaled
units) that provides an excellent fit to our simulation
data. Based on Flory’s argument for a three-dimensional
chain, we presented a second expression (Eq. 4) of a sim-
ilar form for the increase of the radius of gyration during
the translocation process. However, this relationship is
not valid for the complete translocation process, yet more
evidence of the lack of equilibrium at the late stage of the
chain escape.

Finally, going back to the question in the title of this
article, we conclude that the chain shows some clear signs
of not being in a quasi-equilibrium state during unforced
translocation (especially at the end of the escape pro-
cess). However, although the difference is as large as 25%
when we start with only 6 monomers on one side, we pre-
viously demonstrated [45, 46] that this simulation setup
gives the expected scaling laws. The latter observation is
quite surprising and leads to a non-trivial question: why

scaling laws that were derived using a quasi-equilibrium
hypothesis predict the proper dynamical exponents for
chains that are clearly out of equilibrium during a non-
negligeable portion of their escape? Perhaps the impact
of these non-equilibrium conformations during transloca-
tion would be larger for thicker walls or stiffer chains; this
remains to be explored. Obviously, the presence of an ex-
ternal driving force, such as an electric field, would lead
the system further away from equilibrium; we thus spec-
ulate that there is a critical field below which the quasi-
equilibrium hypothesis remains approximately valid, but
beyond which the current theoretical exponents may have
to be revisited.
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Building reliable lattice Monte Carlo models for real drift and diffusion problems
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We revisit the well-known issue of representing an overdamped drift-and-diffusion system by an equivalent
lattice random-walk model. We demonstrate that commonly used Monte Carlo algorithms do not conserve the
diffusion coefficient when a driving field of arbitrary amplitude is present, and that such algorithms would
actually require fluctuating jumping times and one clock per Cartesian direction to work properly. Although it
is in principle possible to construct valid algorithms with fixed time steps, we show that no such algorithm can
be used in more than two dimensions if the jumps are made along only one axis at each time step.
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Diffusion plays a key role in numerous physical, chemi-
cal, and biological systems[1]. When an analytical solution
to the diffusion equation cannot be obtained, it is common to
replace an overdamped continuous diffusion problem by
Monte Carlo(MC) simulations of the random walk of a par-
ticle on a lattice. We recently derived a mathematical method
that provides the exact solution of the standard lattice Monte
Carlo (LMC) algorithm rewritten as coupled Master equa-
tions [2]. The method actually calculates the exact mobility
m of the random walker when a vanishing external force
sF→0d is applied; the Nernst-Einstein relation between the
diffusion coefficientD andm then yieldsD even in the pres-
ence of obstacles and complicated boundary conditions. It is
important to note, however, that the Nernst-Einstein relation
is only valid in theF→0 limit. Another exact method was
also suggested by Dorfman[3].

More recently[4], we developed a generalized LMC al-
gorithm, and the corresponding exact calculation method, in
order to compute field-dependent mobilitiesmsFd for arbi-
trary values ofF. However, as we will discuss below,DsFd is
quite subtle. In fact, it is astonishing to note that, although
hundreds of LMC studies have been published over the
years, none of these recover the right diffusion coefficient for
a free particle under the influence of a strong bias. Standard
algorithms are effectively limited to small forcesF; e.g., this
is the case for the popular repton model of gel electrophore-
sis [5] and for a recent study of diffusion effects in a microf-
luidic device[6]. In many studies of diffusion in porous sys-
tems, however, the chosen LMC algorithm is in fact quite
generic, because the authors are not trying to map a real
diffusion system onto a lattice random-walk problem; in such
cases, the time scale is generally not field dependent and it is
not clear how the quantitative results can be interpreted in
terms of real physical systems. In other cases, the simulation
results are apparently limited to small biases, although it is
not always explicitly mentioned(see, e.g.,[[7–10]]). For in-
stance, one can look at the problem of thesurvivalprobabil-
ity of a biased random walker in a disordered medium
[11,12]. Biased random walks can also be studied in the con-

text of continuous time random walks(CTRW) [13,14].
Again, CTRW articles appear to be restricted to small biases.
In this article, we will only consider discrete time random-
walks.

Drift in one dimension (1D). Our objective is to derive a
valid LMC model that reproduces the mean dynamical prop-
erties of a Brownian particle moving in a fluid under the
influence of an external forceF. For instance, it must re-
cover, in the overdamped limit(no acceleration and no tur-
bulence), the free-solution velocityv0=F /j0 and the field-
independent diffusion coefficientD0=kBT/j0, wherej0 is the
particle’s friction coefficient,kB is Boltzmann’s constant, and
T is the temperature[15]. In order to use LMC algorithms to
study the migration of(pointlike) particles in continuous
space, we first discretize space. In 1D, the continuous motion
of the particle is replaced by a series of discrete jumps be-
tween sites separated by a distancea. Let p± be the prob-
abilities for a particle to move to the two adjacent sites(1
and2) andt be the time duration of such a jump. Comple-
tion of a jump is similar to a first-passage problem between
two absorbing walls, as shown in Fig. 1. IfF=0, the prob-
abilitiesp±= 1

2 are unbiased and the mean time durationtB of
a jump (also called the Brownian time or the mean first-
passage time)is related toD0 via tB=a2/2D0. WhenF.0,
however, the transition probabilities are biased and the jumps
take less timeftsFd,tBg. Fortunately, exact analytical ex-

*Email address: mgauthie@science.uottawa.ca
†Email address: gslater@science.uottawa.ca

FIG. 1. Brownian particle diffusing between two absorbing
walls. The values oftsed andp±sed can be obtained either exactly or
numerically. In the latter case, the simulation steps are(1) placing
the particle at a distancea from each wall,(2) letting it diffuse, via
Brownian dynamics, until it reaches a wall, and(3) restarting the
process from the new site.
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pressions can be obtained for this first-passage problem
[16–18] (see Fig. 1). The relevant variable here is the scaled
external forcee=Fa/2kBT. At each step, the particle moves
to one of the two neighboring sites(denoted1 and 2 for
parallel and antiparallel to the forceF, respectively)follow-
ing the probabilities[19]

p±sed =
1

1 + e72e , s1d

while the mean time duration of each jump is[19]

tsed =
tanhe

e
tB. s2d

Remarkably, the transition timet is the same for both direc-
tions. In fact,t is the duration of a successful MC jump in a
given direction(6), and not the mean time between success-
ful jumps in a fixed direction. The mean free-solution veloc-
ity is then

v0 =
sp+ − p−da

t
=

ea

tB
=

Fa2

2kBT

2D0

a2 =
F

j0
, s3d

as it should be for an overdamped system[15]. The free-
solution diffusion coefficientD0 can be obtained from the
variancekDx2l of the displacement during a time stept and
the jump probabilitiesp± via the first fkxl=asp+−p−dg and
secondfkx2l=a2sp++p−dg moments,

D0 =
kDx2l

2t
=

kx2l − kxl2

2t
=

a2

2tB
S e

sinhe coshe
D . s4d

However, sinceD0 characterizes the spreading of the par-
ticles around their mean position, it cannot depend onF
[while the velocity must increase linearly withF, as shown
by Eq. (3)]. Therefore, Eq.(4) is clearly incorrect whene
Þ0 (see also, Fig. 2). This demonstrates that, even without
collisions with obstacles, simple LMC algorithms fail to

properly model diffusion in the presence of a net drift. In
fact, it is not possible to derive a time steptsed and prob-
abilities p±sed that generate the proper free flow velocityv0

and diffusion coefficientD0 simultaneously.
Time-step fluctuations in 1D. This failure is due to the

fact that Eq.(4) only considers the spatial fluctuationskDx2l
of the particles’ biased Brownian motion. However, a second
source of diffusion has to be considered ifeÞ0: the fluctua-
tions in the time durationt of a jump. In the presence of a
bias, both types of fluctuations have to be considered in the
calculation of the diffusion coefficient[19,20]

D0 =
kDx2l

2t
+

v0
2kDt2l
2t

. s5d

The variance of the jumping time,kDt2l, can also be calcu-
lated for the 1D first-passage problem[19],

kDt2l =
tanhe − e sech2e

e3 tB
2 . s6d

The second term of Eq.(5) then reduces to

v0
2kDt2l
2t

=
a2

2tB
S1 −

e

sinhe coshe
D . s7d

Clearly, adding Eqs.(4) and (7), as suggested by Eq.(5),
gives D0=a2/2tB, which agrees with the continuum result
[15],

D0 =
a2

2tB
=

ea

tB

kBT

F
=

v0kBT

F
=

kBT

j0
. s8d

Therefore, a fluctuating jumping timet is essential if a
LMC model (or algorithm) is to be used to study the diffu-
sion of particles in the presence of a drift. This is the reason
why all fixed time step MC algorithms fail at high field. We
can introduce these temporal fluctuations using any distribu-
tion function that has the right mean value and variance[Eqs.
(2) and (6)]. In a simulation, this condition can be easily
satisfied by changing the fixed time stept by the random
incrementt±ÎkDt2l (with a randomly chosen sign). The
well-known problem of enhanced diffusion in porous media
can also be solved using Eq.(5) [20]; in such cases, the
effect is due to the retardation of the particles that collide
with obstacles during their net drift. We showed that even
without such collisions, one must take into account the natu-
ral fluctuations of the mean-first passage times of the lattice
jumps, since these jumps are like pseudocollisions intro-
duced by the process of mapping a continuous process onto a
discrete lattice. This seems to have been largely overlooked
in the field.

Time-step fluctuations in dù−2D. This fluctuating one-
dimensional LMC algorithm can be generalized to multidi-
mensional simulations. This can be done in various ways, but
we suggest the following algorithm for each step(or jump).
(1) First, an axis is selected with a probability inversely pro-
portional to the mean jumping time along this axis. Since the
field e must be along a Cartesian axis, this time is given by
tsedøtB along ê, and by tB along all other directions. In
other words, the faster the process is along a particular axis,

FIG. 2. Free-solution diffusion coefficientD0 (in units of
a2/2tB) vs the scaled fielde. The points were obtained from Monte
Carlo simulations of 1 000 000 particles evolving on a square lat-
tice. Error bars are smaller than the points.
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the more often this dimension is selected.(2) The actual
jump is then selected using Eq.(1) (wheree=0 if the jump is
'ê). As usual, if the destination site is an obstacle, the par-
ticle simply remains on the same lattice site.(3) Finally, in
order to recover the proper diffusion coefficient along the
field axis, the clock advances by the random increment
t±ÎlDt2l only when the jump was made alongê. Note that
since the second term of Eq.(5) is zero in the other direc-
tions, we do not really need clocks for transverse jumps;
indeed, theê clock provides the proper mean elapsed timet
for all directions. The diffusion coefficient in directioni (in-
cluding i = ê) is then obtained using the simple relationDi
=kDr i

2l /2t.
An algorithm with constant time steps in1D. As we

demonstrated above, time fluctuations must be part of a
LMC simulation if eÞ0. However, exact numerical tech-
niques[3,4] require a fixed time step to allow us to solve the
LMC algorithm exactly. A constant time step can also sim-
plify MC simulations. We now show how temporal fluctua-
tions can be introduced without changing the time increment:
we simply add a probability to remain on the same lattice site
at each MC step. Usually, an LMC particle must make one
jump at each time step. Let us now introduce a probabilitys8
for the particle to remain immobile. The new transition prob-
abilities p±8 and time durationt8 are given by

p±8 = s1 − s8dp±, t8 = s1 − s8dt. s9d

Both quantities must be rescaled by the same factor in order
to conserve the value of the free-solution velocityv0. Then,
at each time step of fixed durationt8, the particle either
jumps to one of the6 sites(with probabilitiesp±8) or stays on
the same site with probabilitys8. The idea here is to use the
probability s8 as a free parameter that we fix, such that we
obtain the desired variance for the averagereal jumping
time. The average periods of timektl and kt2l between two
successful jumps are

ktl = s1 − s8dt8o
i=1

`

is8i−1 =
t8

1 − s8
= t, s10d

kt2l = s1 − s8dt82o
i=1

`

i2s8i−1 = s1 + s8dt2. s11d

Using Eqs.(2), (6), (10), and(11), the required probabilitys8
is

s8 =
kt2l − ktl2

ktl2 =
kDt2l

t2 =
cothe

e
− csch2 e. s12d

We can now evaluate the free-solution diffusion coefficient
D0 using only the spatial part of Eq.(5) (first term),

D0 =
a2

2t8
fp+8 + p−8 − sp+8 − p−8d2g =

a2

2tB
. s13d

Note that we usedkDx2l8=kx2l8−kxl82, kx2l8=a2sp+8+p−8d,
andkxl8=asp+8−p−8d. Using implicit time fluctuations through
the probabilitys8 allows us to obtain the correct result[Eq.
(8)] without relying on explicit fluctuations and the second

term of Eq.(5). Figure 2 compares conventional MC-biased
random walks[Eqs.(1) and(2)] and our new algorithm[Eqs.
(9) and (12)].

Using Eqs.(9) and (12), one can design reliable LMC
algorithms with fixed time steps. Please remark that the
probability to stay put[Eq. (12)] is the only solution that
gives the correct results for bothv0 and D0 for arbitrary
values ofe when we want the ratiop+/p− to be consistent
with Boltzmann statistics. Therefore, no valid fixed-time
LMC algorithm exists withs8=0. The idea of waiting time in
a random walk was also introduced by Montroll and Weiss
[13] in the context of CTRW.

An algorithm with constant time steps in dù2D. In a
recent article[4], we showed how to use Eqs.(1) and(2) to
obtain the exact field-dependent velocityvsed of a particle
for dù2 systems. Our approach[4] was to derive a unique
transition timeT valid for all directions, as well as the cor-
responding(modified) transition probabilities that agree with
the net transition rates predicted for each of thed 1D prob-
lems. We found that the period between each jump must be
given by [4]

T = tBfd − 1 +e cotheg−1, s14d

while the transition probabilities along the field axis and in
each of the transverse directions are given by[4]

P± = hs1 + e72edfe + sd − 1dtanheg/ej−1, s15d

P' = f2sd − 1 +e cothedg−1. s16d

We showed[4] that these probabilities(P± andP') and time
duration sTd give the proper orthogonal diffusion coeffi-
cients. However, this approach cannot produce the right free-
solution diffusion coefficient alongê, since it only uses spa-
tial fluctuations. We thus have to generalize the approach
presented in the previous section.

Again, we will add a probability to stay putsS8d for a
period of timesT8d in order to introduce implicit fluctuations
in the net transition time in the field direction. The elements
of this LMC algorithm are thus

P±8 = aP±, P'8 = aP', T8 = aT, s17d

with a=s1−S8d. As far as motion along the field axisê is
concerned, this is essentially a 1D problem. Indeed, lateral
jumps (described by the probabilitiesP'8 for each of thed
−1 nonbiased directions) are equivalent to staying put along
ê. Therefore, the total probability of nonmotion alongê in d
dimensions must be equal to the probabilitys8 to stay put in
one dimension,

s8 = S8 + 2sd − 1dP'8 = S8 + 2sd − 1ds1 − S8dP'. s18d

Solving this relation forS8 gives

S8 = sd − 1de−2 − sd − 2de−1 cothe − csch2 e. s19d

The free-solution diffusion coefficient parallel(i) to the di-
rection of the fieldsêd is then obtained as described previ-
ously in Eq.(13) [using Eqs.(17) and (19)],
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D0i
=

a2

2T8
fP+8 + P−8 − sP+8 − P−8d2g =

a2

2tB
. s20d

This relation will be valid as long as the field is along one of
the Cartesian axes. We also stress the fact that the probability
to stay put neither affects the calculation of the velocity nor
the diffusion coefficient along the orthogonal axes. Although
this appears to be the perfect solution to the diffusion prob-
lem, there is a major limiting problem: the probabilityS8 is
negative fordù3. In fact, since the solution forS8 is unique
when we impose a first-passage time interpretation to the
dynamics along the field axis(necessary to reproduce Kram-
ers statistics), we must conclude thatit is impossible to de-
sign a fixed time-step LMC algorithm that would reproduce
both v0 and D0 in more than two dimensions.

This limitation can be understood when we start from the
1D problem and the relation 2sd−1dP'8 +S8=s8. When we go
from 1D to 2D, we reduce the probability to stay put to
generate lateral motion. When we go to higher dimensions,
we reduceS8 further. Obviously, this approach has to be
limited to a maximum number of dimensions. Unfortunately,
this limit is d=2 for all MC square lattice algorithms with
jumps made along a single axis per time step, which is very
restrictive indeed.

Incidentally, most LMC algorithms commonly used for
computer simulations involve low-field approximations of
Eqs.(14)–(16). For example, a familiar approach[7] is to use
P± ~1±e and a constant time step, which is precisely the

first-order approximation of the results derived above. Other
algorithms, such as the repton model[5], use a field-
dependent time step but are valid only up toOse2d.

Discussion. In summary, we demonstrated that temporal
fluctuations must be included in lattice random-walk models
if the latter are to represent continuous biased diffusion pro-
cesses. These fluctuations can be introduced in LMC simu-
lations if we replace the constant time step by a stochastic
one. We showed how to do this in 1D systems, which is
sufficient to perform simulations in any dimension if the
clock then advances only when the moves are along the field
axis. Our approach allows for the study of the diffusion co-
efficient for arbitrary fields(note that arbitrary field also
means arbitrary coarsening of the lattice mesh size, sincee is
the relevant field). However, it may be advantageous to have
a constant time increment, for example, to use exact methods
[3,4] instead of stochastic simulations. We showed how to
obtain the value of the probability to stay putss8d that gives
the right time variance for 1D systems, and we demonstrated
that this solution is unique. Unfortunately, this approach can-
not be generalized to more than 2D becauseS8 is then nega-
tive. This means that we have to revise the fundamental as-
sumptions of lattice random-walk algorithms.
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G.W.S., and by funding from the NSERC, the HPCVL, and
the University of Ottawa to M.G.G.

[1] R. M. Mazo, Brownian Motion: Fluctuations, Dynamics and
Applications, (Clarendon, Oxford, 2002).

[2] J.-F. Mercier and G. W. Slater, J. Chem. Phys.110, 6057
(1999).

[3] K. D. Dorfman, G. W. Slater, and M. G. Gauthier, J. Chem.
Phys. 119, 6979(2003).

[4] M. G. Gauthier and G. W. Slater, J. Chem. Phys.117, 6745
(2002).

[5] M. E. J. Newman and G. T. Barkema,Monte Carlo Methods in
Statistical Physics(Clarendon, Oxford, 1999).

[6] C. Keller, F. Marquardt, and C. Bruder, Phys. Rev. E65,
041927(2002).

[7] S. Havlin and D. Ben-Avraham, Adv. Phys.51, 187 (2002).
[8] M. Q. López-Salvans, J. Casademunt, G. Iori, and F. Sagués,

Physica D164, 127 (2002).
[9] S. Bustingorry, M. O. Cáceres, and E. R. Reyes, Phys. Rev. B

65, 165205(2002).

[10] S. Bustingorry, E. R. Reyes, and M. O. Cáceres, Phys. Rev. E
62, 7664(2000).

[11] S. Havlin, J. E. Kiefer, and G. H. Weiss, Phys. Rev. B38,
4761 (1988).

[12] P. A. Pury and M. O. Cáceres, Phys. Rev. E66, 021112
(2002).

[13] E. W. Montroll and G. H. Weiss, J. Math. Phys.6, 167(1965).
[14] J. W. Haus and K. W. Kehr, Phys. Rep.150, 263 (1987).
[15] R. H. Pathria,Statistical Mechanics, 2nd ed. (Butterworth-

Heinemann, Oxford, 1996).
[16] Z. Farkas and T. Fulop, J. Phys. A34, 3191(2001).
[17] N. G. V. Kampen,Stochastic Processes in Physics and Chem-

istry (North-Holland, Amsterdam, 1992), pp. 347–355.
[18] C. W. Gardiner,Handbook of Stochastic Methods for Physics,

Chemistry, and the Natural Sciences(Springer, Berlin, 1983).
[19] G. W. Slater, Electrophoresis14, 1 (1993).
[20] J.-P. Bouchaud and A. Georges, Phys. Rep.195, 127 (1990).

M. G. GAUTHIER AND G. W. SLATER PHYSICAL REVIEW E70, 015103(R) (2004)

RAPID COMMUNICATIONS

015103-4



5
A Monte Carlo algorithm to

study polymer translocation
through nanopores: I. Theory

and numerical approach

MG Gauthier, GW Slater
Accepted for publication in J. Chem. Phys. (November 27, 2007)

| 67



A MC ALGORITHM TO STUDY POLYMER TRANSLOCATION: I. THEORY AND NUMERICAL APPROACH | 68

A Monte Carlo algorithm to study polymer translocation through nanopores:
I. Theory and numerical approach

Michel G. Gauthier∗ and Gary W. Slater†
Department of Physics, University of Ottawa, 150 Louis-Pasteur, Ottawa, Ontario K1N 6N5, Canada

(Dated: December 17, 2007)

The process during which a polymer translocates through a nanopore depends on many physical
parameters and fundamental mechanisms. We propose a new one-dimensional lattice Monte Carlo
algorithm that integrates various effects such as the entropic forces acting on the subchains that
are outside the channel, the external forces that are pulling the polymer through the pore, and the
frictional effects that involve the chain and its environment. Our novel approach allows us to study
the polymer as a single Brownian particle diffusing while subjected to a position-dependent force
that includes both the external driving forces and the internal entropic bias. Frictional effects outside
and inside the pore are also considered. This Monte Carlo method is much more efficient than other
simulation methods, and it can be used to obtain scaling laws for various polymer translocation
regimes. In this first part, we derive the model and describe a subtle numerical approach that gives
exact results for both the escape probability and the mean translocation time (and higher moments
of its distribution). The scaling laws obtained from this model will be presented and discussed in
the second part of this series.

I. INTRODUCTION

The translocation of a long flexible molecule through a
channel whose diameter is comparable to the molecule’s
backbone cross-section is a complex dynamical process
that is related to numerous biological relevant mecha-
nisms. For instance, we can mention the translocation of
protein molecules across biological membranes [1] or the
transfer of a virus through the nuclear shell [2]. These
processes involve large entropic barriers, large driving
forces (e.g., an external electric field or a chemical poten-
tial difference), and complex hydrodynamic effects. Our
understanding of these phenomena is facilitated by the
fact that it is now possible to experimentally observe and
control polymer translocation using both biological [3]
and artificial [4] pores. In these experiments, the pres-
ence of a polymer molecule in the channel is detected
via the blockade of the ionic current, which can be used
to measure the time spent by the molecule in the pore
(the translocation time). This has motivated the devel-
opment of theories that can explain the relation between
the translocation time and experimental factors such the
polymer contour length, the external voltage applied, or
the interaction between the pore and the polymer.

During the last decade, numerous groups have devel-
oped theoretical descriptions of the polymer transloca-
tion problem. These efforts can be classified into three
different types of models. The first one was proposed
by Sung and Park [5] and consisted in representing poly-
mer translocation as a diffusion process through a poten-
tial barrier. These authors mapped the problem onto a
one-dimensional diffusion system involving the transloca-
tion coordinate, the number of monomers on a given side

∗E-mail: gauthier.michel@uOttawa.ca
†E-mail: gary.slater@uOttawa.ca

of the membrane, and they calculated the translocation
time using a mean first-passage time (MFPT) method.
A second popular approach is to use nucleation theory
to describe the transport of the chain through the chan-
nel. Muthukumar [6] used this approach to calculate the
MFPT of a polymer across an entropic barrier. These
first two methods were further developed and refined by
many other researchers (e.g., see [7–10]). Finally, a third
theoretical avenue is to treat the translocating polymer as
a random-walker and use a Master equation approach to
solve the first passage problem (FPP). Flomenbom and
Klafter [11] used this concept to study the probability
density function of the translocation times for a biased
single stranded DNA in nanopores. The model proposed
in this paper would fit it this third category, i.e. a model
that assumes that the chain is in a quasi-equilibrium state
during the whole translocation process. This hypothesis
is necessary if we are to model the whole process as a
one-dimensional biased random walk between absorbing
boundaries and in the presence of a complicated spatially
varying potential. Note that none of these studies deals
with the early stages of the process during which the
polymer must search for the entrance of the nanopore; all
models consider polymers that have at least one monomer
inside the channel, and this will also be the case in this
paper.

In this article, we present a polymer translocation
model based on a one-dimensional biased random-walk.
The random-walk algorithm used here was recently de-
rived [12] for a point-like particle to provide the right
drift velocity v as long as the proper diffusion coefficient
D for any value of an external bias. It was demonstrated
that most commonly used algorithms that treat such bi-
ased behavior give the correct values for both v and D
only in the limit of vanishing external fields. Since field-
driven polymer translocation is clearly not in the low-
field limit, one should not use such algorithms. In the
first part of this article, we show how effects such as the
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entropic driving of the chains toward the side where the
longest subchain is, the driving of the polymer through
the channel due to an external field, and the polymer
length dependency of its friction coefficient, can all be
incorporated into our one-dimensional random-walk al-
gorithm. We then show how this Monte Carlo simulation
algorithm can be used to obtain the distribution of escape
times for arbitrary initial conditions and how the average
value associated with this distribution can be computed
exactly even for extremely long chains and very improba-
ble translocation events. A detailed analysis of the basic
scaling laws that are predicted by this model will be the
subject of the second article in this series.

II. 1D RANDOM-WALK MODEL WITH
EXTERNAL BIAS

The model that we developed to study one-dimensional
polymer translocation is based on a biased lattice
random-walk Monte Carlo algorithm that we recently [12]
designed to study the dynamics of a Brownian walker
in the presence of an external force of arbitrary magni-
tude. Since the latter is the starting point of our inves-
tigation, we will start with a brief introduction to the
one-dimensional version of this model. The lattice model
replaces the continuous motion of the Brownian walker
by a series of discrete jumps on a 1D–lattice (with a con-
stant lattice parameter of size a). In the presence of an
external force F and a constant temperature T , we can
define a dimensionless force ε ≡ aF/2kBT ≥ 0 [13], where
kB is Boltzmann’s constant. In this Monte Carlo simula-
tion algorithm, the particle does not move at every step.
Instead, there is a finite probability s of not moving dur-
ing a given Monte Carlo step given by

s(ε) =
coth ε
ε
− csch2ε , (1)

while the probabilities of moving one lattice site forward
p+ or backward p− (the external field ε is pointing in the
+ direction) are given by

p±(ε) =
1− s(ε)
1 + e∓2ε

. (2)

Finally, the time step is given by

∆t(ε) =
(1− s(ε)) tanh(ε)

ε
tB , (3)

where the Brownian time tB is given by tB = a2/2D0,
with D0 the free-solution diffusion coefficient of the par-
ticle or random-walker.

In this novel Monte Carlo algorithm, temporal fluctu-
ations of the jumping time are added to the dynamics
of the Brownian walker via the probability to stay put
(Eq. 1). The fact that the random-walker does not move
at every time step introduces a variance in the distribu-
tion of the average time spent between two real displace-
ments. The work that we presented in Ref. [12] showed

FIG. 1: A polymer translocates from the cis-side (subscript
C) to the trans-side (subscript T). The three physical effects
considered in our model are: (a) the force due to the confor-
mational entropic difference between each side of the channel,
(b) the force F due to an external force (e.g. an electric field)
applied on the polymer section that is inside the channel, and
(c) the frictional drag due to the fluid surrounding the two
subchains outside the channel and to the interactions between
the pore walls and the part of the polymer that is inside the
channel. In the case illustrated in (c), the polymer translo-
cates from the left side to the right side at a longitudinal
velocity vP inside the channel. The two subchains also move
in the same direction but at slower velocities vsc, {C, T} < vP

while the radii of gyration of the subchains change as indi-
cated. In this particular configuration, since NC > NT, we
have that ξsc, C > ξsc, T and vsc, C < vsc, T (see Eqs. 12 and 14).

how to derive the proper expression for the probability
s(ε) in order to obtain the right variance of the jumping
time for an arbitrary value of the external applied field
ε. With this variance, the model could be designed to
give the right free-solution velocity v0 as well as the right
diffusion coefficient D0 even at high field intensity (i.e.,
v0 = F/ξ0 and D0 = kBT/ξ0, where ξ0 is the friction co-
efficient of the random-walker in the liquid). As far as
we know, this is the first algorithm that correctly pre-
serves these two quantities for any value of the external
field. Previous Monte Carlo simulation studies of drift
and diffusion problems were limited to low field intensi-
ties ε � 1) [14–20]. In our opinion, this is also the case
for most of the studies published about the translocation
problem (see [11, 21] for example). We thus claim that
the results presented in this series of articles are the first
lattice-based Monte Carlo results that are valid for large
values of the external field ε (note however that our re-
sults are only valid if the translocation process remains
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FIG. 2: Our model is a one-dimensional mapping of the three-
dimensional dynamics of a polymer translocating thorough a
small channel. The resulting 1D random-walk is governed
by Eqs. 1 to 3, with the parameters ε and tB evaluated as
described in Sections III A to III C.

at equilibrium during the whole process).

III. POLYMER TRANSLOCATION

We will now derive the equations that will allow us to
use the biased random-walk model presented in the pre-
vious section to build a simple one-dimensional Monte
Carlo framework for polymer translocation through a
small channel. In this paper, we want to model three
factors that have a major influence on the translocation
dynamics of the polymer. The first one is the dimension-
less entropic force εS that is exerted on a polymer which
is partially spatially confined (see Fig. 1a). In this exam-
ple, the polymeric chain is subjected to an entropic bias
toward the right side of the channel (because the longest
subchain resides on this side of the channel). The instan-
taneous entropic force εS that drives the chain outside the
channel can be obtained from the spatial variation of the
Helmholtz free energy A as the chain moves through the
channel. This energy is simply related to the number of
conformations each subchain can take given its contour
length. The second parameter that we consider is the
contribution of an external force F (or its dimensionless
value εF) applied to the chain; e.g., this can be the elec-
tric field applied on a charged biopolymer (see Fig. 1b).
As we will see in Sections III A and III B, our approach is
simply to treat these first two effects as two independent
contributions to the total force (ε = εS + εF) driving the
motion of the chain, the latter being reduced to a one-
dimensional lattice Brownian walker governed by Eqs. 1
to 3. Finally, the third characteristic that we add to the
model is the friction that can slow down the motion of the
chain (see Fig. 1c). We will consider the frictional contri-
butions due to the fluid that surrounds the two polymeric
subchains, as well as the frictional interactions between
the polymer and the channel walls (or the liquid trapped
inside the channel). We will show in Section III C that
these frictional effects (using either Zimm or Rouse dy-
namics) can be introduced in our model by simply rescal-
ing the Brownian time tB.

As schematically illustrated in Fig. 2, our approach
consists in mapping the complex three-dimensional mo-
tion of a polymeric chain translocating through a channel

onto a one-dimensional lattice biased random-walk. In
our model, we only consider those cases where the pore
diameter is small enough that monomers have to move
in a single-file from one side to the other (see Fig. 2,
no hernia inside the channel); polymer folding inside the
channel (see Chen et al. [4] for example) is not consid-
ered here. The pore-polymer configurations that we con-
sider are thus fully described by the four parameters NC,
NT, NP and M , which are respectively the number of
monomers on the cis- and trans-side of the channel (see
Fig. 2), the number of monomers in the pore, and the
length of the pore in units of monomer size (the lattice
mesh size is equal to the monomer size). The internal
degrees of freedom of the chains are replaced by the en-
tropic and frictional terms to be described later, which
allows us to reduce the problem to that of a rigid chain
drifting in one dimension. Obviously, the length N of
the polymer is always given by NC + NT + NP, while
NP ≤ M . In the next sections, we present the relation-
ship between these four quantities and the values of ε and
tB, the two parameters needed to use the random-walk
algorithm presented in Eqs. 1 to 3.

A. The entropic force

The entropic force acting on the polymer chain can be
derived from its partition function Z, which corresponds
to the number of conformations that the chain can take.
If we represent a polymeric chain of n monomers as a self-
avoiding walk (SAW) of n steps, its partition function
scales like [22]

Z ∼ z̃nnγ−1 , (4)

where z̃ is the lattice coordination number (LCN) and γ
is a universal exponent. The first factor gives the number
of conformations one would get for an ideal chain grown
on a network with a lattice parameter z̃ while the sec-
ond one is a power-law correction called the enhancement
factor. For a chain with one end fixed to a surface, we
have that γ is equal to 1/2, 0.69(1) and 1 for Gaussian,
self-avoiding and rod-like chains [23] respectively. In this
paper, we study self-avoiding chains and, for the numer-
ical estimates, we set the value of the LCN to z̃ = 3 as if
the chain was built on a tetrahedral network. We could
also have chosen z̃ ≈ 4.68 [24], which is the effective LCN
for 3-dimensional SAWs on a cubic lattice, but it would
not have qualitatively changed our results. Note that
the translocation models developed by Muthukumar [6]
or Sung and Park [5] did not explicitly include the lattice
coordination number in their potential.

The system that we are modeling can be divided into
two parts; (1) the two subchains (on the cis- and trans-
side of the channel) can take three-dimensional configura-
tions with the corresponding partition functions given by
Eq. 4, and (2) a series of perfectly aligned monomers that
connect these two subchains in such a way that their par-
tition function is equal to unity (ZP = 1). The complete
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FIG. 3: Schematic illustration of the dimensionless entropic
force εS derived in Eq. 10 for N > M as a function of the pore-
polymer configuration number i (see Fig. 4 for a definition of
i). The first and third parts (i < M and i > N) behave like
i−1. If the chain is very long (N � 1), the value of εS tends
toward ± ln(z̃)/2 as NT (or NC) approaches N .

partition function of our chain is thus given by ZCZPZT,
the product of the partition functions for the three sub-
chains

Z ∼





z̃NCNγ−1
C if NC ≥ 1, NT = 0,

z̃NCNγ−1
C z̃NTNγ−1

T if NC ≥ 1, NT ≥ 1,

z̃NTNγ−1
T if NC = 0, NT ≥ 1,

1 if NC = 0, NT = 0.

(5)

The missing numerical factors are irrelevant since only
the derivative of the logarithm of Z will play a role later.
For instance, the Helmholtz free energy A corresponding
to this partition function is given by

A = −kBT ln(Z) + const. (6)

The entropic force FS associated with a displacement of
the chain over a distance equal to one monomer size a is
thus given by

FS = −dA
dx

= kBT

[(
ln(z̃)− (1− γ)

NC

)
dNC

dx
+ (7)

(
ln(z̃)− (1− γ)

NT

)
dNT

dx

]
,

with

dNC

dx
=
{
−1/a if NC ≥ 1,
0 if NC = 0, (8)

and

dNT

dx
=
{

1/a if NT ≥ 1,
0 if NT = 0, (9)

where the unit displacement dx is considered positive
when the chain moves toward the trans-side. Finally,
the dimensionless force εS = aFS/2kBT corresponding to

FIG. 4: Examples of pore-polymer configurations in our lat-
tice representation for the case N = 10 and M = 8. The
index i refers to the pore-polymer configuration; it ranges
from i = 0, when the chain is entirely on the cis-side of the
channel, to i = N + M , when all the monomers are on the
trans-side.

Eq. 7, which is one of the two contributions to the total
force ε, is given by (see Fig. 3)

εS =





(1− γ)
2NC

− ln(z̃)
2

if NC ≥ 1, NT = 0,

(1− γ)
2NC

− (1− γ)
2NT

if NC ≥ 1, NT ≥ 1,

ln(z̃)
2
− (1− γ)

2NT

if NC = 0, NT ≥ 1,

0 if NC = 0, NT = 0.

(10)

This entropic force is schematically illustrated in Fig. 3;
note that the configuration number i is described in
Fig. 4. The discontinuities are due to the dual fact that
i is an integer and the LCN changes abruptly when go-
ing from inside (z̃ = 1) to outside the pore (z̃ = 3). As
we will see later, these discontinuities do not have any
notable undesirable effects on our results.

B. The external force

The second force that we want to implement into our
model is, for a polyelectrolyte, the force resulting from
the application of an external electric field E. In practice,
the size of the channel is small enough compared to the
reservoir volumes on both sides of the membrane that
we can neglect the presence of the field outside the pore.
We thus assume that this field only interacts with the NP

monomers that are inside the channel (it would be easy to
extend the range of the field to a certain distance beyond
the channel ends). If the polymer chain has a charge
density per unit length λ, the total charge on which the
field is applied is Q = λaNP, and the scaled external force
applied to the chain is given by

εF =
aQE

2kBT
=
λa2NPE

2kBT
. (11)

This last expression is the second contribution to the to-
tal force ε. In other words, our 1D random-walker obeys
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Eqs 1 to 3 with ε = εS + εF. The results presented in this
paper were obtained with the values of a, λ and kBT set
to 1. Finally, the electric fields used are presented in the
dimensionless form E′ = λa2E/kBT , with εF = NPE

′/2.

C. The frictional effects

Consider the situation presented in Fig. 1c where the
section of the polymer chain that is inside the channel is
moving along the pore axis while the two subchains at
both ends are moving as blobs of increasing or decreasing
radii of gyration Rg. Assuming that these subchains are
in a relaxed state at each step of the biased random-walk
(in other words, we assume that the relaxation time of
these subchains is much smaller than the escape time of
the whole chain), the frictional drag force acting on each
of them is given by (note that we consider both Zimm
and Rouse chain dynamics [25])

Fdrag = ξscvsc ∼
{
ξ0N

ν
sc vsc Zimm dynamics,

ξ0Nsc vsc Rouse dynamics,
(12)

where ξ0 is the friction coefficient of one monomer in
the surrounding fluid, Nsc is the number of monomers
in the subchain, and vsc is the displacement velocity of
the subchain in the direction of the channel (see Fig. 1c).
For Zimm dynamics, we used the fact that the radius of
gyration of a subchain is given by

Rg ∼ aNν
sc , (13)

where the missing prefactor is proportional to the
monomer size and ν ' 0.588(1) is the 3D Flory expo-
nent for self-avoiding chains [26].

The velocity that we model using our one-dimensional
rigid-chain representation is the velocity of the monomers
moving linearly along the pore axis, vP. The relation
between this velocity and those of the subchains is given
by

vsc =
∣∣∣∣
dRg

dt

∣∣∣∣ ∼ a
∣∣∣∣
dNν

sc

dt

∣∣∣∣ (14)

∼ Nν−1
sc a

∣∣∣∣
dNsc

dt

∣∣∣∣ ∼ Nν−1
sc vP .

Thus, using Eqs 12 and 14, we can define a new global
effective friction coefficient ξ?sc that is defined with respect
to the chain velocity in the pore:

Fdrag = ξ?scvP (15)

=

{
ΓZ ξ0

(
N2ν−1

C +N2ν−1
T

)
vP Zimm dynamics,

ΓR ξ0 (Nν
C +Nν

T ) vP Rouse dynamics,

where ΓZ and ΓR are numerical constants related to
the numerical constants that we have left behind dur-
ing the previous derivation. In this paper, we only men-
tion the arbitrary values of ΓZ and ΓR used in our cal-
culations without going any further into the physical

parametrization of these friction coefficients. The lat-
ter derivation (Eqs. 12 to 15) was inspired by the work
of Storm et al. [27].

Finally, the friction coefficient of the polymer section
that is actually in the pore is given by

ξP = (1 + ΓP) ξ0NP , (16)

where ΓP is the additional viscous drag coefficient per
monomer that is due to the spatial constriction of the
channel. The value of ΓP for a monomer of size a in a pore
of diameter d can be estimated using different approaches
such as Ladenburg’s approximation [28] of the friction
coefficient of a sphere falling in a cylindrical tube (ΓP '
2.105a/d) or the form used by Storm et al. [27] (ΓP '
(d/a−1)−1). Again, we do not use a specific expression in
this article; instead, we simply give the numerical values
that we used for our calculations.

Equations 1 to 3 give a free solution velocity and a dif-
fusion coefficient that are inversely proportional to the
Brownian time tB. Since both the velocity and the diffu-
sion coefficient are simply inversely proportional to the
friction coefficient, we can include the frictional effects
derived in Eqs. 15 and 16 into our random-walk algo-
rithm by rescaling the Brownian time tB as follows

t′B = (ξ?sc + ξP) tB . (17)

We can then replace tB by this new Brownian time in
Eq. 3.

D. The Kuhn length

In the previous derivations, we did not explicitly in-
troduce the Kuhn length of the chain, lK, which is the
segment length beyond which a chain can be considered
as freely jointed. Implicitly, the Kuhn length of the chain
studied up to here was thus equal to the monomer size
a. In order to study stiffer chains, we have to modify our
algorithm using these two simple, but non-trivial, modi-
fications to the previous formulas:

(1) The value of n in the partition function (Eq. 4)
now represents the number of Kuhn segments N ′ instead
of the number of monomers N (with N ′ = Na/lK). Re-
doing the derivation from Eqs. 5 to 10, we find that the
scaled energy εS associated with the displacement of one
monomer is now given by an expression similar to Eq. 10
but with the terms in ln(z̃) rescaled by a factor a/lK:

ε′S =





(1− γ)
2NC

− ln(z̃)
2

a

lK
if NC ≥ 1, NT = 0,

(1− γ)
2NC

− (1− γ)
2NT

if NC ≥ 1, NT ≥ 1,

ln(z̃)
2

a

lK
− (1− γ)

2NT

if NC = 0, NT ≥ 1,

0 if NC = 0, NT = 0.

(18)
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The fact that only the ln(z̃) term is affected by the pres-
ence of stiffness can be understood in the following way.
The stiffness is expressed by a rescaling of the variable n
in both parts of the partition function in Eq. 4 (the enu-
meration term z̃n and the correction factor nγ−1). How-
ever, once this partition function is translated into the
Helmholtz free energy, the effect of this linear rescaling
of n is only present in the ln(z̃) and the constant terms of
Eq. 6. Physically, it means that the force associated with
the enhancement factor is only related to the number of
steps n, and is unaffected by the restrictions imposed to
successive steps (stiffness). The enhancement factor is
a universal correction factor that only depends on the
dimensionality of the problem via the value of γ [22].

(2) The second modification to our algorithm is in the
derivation of the frictional effects. Considering that ξ0 is
the friction coefficient per monomer of length a, we can
rewrite Eq. 12 as

Fdrag ∼





ξ0
lK
a
N ′sc

ν
vsc Zimm dynamics ,

ξ0
lK
a
N ′sc vsc Rouse dynamics ,

(19)

while Eq. 14 becomes

vsc =
∣∣∣∣
dRg

dt

∣∣∣∣ ∼ lK
∣∣∣∣
dN ′sc

ν

dt

∣∣∣∣ ∼ N ′sc
ν−1

vP . (20)

Combining the two last expressions leads to

F ′drag =





(
lK
a

)2(1−ν)
Fdrag Zimm dynamics,

(
lK
a

)1−ν
Fdrag Rouse dynamics,

(21)

where Fdrag is now the expression given by Eq. 15. Note
that F ′drag > Fdrag since the coils grow in size if lK > a.

In short, the introduction of stiffness has only two ef-
fects on the dynamics of the chain (see Eqs. 18 and 21).
First, the subchains have access to a smaller number of
conformations, which reduces the entropic forces. Sec-
ond, the subchains have larger radii of gyration, leading
to additional frictional drag. Considering the chain stiff-
ness then means using the rescaled values of the entropic
force and the friction coefficient given by ε′S and F ′drag.

Finally, in order to simplify the presentation and anal-
ysis of the results that we will present in the next sections,
we chose to present all quantities without units. Conse-
quently, the values of N and M will be in units of length
a = 1 and all times will be in units of tB = a2/2D0 = 1.

IV. CALCULATION METHODS

The translocation times presented in this paper are
the escape times of polymers initially placed on the cis-
side of the channel with one monomer inside the pore

FIG. 5: The distribution of escape times for a polymer (of
size N = 10) starting on the cis-side of a channel (with a
length M = 5) with only one monomer inside the pore (see
Fig. 4a). The histogram shows the escape times obtained from
106 Monte Carlo simulations. The solid curve represents the
events where the polymer escapes on the cis-side while the
broken one is the distribution of the complete translocation
events from the cis- through the trans-side of the channel.
Both curves are normalized using the total number of escape
events. The parameters used for this example are E′ = 2,
ξ0 = 1, ΓZ = 0.1 and ΓP = 0, in the presence of entropic
forces.

(see Fig. 4a). Obviously, our approach is not limited to
this particular initial configuration (we could also study
these processes with any other initial pore-polymer con-
figuration), but this initial condition is important since
it represents a polymer that has just found the entrance
of the channel. As shown in Fig. 5 for a typical case, the
distributions of escape times are typically double-peaked,
representing the two possible kinds of escape processes:
(1) the polymers that actually translocate through the
pore and exit on the trans-side with an average translo-
cation time τT, and (2) those who fail to translocate and
take a time τC to go out the same way they got in. In this
series of papers, we will concentrate on the fundamental
scalings laws for the first type of events (τT) versus the
parameters of the model such as N,M,E, λ,ΓP and ξ0.

We can use two different calculation methods to com-
pute the escape times. The first one is to use Monte
Carlo simulations to produce a large number of translo-
cation events using s, p±, ∆t, εS, εF, ξ?sc, and ξP. As
illustrated in Fig. 5, this technique gives a distribution
of escape times from which we can calculate averages and
standard deviations for the escape times τC and τT.

The second method consists in finding the exact nu-
merical solution of the Master equations that the Monte
Carlo method is simulating. As we will see, this approach
can be used to get the average escape times τC and τT
for all possible initial configurations i in the same cal-
culation. In order to distinguish between the two kinds
of escape processes, the first step is to calculate the exit
probabilities P iC and P iT for a polymer starting in config-
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uration i of exiting on the cis- or the trans-side. Obvi-
ously, since all polymers will eventually escape from the
channel, we have P iC + P iT = 1 for all values of i. These
probabilities of escaping can be obtained from solving a
set of Master equations given by

P ij = pi+ P
i+1
j + si P ij + pi− P

i−1
j , (22)

where si and pi± are Eqs. 1 and 2 evaluated for a given
pore-polymer configuration i, and P ij={C,T} is the prob-
ability for a polymer in configuration i to exit on the
j-side of the channel. Equation 22 basically means that
the probability of exiting from a given configuration i at
a particular step of the random-walk is related to the
probability to exit from this configuration and its adja-
cent ones (i−1, i, and i+1) at the next step via the tran-
sition probabilities s and p±. The set of equations given
by Eq. 22 results in a tridiagonal system of n = N+M−1
equations (see Fig. 4 to understand the number of pos-
sible one-dimensional configurations). This system can
be quickly solved using the boundary conditions P 0

T = 0,
Pn+1

T = 1, P 0
C = 1, and Pn+1

C = 0.
Once the exit probabilities are known, the conditional

average escape times τC and τT are obtained from the
resolution of a second tridiagonal system of Master equa-
tions given by

P ij τ
i
j = pi+P

i+1
j

(
τ i+1
j + ∆ti

)
+ (23)

siP ij
(
τ ij + ∆ti

)
+ pi−P

i−1
j

(
τ i−1
j + ∆ti

)
,

where τ ij={C,T} is the average escape time 〈t〉 of all poly-
mers that are in configuration i and will eventually exit
on the j-side of the channel. The derivation of the lat-
ter system of equations is less intuitive than that leading
to Eq. 22. This relation essentially says that the time
to escape from a given configuration i at a given step
of the random-walk is given by the time to escape from
the configuration it will be in at the next step plus the
time it needs to move to this configuration. Again, each
term of the equation must be rescaled by the transition
probabilities s and p±, but each temporal argument also
has to be rescaled by the probability to escape on a par-
ticular side of the channel (otherwise this equation will
only give the unconditional average time to exit from the
pore). This second system of equations can be solved
using the same boundary conditions as the ones used for
Eq. 22 in addition to two new ones: τ0

C = τn+1
T = 0. Fi-

nally, one should remember that the time increment ∆ti
is not constant since the value of the total force ε used
in Eq. 3 depends on the strength of the entropic and ex-
ternal forces that are acting on the polymer, and those
forces are functions of the pore-polymer configuration i.

Finally, the results from the two previous systems of
Master equations can be used to calculate the average
squared escape times τ ij

2 =
〈
t2
〉

using a similar system
of equations as Eq. 23,

P ij τ
i
j

2
= pi+P

i+1
j

(
τ i+1
j + ∆ti

)2
+ (24)

siP ij
(
τ ij + ∆ti

)2
+ pi−P

i−1
j

(
τ i−1
j + ∆ti

)2
,

with the boundary conditions τ0
C

2 = τn+1
T

2 = 0. The
standard deviation is directly obtained from

σij =
(
τ ij

2 − τ ijτ ij
)1/2

. (25)

Obviously, higher moments of the distribution of the es-
cape times can be obtained the same way as in Eqs. 23
and 24.

The results obtained from those two methods can be
compared using the data presented in Fig. 5. This figure
shows the histogram of 106 escape times for a polymer of
length N = 10 that is initially set with one monomer in-
side the cis-entrance of a channel of length M = 5. The
average escape times obtained from these Monte Carlo
simulations are 1.163(2) and 14.595(3) for the cis- and
trans-side, respectively. In comparison, our second calcu-
lation technique gives the exact escape times τC = 1.1606
and τT = 14.6000, which is very close to the results of the
simulations. The exact calculation results we got for the
standard deviations σC = 1.0153 and σT = 2.3205 also
nicely agree with the simulation results of 1.017(7) and
2.32(4) respectively.

The validity of our calculation methods can also be
tested using analytical solutions in some cases. For ex-
ample, we know the exact solution of the first-passage
problem (FPP) of a particle between two absorbing walls
in the presence of a constant drifting force for any initial
position. In such a situation, the average escape time in
the direction of the external force, τT, is predicted to be
given by [29]

τT(x) =
L

v

(
1 + e−vL/D

1− e−vL/D

)
− x

v

(
1 + e−vx/D

1− e−vx/D

)
, (26)

where L is the distance between the two walls, x is the
initial position of the particle measured from the cis-wall,
v is its velocity, and D is its diffusion coefficient. Equa-
tion 26 should thus correspond to the results obtained
from our model if the force pulling the polymer is in-
dependent of its position, which means that we have an
external electric field with a channel of length M = 1 but
no entropic bias. In order to compare with the FPP of a
point-like particle, we also have to look at polymers that
do not have length dependencies in their friction coeffi-
cient (t′B 6= t′B(N)). Such a comparison is made in Fig. 6
where we plotted the exact calculation of the escape time
τT as a function of the initial position of the chain for
three different values of the external bias. The solid lines
on this graph are the analytical solution given by Eq. 26
with L = N = 1000, v = εFa/t

′
B, and D = a2/2t′B. The

agreement between these curves and the calculated values
(which is of the order of 0.1%–1%) confirms the validity
of our approach in the constant force regime. In fact, the
relative difference between the calculated values and the
analytical solution would decrease if we were looking at
the problem in the continuum limit (the limit where the
mesh size of the lattice tends toward zero; see Ref. [30]
for example). Considering this very good agreement in
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FIG. 6: Comparison between our exact calculation method
(points) and the analytical solution (solid lines) obtained from
the resolution of the first passage problem of a particle be-
tween two absorbing walls and in presence of a constant force.
The calculated values were obtained for a polymer of length
N = 1000 and a channel of length M = 1 in the absence of
entropic bias (ξ0 = 1, ΓZ = 0 and ΓP = 0). The solid lines
represent Eq. 26 with the following dimensionless quantities:
L = N = 1000, v = E′/2, and D = 1/2. The relative differ-
ence between the calculated values and the analytical solution
varies between ∼ 0.1% at x/L close to 0 up to ∼ 1% as x/L
approaches 1.

the presence of a constant force, we conclude that our
method would still be valid when the forces acting on the
polymer become complicated functions of its position in
the channel.

The greatest advantage of the second technique is that
it quickly gives the translocation time, even in the case
of very improbable events (e.g., a long unbiased polymer
starting on the cis-side and escaping on the trans-side
of the channel). In other words, the probability of an
event to occur will influence the CPU time for the Monte
Carlo calculation to reach a given precision while the ex-
act calculation technique is unaffected by such factors.
The disadvantage of the exact calculation scheme is that
it does not give the probability density function of the
escape times (it only gives the moments of the distribu-
tion).

Another advantage of the exact numerical technique
is that it can give all the average escape times from all
possible initial polymer configurations in one calculation
(same thing for all higher moments of the distributions).
This could be of great interest if someone is interested in
systems where the initial position of the polymer is not
exactly defined but distributed around an average value.
A good example of that is the escape processes studied by
Bates et al. [31] were the DNA molecules are pulled into
an α-Hemolysin protein pore using an external electric
field that is only turned on during half of the previously
measured average field-driven translocation time. The
DNA chains then escape the channel in the absence of
an external field from a distribution of initial positions.

Finally, both of our calculation techniques can give
the exit time on each side of the channel. Many sim-
ulation studies use artificial tricks like forbidding the
polymer from exiting on the cis-side in order to simplify
and speed up calculations (see, e.g., Ref. [32–35]). Ob-
viously, such approaches overestimate the translocation
time since they ignore all escapes on the cis-side by con-
verting them into escapes with longer time-trajectories
on the other side. Such tricks are useless in our exact
calculation method where precise values of the escape
time are obtained even for extremely unlikely events.

V. DISCUSSION

In summary, we presented a new model to study the
translocation of flexible polymers through small channels.
Using this model jointly with the exact calculation ap-
proach that we propose gives us a fast and very flexible
method for the evaluation of both the translocation time
and the probability of translocation as a function of the
initial position of the chain in the pore, the entropic pa-
rameters of the chain, the external forces applied to the
chain inside the channel, and the frictional forces slowing
down the polymer inside and outside the pore.

This model innovates in many aspects of the study of
the translocation problem. First, we proposed a correc-
tion to the calculation of the entropy of the subchain
(the z̃n term in Eq. 4). The importance of the lattice co-
ordination number is well established in polymer science
although it has been ignored in most previous theoretical
studies [5, 6, 10, 36, 37]. However, the few papers that
theoretically treat the translocation problem with an ex-
plicit introduction of the coordination number (see [38–
40] for examples), do not discuss its importance for the
translocation dynamics. The derivation of Eq. 10 demon-
strated that the LCN plays an important role when there
is only one subchain outside the channel. Secondly, we
would like to stress the fact that our biased random-walk
algorithm gives both the right drift velocity and diffu-
sion coefficient, in contrast with other translocation ap-
proaches based on standard Monte Carlo or Metropolis
algorithms. Under the influence of any driving force, the
distribution of escape times would be wrong without us-
ing our random-walk algorithm, i.e. without using the
right value of s(ε) (Eq. 1). The exact numerical scheme
that we propose in this paper is also of great interest,
precision and rapidity, because it allows us to study con-
figurations that would otherwise be impossible to observe
using standard simulation techniques due to their unlike-
liness (for instance, obtaining the average escape time for
events that have a probability to occur of 10−10 or less, as
we will present in the second article of this series, would
be impossible without our exact calculation technique).
Moreover, exact calculations allow us to avoid unphysi-
cal assumptions (like a condition that forbids the chain
to escape on a given side of the membrane).

Our model is very adaptable. For example, many the-
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oretical models use a chemical potential difference ∆µ
between the two sides of the membrane to drive the poly-
mer through the pore instead of an external electric force.
Such a driving mechanism could easily be introduced in
our model by simply adding a component to the total
scaled force ε that would be proportional to ∆µ. A use-
ful improvement to this model would be the derivation
of a realistic interpolation function for the entropic force
when only a few monomers are outside the channel (the
values of γ and z̃ are obviously not right when the num-
ber of monomers is too small). Another concern is the
molecular crowding that must take place on the trans-
side at high field. It should be possible to include it in

this type of model, at least approximately.

In the second part of this series, escape times and prob-
abilities obtained using the present novel random-walk
approach will be presented and compared to theoretical
predictions.
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covery Grant from the Natural Science and Engineering
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scholarships from the University of Ottawa and the Fonds
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A Monte Carlo algorithm to study polymer translocation through nanopores:
II. Scaling laws
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Department of Physics, University of Ottawa, 150 Louis-Pasteur, Ottawa, Ontario K1N 6N5, Canada

(Dated: December 17, 2007)

In the first paper of this series, we developed a new one-dimensional Monte Carlo approach for
the study of flexible chains that are translocating through a small channel. We also presented
a numerical scheme that can be used to obtain exact values for both the escape times and the
escape probabilities given an initial pore-polymer configuration. We now present and discuss the
fundamental scaling behaviors predicted by this Monte Carlo method. Our most important result
is the fact that, in the presence of an external bias E, we observe a change in the scaling law for the
translocation time τ as function of the polymer length N : in the general expression τ ∼ Nβ/E, the
exponent changes from β = 1 for moderately long chains to β = 1+ν or β = 2ν for very large values
of N (for Rouse and Zimm dynamics, respectively). We also observe an increase of the effective
diffusion coefficient due to the presence of entropic pulling on unbiased polymer chains.

I. INTRODUCTION

In the first contribution of this series [1], we derived
a new Monte Carlo approach for the study of polymer
translocation through a small pore. Assuming quasi-
equilibrium of the chain during the translocation pro-
cess (i.e. assuming that the two subchains outside the
channel have enough time to equilibrate between each
Monte Carlo step), we proposed a mapping of this com-
plex three-dimensional polymer dynamics problem onto a
simple one-dimensional biased random-walk (see Fig. 1).
We described how the entropic pulling generated by the
subchains outside the pore and the external force applied
to the section of the chain that is inside the channel can
be treated as a bias modifying the random walk of the
chain in the one-dimensional Monte Carlo space. We also
showed how a rescaling of the time step can be used to
correct the random-walk algorithm in order to reproduce
the impact of the friction coefficient of the chain, which is
a non-trivial function of the polymer lengths inside and
outside the pore. Finally, we demonstrated that this al-
gorithm can either be used in Monte Carlo simulations
to obtain the distribution of the translocation events, or
with an exact resolution scheme based on a Master equa-
tion approach to get the exact values of the translocation
probabilities and average escape times (and the higher
moments of their distributions). The latter approach al-
lows us to study very improbable events with arbitrary
precision.

Several studies have dealt with the translocation prob-
lem using a variety of theoretical approaches. The two
most famous methods are probably the one proposed by
Sung and Park [2] and by Muthukumar [3]. Both of these
approaches predicted that the translocation time τ(N),
i.e. the time for a polymer chain of length N to move
across the channel from one side to the other would scale

∗E-mail: gauthier.michel@uOttawa.ca
†E-mail: gary.slater@uOttawa.ca

FIG. 1: Schematic representation of our model, which con-
sists in a mapping of the complex three-dimensional dynam-
ics of a polymer translocating through a small channel onto
a one-dimensional biased random-walk. In the model, the
bias applied to the random-walker represents effects such as
the entropic biasing due to the different sizes of the two sub-
chains outside the pore and/or the pulling of the chain by an
external force (e.g., an electric field). The frictional effects are
included as a correction to the random-walk time step. The
complete derivation of the algorithm can be found in Ref. [1].

like τ ∼ N2/D and τ ∼ N/D (where D is the effective
diffusion coefficient of the chain), when the external bias
is small or large, respectively. In the case of strong biases,
both studies predict an escape time that is inversely pro-
portional to the external bias. However, the derivation
of these scaling laws did not include any hydrodynamic
drag dependency.

Storm et al. [4] examined the role of hydrodynamic
drag effects and concluded that the scaling of the translo-
cation time should depend directly on the frictional
regime that is relevant for a given system. For such
cases where the pore-polymer friction dominates the hy-
drodynamic drag forces, the escape times are predicted
to scale linearly with the polymer length in the strong
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FIG. 2: We look at the translocation process of a poly-
mer of finite length N across a channel of length M as a
one-dimensional first-passage problem of a biased point-like
random-walker between two absorbing boundaries separated
by a distance L = M + N . The biasing forces acting on the
walker are the entropic pulling εS (solid line) and the external
electric force εF (dashed line); both depend of the position
of the particle. The position i of the particle is defined such
that i = 0 when NC = N (the polymer has failed to translo-
cate and has moved to the cis-side instead) and i = M + N
when NT = N and translocation is completed. See Ref. [1]
for details.

field limit (as observed by Kasianowicz et al. [5] and
Meller et al. [6]). On the other hand, when the hydro-
dynamic drag of the subchains outside the channel dom-
inates, three distinct regimes are predicted: (1) τ ∼ N2

when the polymer is short compared to its persistence
length; (2) τ ∼ N for intermediate polymer lengths, and
(3) τ ∼ N2ν for very long chains. The third regime
was experimentally observed by Storm et al. [4] and the
predicted scaling law was derived for Zimm dynamics.
Kantor and Kardar [7] demonstrated that the last scal-
ing law should be replaced by τ ∼ N1+ν in the presence
of Rouse dynamics.

In this paper, we systematically analyze the pre-
dictions of our one-dimensional polymer translocation
model by presenting results that examine one aspect at
a time. In order to simplify the analysis, we will look
at the motion of a random-walker of finite length N (see
Fig. 1) as the first-passage problem (FPP) of a point-
like particle evolving in a combination of external and
entropic potentials (see Fig. 2). We will present translo-
cation times and translocation probabilities for polymers
starting on the cis-side of the membrane with only one
monomer inside the pore. All results that we will present,
except for Fig. 3, were obtained using our exact calcula-
tion method [1]. As usual in this type of study, the results
and parameters are presented in a dimensionless form,
which means that the polymer length N and the chan-
nel length M are in units of a (the monomer or lattice
parameter size) and all times are in units of tB (the Brow-
nian time step of our one-dimensional random-walker in
the absence of any biasing forces). Consequently, all ve-

locities v, diffusion coefficients D and electric fields E
are respectively expressed in units of a/tB, a2/tB and
kBT/λa

2 (where λ is the linear charge density along the
polymer chain).

This paper is organized as follows. We first look at the
effect of an external driving force that is applied to the
section of the chain that is inside the channel. These first
calculations are done in the absence the two other major
components of our model, i.e. they do not include any
entropic forces nor frictional length dependencies. The
next section presents results obtained in presence of en-
tropic forces only (no external field nor friction effects)
while the following section looks at the impact of these
two sets of forces together (external and entropic forces).
In the last section, we examine how the frictional effects
affect the picture. As we shall see, our model agrees with
all of the recent theoretical predictions in the relevant
limits, but provides much more information than pre-
vious numerical investigations, especially about highly
improbable events and extremely long polymer chains.
It also makes a number of new predictions that can be
tested experimentally.

II. TREATING THE CHAIN AS A
FIELD-DRIVEN POINT-LIKE PARTICLE

We will start by looking at the escape of polymer
chains that are driven across the channel solely by an
external electric force E (i.e no entropic nor hydrody-
namic effects are considered in this section). In this
paper, we will only report the values of the dimension-
less field E′ = λa2E/kBT instead of its counterpart εF
since the latter is a function of the number of monomers
NP inside the channel and is, consequently, not constant
during the translocation process. As mentioned before,
the escape times τT and translocation probabilities PT

reported here are for polymers starting on the cis-side
with only one monomer engaged inside the channel (i.e.
NC(t = 0) = N − 1).

A. Distribution of the escape times

Figure 3 presents the probability density function
(PDF) of the translocation time for three different val-
ues of the external field E′. These double-peaked curves
were obtained using MC simulations [1] (with 107 runs
per curve). We rescaled the x-axis using the average
escape time τ = 〈t〉 for each particular system in or-
der to have all curves located around the same value.
As expected, an increasing external driving force reduces
the first peak (which corresponds to the polymers that
escape, or backtrack, on the cis-side of the channel),
while the second peak (corresponding to real transloca-
tion events) increases. Moreover, we can see that as the
external field E′ increases, the PDF of the escape times
tends toward a narrower single-peaked distribution lo-
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FIG. 3: Probability density function (PDF) of the scaled es-
cape time (t/〈t〉) for different values of the external field E′.
As the force increases, the distribution tends toward a one-
peak distribution located around τ = 〈t〉. We carried out 107

MC simulations with N = 10 and M = 5 for each value of
E′. No entropic bias or frictional effects were used in these
simulations.

cated around t = 〈t〉: polymer translocation becomes a
deterministic process in this limit.

B. Translocation times vs Polymer lengths

We now look at the influence of the external driving
field E′ as the polymer length N increases at fixed pore
length M . From now on, we will look at the average
escape time τT for polymers that successfully translo-
cate through the channel and escape on the trans-side.
Figure 4a presents typical curves (exact numerical re-
sults, solid lines) for fields E′ varying between 0 to 1
and a channel length M = 100. Note that our algo-
rithm allowed us to study molecular lengths that cover
six orders of magnitude. In the absence of a driving
force (E′ = 0), the situation reduces to the first-passage
problem of a free random-walker between two absorbing
boundaries. The solution of this problem is summarized
in Appendix A. The circle points were calculated using
Eq. A5, and agree nicely with the E′ = 0 line in Fig 4a.
Mapping the translocation of the polymer chain onto the
motion of a point-like particle, the dimensionless param-
eters in Eq. A5 are the spacing L = M + N , the initial
position x = 1, and the dimensionless diffusion coefficient
D = 1/2. As expected, the calculated points demon-
strate that the quadratic dependence of the escape time
upon the total distance to travel (as predicted by Eq. A5)
is valid for all values of N only in absence of driving force
E′ = 0.

The E′ > 0 escape times can also be obtained from
the solution (Eq. A2) of the biased FPP for a point-like
particle with a velocity v = ME′/2 and a diffusion coeffi-
cient D = 1/2. As we can see from the circles in Fig. 4a,

FIG. 4: (a) Translocation times τT as a function of the chain
length N for a fixed pore length M = 100 and different values
of the external field E′. (b) Translocation times as a function
of the external field E′ for different values of N . In both
cases, the solid lines are the exact calculations obtained from
our model while the circles are estimated values obtained from
Eq. A2 (and its zero-field version Eq. A5). Estimated points
are only showed in the regions where they are in good agree-
ment with our exact calculations. No entropic forces and no
friction effects were used for these calculations.

Eq. A2 can be used to calculate τT in two different lim-
its: (1) for any value of N when E′ is small enough,
and (2) for any value of the field E′ when the polymer
length N is large enough. The failure of Eq. A2 outside
those two limits is due to the fact that it ignores the en-
trance and exit phases during which the average velocity
of the chain is not proportional to ME′ but proportional
to NPE

′, where NP is the number of monomers that are
inside the channel (outside these two phases, one has a
constant velocity since we then have NP = M).

Figure 4a shows that two major qualitative changes
occur when the field E′ is increased. First, we clearly see
that the presence of an external bias, even a very weak
one, eventually makes the escape time scale like τT ∼ N
instead of N2. In fact, in the case of the very weak field
intensity E′ = 10−5, it is possible to observe both regimes
here. These two regimes were predicted by Muthuku-
mar [3] using arguments from the theory of nucleation
and by Sung and Park [2] using the theory of diffusion
over a free energy barrier. More precisely, these two mod-
els predicted translocation times that scale like N/D and
N2/D for high and low field respectively, but then made
two different assumptions on the form taken by the diffu-
sion coefficient D. If we assume that the diffusion coeffi-
cient of the chain is independent of the chain length (i.e.
D = const. like for a point-like Brownian walker, which is
Muthukumar’s assumption), both models agree with our
findings presented in Fig. 4a. In our case, the transition
between the two regimes is located around MNE′ ≈ 5.2
(evaluated from the inflection point of the derivative of
the E′ = 10−5 curve). Note that the total energy associ-
ated with a complete translocation event is given by the
product MNE′ (the total applied force, ME′, times the
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distance N). The strong field regime (τT ∼ N) is thus
observed when MNE′ � 1 (i.e., when the work done
by the field exceeds kBT ). Note that if we were using
a friction coefficient proportional to the polymer length,
as Sung and Park did, we would agree with their work
and observe scalings that go from τT ∼ N3 without an
external force to τT ∼ N2 when a field is applied (see
Sec. V). In their case, the transition between the two
scalings laws was observed when N∆µ ≈ kBT , where ∆µ
is the energetic cost to transfer a monomer from the cis-
to the trans-side of the channel; this is fully consistent
with our observations.

The second striking characteristic of the results in
Fig. 4a is that, if the field strength is large enough
(E′ >∼ 10−3), a minimum in the τT vs N curves appears,
meaning that there is a intermediate value of the polymer
length that minimizes the time it takes to cross the chan-
nel. When we look carefully at our data, we observe that
the position of this minimum tends toward N = M/2 as
the field E′ increases. The presence of such an optimal
polymer length is counterintuitive but can be understood
from the following asymptotic derivation. In the presence
of an external field, the average velocity of the polymer
is always proportional to both the external bias and the
number of monomers inside the channel (〈v〉 ∼ NPE

′).
Moreover, if the field is large enough so that the chain
translocates directly from the cis-side to the trans-side
without moving backward at any time, the translocation
time is easily evaluated as a summation of the time re-
quired for each step between the initial (i = 1) and the
final (i = M+N−1) positions. In the case whereN < M ,
we have

τT ∼
N∑

n=1

1
n

+
M −N − 1

N
+

N∑

n=1

1
n
, (1)

where the first and third terms account for the entrance
and the exit phases of the translocation (NC 6= 0 and
NT = 0 in the former case, NC = 0 and NT 6= 0 in
the latter) during which the velocity of the polymer is
proportional to NP. The second term in Eq. 1 gives the
time spent while the polymer is completely inside the
channel with a constant velocity∼ N . For a fixed channel
length, as is the case in Fig. 4a, one can show that Eq. 1
has a minimum at N = M/2, which is consistent with the
results obtained from our model in the high field limit.

Finally, if we use the argument that led to Eq. 1, we
can derive the translocation time for chains longer than
the channel N > M at high fields:

τT ∝
M∑

n=1

1
n

+
N −M − 1

M
+

M∑

n=1

1
n
. (2)

When N �M , the second term of Eq. 2 dominates and
we recover the scaling law τT ∼ N .

FIG. 5: (a) Translocation probabilities PT as a function of
the total distance to travel L = M+N for a fixed pore length
M = 100 and different values of the external field E′. (b)
Translocation probabilities as a function of the external field
E′ for different values of N . In both cases, the solid lines
are the exact calculations obtained from our model while the
circles are estimated values obtained from Eq. A1 (and its
zero-field version Eq. A4). Estimated points are only showed
in the regions where they are in good agreement with our
exact calculations. No entropic forces and no friction effects
were used for these calculations.

C. Translocation times vs External fields

We now investigate the dependence of the escape time
τT upon the field intensity E′. Figure 4b shows how the
escape time decreases as the external field increases for
various polymer lengths N and a fixed channel length
M = 100. We first note that there is an inversion of the
curves as N increases beyond the channel length M . This
inversion is directly related to the presence of the minima
in Fig. 4a (see previous section). We also observe that all
the curves have the same shape: first, a slow decrease of
the escape time over several orders of field intensity (the
Brownian motion dominates in this regime), followed by a
1/E′ decay when the field is above a critical value E?(N).
The decay beyond E?(N) is again due to the fact that
the chain velocity scales linearly with the field intensity
so that τT ∼ 〈v〉−1 ∼ E′−1 in this limit.

The critical field E?(N) could be very useful for exper-
imentalists who would like to make sure that for a given
system, they operate above that minimum field thresh-
old in order to have reasonable translocation times. In
the case of Figure 4b, this field must satisfy the rela-
tion E?(N) ≈ 5.1/MN using the curve for N = 105

monomers. Note that this value is very close to the one
found in the previous section for the transition between
the τT ∼ N and τT ∼ N2 regimes at constant field .
This result means that if one knows the critical field for
a given system (given values for N and M), it is possi-
ble to approximate the value of E? for any other pairs of
N and M using the fact that the product MNE? must
be constant (as long as we are not in the pathological
M ≈ N region).
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D. Translocation probabilities

The effect of the external field on the translocation
probability PT is quite interesting. Figure 5 shows the
impact of the external force on PT as a function of the
total distance to travel L = M + N in (a) and as a
function of the field strength E′ in (b). We note that
our exact numerical method allows us to study very long
chains (slightly above N = 105 monomers here) and very
rare events (PT < 10−4).

We observe two significant effects in Fig. 5a. First,
in the presence of an external bias, the probability of
translocating is always constant for long polymers. This
is actually to be expected since the resolution of the
FPP for a biased Brownian particle between two absorb-
ing wall gives the following translocation probability (see
Eq. A1)

PT =
1− e−ME′

1− e−ME′(M+N)
, (3)

where we used L = M + N , the initial condition x = 1
and v/D = ME′. In the ME′L� 1 limit, we have PT =
1− e−ME′

, which is not function of N . The value of this
plateau obviously increases with the field E′ and tends
toward unity as E′ →∞ (all chains translocate). Finally,
the −1 slope found for E′ = 0 can also be understood
from Eq. 3 since, in the absence of a driving force (E′ →
0), this formula reduces to PT → 1/L. The same slope
shows up for small chains at very low fields, i.e. whenever
Brownian motion dominates the translocation process.

The second interesting result related to Fig. 5a is the
fact that, as the field strength increases, the PT vs N
curves switch from decreasing to increasing. We may
thus conclude that, for each channel length M , there
is a critical value of the external field E′ for which the
probability to translocate is almost constant over all val-
ues of N . In this example, this critical value is around
E′ ≈ 1.77 × 10−4. Further calculations demonstrated
that this critical field satisfies the relation M2E′ ≈ 1.77
for various channel lengths M (data not shown). The
two competing effects here are the decrease of PT due to
the increasing distance to travel and the increase of PT at
N < M due to the gradual augmentation of the pulling
force as the polymer enters into the channel.

The field-dependence of the translocation probabilities
(Fig. 5b) can also be obtained from Eq. 3; the predicted
values (the circular data points) are in excellent agree-
ment with our data for small external forces (E′ < 10−5).
Equation 3 overestimates the translocation probability in
the presence of high field intensities due to the underes-
timation of the probability of escaping on the cis-side
(assuming a constant field ∼ ME′ makes us overesti-
mate the probability to move forward when only a few
monomers are in the channel at the beginning of the pro-
cess). We checked that this discrepancy is reduced by
changing the initial position of the polymer to be deeper
inside the pore or by reducing the channel length. Fi-
nally, the slope of 1 in Fig. 5b is obtained only in the

specific range of L−1 �ME′ � 1, a condition for which
Eq. 3 becomes PT ∼ME′.

III. FREE TRANSLOCATION WITH
ENTROPIC FORCES

We will now ignore external field E′ and focus our at-
tention on the entropic forces exerted by the sections of
the chain that are outside the channel. In practice, an
absence of entropy means that we use a lattice coordi-
nation number z̃ = 1 and an exponent γ = 1 (rod-like
polymers); in the presence of entropy, we use z̃ = 3 and
γ = 0.69, as required for flexible chains (see Ref. [1] for
details). Finally, all results presented in this section have
no polymer length dependency in the frictional effects,
which means that the time increment ∆t used for the
random-walk does not depend on the size of the polymer
(t′B 6= t′B(N)). In other words, in absence of frictional ef-
fects, all polymers are still treated as point-like particles
as far as hydrodynamic drag is concerned.

A. Translocation time vs Channel length

Figure 6a presents the translocation time for a polymer
starting on the cis-side (with only one monomer inside
the pore, NP(t = 0) = 1) as a function of the chan-
nel length M . Results are shown for calculations with
and without entropic forces for three different polymer
lengths N .

First, let’s examine the curves (dashed lines) without
entropic effects. As expected, the translocation times τT
are proportional to N2 when M → 0. This is due to
the fact that, in this limit, the total distance traveled
to exit on the trans-side, L = M + N , tends toward
N , which gives us a diffusion time τT ∼ L2/D ∼ N2

(with D ∼ constant here). On the other hand, in the
M � N limit, all escape times converge to the same
values since the distance to the exit is then almost the
same for all polymer lengths (L → M) and the escape
time τT grows like M2. As we will see later, this would
not be the case if frictional effects (which are function
of the polymer length) were considered. In Fig. 6b,
we have rescaled the axes as follows: τT → τT/N

2 for
the y-axis, while M → L2/N2 for the x-axis. In ab-
sence of entropic effects, the situation is identical to the
first-passage problem of an unbiased point-like random-
walker, and Eq. A5 should apply. Consequently, when L
is large enough compared to the initial position x = 1
of the chain, we expect that the translocation time will
be given by τT = L2/6D. Figure 6b shows that rescal-
ing both axes indeed makes the dashed lines fall on a
universal curve independent of the polymer length. The
diffusion coefficient corresponding to that straight line
can be evaluated from its y-intercept, which should be
equal to − log(6D). For the no-entropy case, we obtain
an intercept − log(6D) ≈ 0.4771, or D ≈ 0.5000. This
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FIG. 6: (a) Translocation time τT as a function of the channel
length M for three different chain lengths N . The broken
lines correspond to cases without entropic bias (z̃ = 1 and
γ = 1), while the solid lines correspond to flexible chains in
the presence of entropic bias (z̃ = 3 and γ = 0.69). In order to
focus on the effect of an entropic force, no external field was
applied and no friction effects were introduced. (b) Same as
in (a) except that both axes were rescaled. The total escape
distance is L = M +N .

is fully consistent with the exact value D = 1/2 that
characterizes this class of random-walk models [8].

We now examine the effect of the entropic forces on the
previous results. The solid lines in Fig. 6a show that the
addition of entropic forces can make the escape time de-
crease as the pore length increases, which is counterintu-
itive since we expect the translocation time to increase in
such circumstances. In fact, for a given polymer length,
our result clearly shows that there is a critical channel
length, situated around M ≈ N , that minimizes the
translocation time. The existence of such a minimum was
discussed by Muthukumar [9] in his study of a polymer
going through a free energy barrier. The most important
impact of the presence of entropic forces is the inversion
of the curves in Fig. 6a in the M ≈ N region. This type of

crossover was also observed by Luo et al. [10] in their two-
dimensional Monte Carlo study. This inversion can be
understood in the following way. When the pore length
is much shorter than the polymer length (M � N),
most of the time needed to translocate the chain is spent
while the polymer has two subchains outside the pore
entropically competing with each other. Consequently,
the longer the chain is, the longer this competition takes.
In the opposite limit M � N , the translocation pro-
cess is mostly a chain diffusing inside a long channel,
and the escape time becomes essentially independent of
the polymer length. In the region where M <∼ N , the
duration of the entropic competition becomes negligible
compared to the time spent entering and exiting the pore;
when M >∼ N , entropic competition cannot take place.
In these two cases, the highly nonlinear entropic forces
sometimes lead to situations where the longer polymer
takes less time to escape (note, however, that it has a
lower probability to translocate). Of course, such curve
inversions could disappear if N -dependent frictional ef-
fects were considered. The origin of these minima will be
discussed again in Sect. III C.

Figure 6b also presents the rescaled escape times in
the presence of entropy. We can see that the solid lines
seem to fall onto the universal curve obtained in absence
of entropy in the limits where L → N and L � N . In
the latter limit, the diffusion coefficient is not only inde-
pendent of the polymer length, but also of the presence
of entropic forces. This is again due to the fact that
when M � N , most of the translocation process is spent
with the complete polymer inside the channel, a situation
where the entropic forces play no role. Finally, we note
that the rescaling of the x-axis by a factor N makes the
minima of the curves to be located at the same position,
i.e. around L/N = 2 or M = N .

B. Translocation time vs Polymer length

We now look at the same data but as a function of
the polymer length N instead of the channel length M .
Figure 7 presents the values of τT as a function of N for
three different pore lengths M . These results are quali-
tatively similar to (but slightly different from) the ones
presented in Fig. 6. Again, we note the presence of an
optimal value of N , around M = N , that minimizes the
average translocation time. The same curve inversions
are observed. At small N , the time to translocate in-
creases with the channel length as long as there is no
entropic competition between two subchains, i.e. as long
as N < M . We also see that for large values of N , the
translocation time increases as N2 even in the presence
of the entropic bias. Note that if a friction coefficient
proportional to the polymer length were introduced, this
scaling would become τT ∼ N3 as in reptation theory [11].

Again, these results are better understood if we look
at rescaled data (Fig. 7b). As observed previously, this
graph confirms that τT obeys to a normal diffusion pro-
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FIG. 7: (a) Translocation time τT as a function of the polymer
length N for three different pore lengths M . The broken
lines correspond to cases without entropic bias (z̃ = 1 and
γ = 1), while the solid lines correspond to flexible chains in
the presence of entropic bias (z̃ = 3 and γ = 0.69). In order to
focus on the effect of an entropic force, no external field was
applied and no friction effects were introduced. (b) Same as
in (a) except that both axes were rescaled. The total escape
distance is L = M +N .

cess; for example, the escape time increases like L2 when
N � M . The corresponding diffusion coefficient is
D = 1/2 when there is no entropy (see Section III A).
However, the curves obtained in the presence of entropic
forces now converge toward a single straight line with a
different y-intercept (≈ −0.5677 instead of ≈ −0.4771).
This new intercept value is a non-trivial function of the
entropy parameters and corresponds to an effective dif-
fusion coefficient Deff ≈ 0.6160. This effective diffusion
coefficient is independent of M since we are looking at the
limit where N �M . Thus, in this regime of long chains,
the presence of entropic forces leads to an increased dif-
fusion coefficient, even though no net force is applied. As
far as we know, it is the first time that such an increase
of the diffusion coefficient is ever reported in the context

FIG. 8: Translocation time of a chain of length N in a channel
of the same length (M = N) as a function of the total dis-
tance traveled L = M +N in the presence of entropic forces.
These conditions correspond to those leading to the minima in
Figs. 6 and 7. The inverse of the slope, 1.821−1 ≈ 0.5491 (in
units of a/tB), represents the average translocation velocity.

of polymer translocation.
This larger effective diffusion coefficient is the result of

the fact that the presence of the entropic forces acceler-
ate the dynamics of the chain. As Eq. (A2) shows, the
translocation time is reduced if we have an external field,
even if the field is pointing in the wrong direction (a series
expansion of Eq. (A2) as a function of the velocity v has
only terms with even powers of v). Therefore, the unbi-
ased entropic forces lead to shorter translocation times,
which we observe as a larger effective diffusion coefficient.
This subtle point has been overlooked until now.

C. The special case M = N

Figure 8 presents the translocation times for chains of
length M = N as a function of the total distance to the
exit L = M + N = 2N . These conditions correspond
to the position of the minima in Figs. 6 and 7. Surpris-
ingly, the escape time increases linearly with the system
size when M = N . This means that there is a unique
translocation velocity ≈ 0.5491 (the inverse of the slope
in Fig. 8) for all polymers whose length are equal to that
of the channel. This translocation velocity is actually
given by ln(z̃)/2 = 0.5493. We verified that this rela-
tion holds for numerous values of the LCN parameter z̃
(data not shown). Moreover, this value is independent of
the initial position of the polymer. This result can be ex-
plained by the fact that when we are close to M = N , the
entropic field εS is essentially described by the first and
third cases of Eq. 10 in the first paper of this series [1]:

εS =
(1− γ)

2NC

− ln(z̃)
2

and εS =
ln(z̃)

2
− (1− γ)

2NT

. (4)

These terms correspond to the chain entrance and exit
phases, respectively. If we look at large values of N ,
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FIG. 9: Ratio of the standard deviation of the translocation
time to the mean translocation time, σT/τT, as a function of
the polymer length N for a pore length of M = 100. The
results were obtained using the same conditions as the ones
used for the solid line presented in Fig. 7a; i.e. with entropic
bias and without external force.

the 1/N term becomes negligible, which leaves us with
εS ≈ ± ln(z̃)/2. Solving the first-passage problem in the
presence of a constant field εS shows us that the time to
travel a certain distance is the same whatever the direc-
tion taken by the particle (forward or backward in the
field) [12]; it is the probability of moving in a given di-
rection that is a function of the sign of εS. Consequently,
the escape velocity of our polymers in the M = N case
must be given by v = εSa/t

′
B = ln(z̃)/2.

Finally, this escape velocity (found in the vicinity of
M = N) is the explication of the minima observed in
Figs. 6 and 7. While short and long polymers (compared
to the channel length) diffuse back and forth in the chan-
nel, those with a size N ≈ M drift with a well-defined
universal velocity. This phenomenon directly leads to a
smaller translocation time. Remarkably, this drift effect
also leads to a much smaller standard-deviation σT of the
translocation time (see Fig. 9. This is consistent with the
fact that a drift phenomenon is more deterministic than
a diffusion process. As far as we know, the fact that the
M ≈ N case is actually dominated by a universal drift
velocity is a new prediction.

D. Translocation probabilities

In Fig. 10a we present the relation between the proba-
bility of translocating from the cis- to the trans-side, PT,
and the total distance to translocate L, with and with-
out entropic forces. In both cases , we see that when
M � N (or L � 10 on this figure), this probability de-
cays as 1/L. This result was expected in the no-entropy
case since, as we saw in Eq. 3, the analytical solution of
the corresponding unbiased FPP then gives PT = 1/L.
The surprising result here is that the presence of entropic
forces reduces PT by four orders of magnitude and that

FIG. 10: (a) Translocation probability, PT, vs the total dis-
tance to translocate, L = M +N , for a fixed polymer length
N = 10. The broken line was obtained without entropic bias
while the solid one represents the results in the presence of
entropic bias. (b) Same as in (a) except that the channel
length is fixed to M = 10 while the polymer length N varies.
In both cases, the dashed line extrapolates toward the ori-
gin. No external forces nor friction effects were used in the
calculation.

this decrease occurs entirely in the region M <∼ N . Ob-
viously, this decrease is due to the entropic force exerted
by the subchain on the cis-side which, at the beginning
of the process, pulls the chain outside the channel on
the same side it started. In other words, the entropic
cost of the entry phase greatly reduces the translocation
probability. The entropic force does not affect the scal-
ing of PT at large L (i.e. M � N) because, in this
limit, the translocation process is mostly spent with all
the monomers inside the channel.

Part (b) of Fig. 10 presents the probability of having
a successful translocation, but this time for a fixed pore
length. The dashed line gives the same data as in part
(a). The solid line obtained using entropic forces shows
a different decay of the translocation probability as the
polymer length increases (PT ∼ Lγ−2 ∼ Nγ−2 for large
N). We verified that the slope was indeed given by γ− 2
by redoing the calculations using several values of the en-
tropic parameter γ (data not shown). The steeper slope
is due to the fact that the entropic pulling exerted at
the beginning of the process increases with N , making
it more difficult for longer chains to engage inside the
channel. However, we have been unable to derive this
expression analytically.

Finally, it is interesting to note that our exact calcula-
tion method allows us to study the properties of events
that are very unlikely to occur. For example, PT is as
small as 10−12 for N ≈ 105 chains, and it would be
even smaller if we were looking at channels longer than
M = 10. Such studies would be impossible with conven-
tional simulation methods.
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IV. FIELD-DRIVEN TRANSLOCATION

We will now briefly look at the impact of having both
the external driving forces and the entropic biases. Fig-
ure 11 shows results similar to those presented in Fig. 4
except that entropic forces are now considered. Com-
paring these two figures, we observe that the addition of
entropic biases are only noticeable at low external field
E′ and for polymer lengths smaller or comparable to the
channel length (roughly in the region where E′ < 10−1

and N ≤ 103 in the M = 100 case studied here). In
Fig. 11a, we clearly see the competition between the two
types of minima that appear when N increases; i.e. the
one at M = N due to the presence of entropic forces, and
the one at N = M/2 due to the presence of a driving force
in the channel. The addition of entropic forces is also no-
ticeable in Fig. 11b since the N = 1 curve is no longer
the lowest one in the limit of small field E′. Also, the
small maximum appearing on the N = 102 curve is due
to the competition between the two minima mentioned
above.

Finally, Fig. 12 presents the same results as in Fig. 5
but in the presence of entropic forces. As we saw in the
previous section, we clearly observe that the addition of
an entropic force to the external driving force reduces the
probability to translocate by several orders of magnitude.
In the PT vs L graph (Fig. 12a), we see that all low-
field curves (E′ < 10−3) decay as Lγ−2 before they reach
their plateau value for large molecular sizes L. Obviously,
in the case of the E′ = 0 curve, the γ − 2 exponent is
identical to the one reported in Sec. III D. Figure 12b
shows that the presence of entropic forces combined with
the external driving force leads to a change: we now have
PT ∼ E′2−γ instead of PT ∼ E′1 (see Fig. 5b) for very
long chains. Here again we have been unable to derive
this relationship analytically.

FIG. 11: Translocation times τT as a function of the chain
length N and the external field E′ for a fixed pore length
M = 100 and in the presence of entropic forces (z̃ = 3 and
γ = 0.69). No friction effects were used for these calculations.

FIG. 12: Translocation probabilities PT as a function of the
channel length L and the external field E′ for a fixed pore
length M = 10 and in the presence of entropic forces (z̃ = 3
and γ = 0.69). No friction effects were used for these calcu-
lations.

V. ADDING THE FRICTIONAL EFFECTS

Since modifying the friction coefficient has no impact
on the translocation probabilities, this section focuses
entirely on translocation times. Figure 13 presents the
translocation time τT as a function of the polymer length
in the presence of frictional effects. This figure shows the
escape times for four different channel lengths M with
an external force ME′ = 0.1 (constant potential V ) so
that all curves have the same translocation times at large
N . The escape times are not function of M in this limit
since the distance to escape on the trans-side becomes
independent of M if N � M . The constant potential
assures us that the total applied force on the random-
walker (∼ ME′ = V ) is the same whatever the channel
length.

The graph in the inset shows the slopes of these four
curves as a function of N and we see that they all con-
verge to the same slope of 1 + ν when the subchains’
friction dominates over the pore-polymer one (i.e. when
N � M). For simplicity, we assumed Rouse dynamics
with ΓR = 1 and ΓP = 0 (see Ref. [1] for the definitions)
for our calculations. This choice greatly reduces the com-
putational difficulties because the transition between the
pore-polymer and the subchains frictional regimes hap-
pens for much smaller polymer sizes N if we use Rouse
dynamics. More precisely, the critical polymer length for
which the pore-polymer friction balances the subchains
friction grows like M1/ν ≈ M5/3 and M1/(2ν−1) ≈ M5

for Rouse and Zimm dynamics, respectively. We did ver-
ify that the asymptotic exponent is indeed 2ν (instead of
1 + ν) with Zimm dynamics (data not shown).

These results can be understood as follows. In the
limit of very long chains (N �M), the viscous drag felt
by the portion of the chain that is inside the channel
becomes negligible compared to the friction of the coils
subchains outside the pore. Storm et al. [4] used simple
scaling arguments to show that, in this limit, the translo-
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FIG. 13: Translocation time τT as a function of the polymer
length N in the presence of frictional effects inside and outside
the pore (ΓR = 1, ΓP = 0 and ξ0 = 1). The four curves were
calculated for different pore lengths M at constant potential
V = ME′ = 0.1 with z̃ = 3 and γ = 0.69. The inset gives the
slopes of these curves.

cation time scales like τT ∼ N2ν using Zimm dynamics.
Assuming Rouse dynamics would lead to τT ∼ N1+ν in-
stead. Both derivations are in agreement with the results
obtained from our numerical model. We also note that
we recover the scaling law τT ∼ N if N � M . Finally,
we observe the presence of a minimum for long enough
channels.

The derivation by Storm et al. of the translocation
exponent is based on the fact that a balance between the
driving external force and the drag force of the subchains
must be met at all times during the translocation process.
However, this derivation could not be used in absence of a
driving field. We thus propose to expand their derivation
in order to treat the case of chains moving under unbiased
diffusion.

Our scaling derivation is based on the first and second
derivatives of the radius of gyration during the translo-
cation process

Rg ∼ Nν ,

∆Rg ∼ νNν−1∆N , (5)
∆2Rg ∼ ν(ν − 1)Nν−2(∆N)2 + νNν−1∆2N .

In the case of biased translocation, the scaling of the
translocation time can be obtained in a way similar to
what was proposed by Storm et al. The external force
applied F must be proportional to the product of the
friction coefficient ξ of the chain times its translocation
velocity v. If we are looking at very long chains, we can

assume that the force F is constant during the translo-
cation and that the friction coefficient ξ is mostly due to
the friction of the subchains outside the channel (i.e. that
ξ scales like Nν and N1 for Zimm and Rouse dynamics,
respectively). Using Eq. 5, we then have

F ∼ ξv ∼ ξ∆Rg

∆t
∼ ξNν−1 ∆N

∆t
. (6)

During a complete translocation event from the cis- to
the trans-side, the number of monomers on the cis-side
decreases from N to 0 (∆N ∼ N) during a translocation
time ∆t = τT, which leads to

τT ∼ ξNν ∼
{
N2ν if Zimm ,

N1+ν if Rouse ,
(7)

in agreement with Storm et al.
Let’s now derive the translocation time of a chain in the

absence of an external driving force. In this case, the con-
stant quantity is the temperature, which is proportional
to the product of the friction and diffusion coefficients
(kBT ∼ ξD). From Eq. 5, we thus have

kBT ∼ ξD ∼ ξ
∆2Rg

∆t
∼ ξNν−1 ∆2N

∆t
, (8)

where the term in ∆N was neglected since the first mo-
ment is null in the case of non-driven diffusion. Conse-
quently, when the number of monomers changes from N
to 0 (∆2N ∼ N2) during a translocation time of τT, we
have

τT ∼ ξN1+ν ∼
{
N1+2ν if Zimm ,

N2+ν if Rouse ,
(9)

and it is exactly what we obtain using our exact numer-
ical calculation in the zero field limit (data not shown).
Note that these two exponents were recently derived by
Panja et al [13].

We would also like to mention that, in some specific
conditions, it is possible to clearly observe the two domi-
nant frictional regimes (pore-polymer and subchains fric-
tions) on a single curve. Figure 14 shows the slope of the
log(τT) vs log(N) curves for three different values of the
Rouse friction parameter ΓR. This graph demonstrates
that, in the presence of external forces, it is possible to
observe the pore-polymer friction dominated regime with
a scaling law τT ∼ N for N > M and the subchain fric-
tion regime with τT ∼ N1+ν for N � M on a single
graph. Such a transition was theoretically predicted by
Storm et al. [4]. As shown here, we need at least 10 mil-
lion monomers before we can see some evidence of this
transition.

VI. DISCUSSION

In this paper, we demonstrated that the quasi-
equilibrium one-dimensional model derived in the first
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FIG. 14: Slope of the log-log graph of τT vs N for three values
of the friction parameter ΓR (other parameters are M = 2,
E′ = 10, ΓP = 50, ξ0 = 1, z̃ = 3 and γ = 0.69). The inset
shows the raw data.

paper of this series can be used to obtain scaling laws for
the translocation time that are in good agreement with
previous theoretical predictions and available experimen-
tal results in all of the various regimes. For instance,
our results show that the escape time always scales like
τ(N,E) ∼ E−1 when the external field E dominates
over the entropic forces, a prediction that was derived
in Refs. [2, 3]. Since our model includes the hydrody-
namic friction of the subchains outside the channel, we
were able to obtain the scaling law τ(N,E) ∼ N2ν/E
observed by Storm et al. [4] for very long chains in the
presence of Zimm dynamics (we also obtained τ(N,E) ∼
N1+ν/E in the case of Rouse dynamics, a result pre-
dicted in Ref. [7]). Finally, our model allowed us to ob-
serve the transition between the two regimes predicted
by Storm et al. as we varied the chain length and/or the
pore-polymer/subchains friction ratio.

It is important to note that our exact calculation tech-
nique allows us to see effects that would be almost impos-
sible to observe using conventional Monte Carlo methods.
For example, we were able to look at the scaling of the
translocation time for unbiased (or weakly biased) chains
that are successfully diffusing from one side of the mem-
brane to the other. Such events have a negligible prob-
ability to occur and thus would be hard to study using
simulations. On the other hand, our method gives us
quick results that are validated using scaling derivations.
Studies that look at the escape of unbiased chains are lim-
ited to chains that are initially placed halfway through
the pore [10, 14] or constrained to use unphysical and
arbitrary boundary conditions like forbidding the chain

to exit on a given side [10, 15–17]. We do not have such
a limitation using our numerical method. Moreover, our
method provides the transition probability PT. Interest-
ingly, our exact results made it possible to uncover the
fact that the diffusion coefficient of unbiased chains that
successfully translocate from the cis- to the trans-side is
actually larger than expected (see Fig. 7).

This paper reports a few observations that we have
been unable to explain using theoretical arguments and
scaling laws. However, these new results can be tested ei-
ther numerically or experimentally. The first two are the
scalings laws PT ∼ Nγ−2 and PT ∼ E′2−γ for the translo-
cation probability in the presence of entropic forces (see
Figs. 10 and 12). These new scalings laws are observed
for intermediate values of the polymer length N and the
external field E. It should be possible to test these scal-
ing laws experimentally and, therefore, measure the ex-
ponent γ. The link between the external field E′ and the
exponent γ (which comes from the enhancement factor of
the partition function) is certainly not trivial. Another
very interesting and testable result about the transloca-
tion probability is the existence of a universal critical
field for which PT is approximatively independent of the
polymer length (see Fig. 5).

Another surprising result is the fact that the translo-
cation dynamics seems to become deterministic around
M = N in the absence of an external force. This is a
property of the events that are close to the minima in
Figs. 6 and 7, and its most remarkable signs are the ex-
istence of a universal translocation velocity (see Fig. 8)
and a much reduced standard deviation of the transloca-
tion time (see Fig. 9). In the latter case, the decrease is
almost one order of magnitude! Our theoretical analysis
does predict the value of the entropy-driven translocation
velocity, but more theoretical insights or experimental
evidence about that matter would be of great interest.
For example, experimental measures of that transloca-
tion velocity could give us an estimate of the effective
lattice coordination number z̃.

This paper also presents a new way to derive the scal-
ing laws for the biased translocation time of long poly-
mer chains when the hydrodynamic drag of the subchains
outside the channel is the dominant frictional effect (see
Eqs. 7). We have also generalized the approach to ob-
tain the relevant scaling laws for unbiased translocation
in the same long chain limit (Eqs. 9). The same scaling
prediction was recently derived by Panja et al [13]. In the
same paper [13], they were also able to confirm the N2+ν

scaling (Rouse) using Monte Carlo simulations (but no
simulations were presented for the Zimm translocation
exponent of N1+2ν). Our model is thus the first one that
is able to reproduce Panja et al’s prediction for Zimm
dynamics. Table I summarizes the predicted scaling laws
for all 8 regimes discussed in this paper (all these scaling
laws were derived by other authors).

Finally, since we showed that our model can give the
proper (expected) scaling laws for free and biased poly-
mers subjected to a variety of frictional effects, we sug-
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chain length biased Zimm Rouse

short no 3ν [17] 1 + 2ν [17]

short yes 1 [2, 3] 1 [2, 3]

long no 1 + 2ν [13] 2 + ν [13]

long yes 2ν [4] 1 + ν [7]

TABLE I: Theoretical predictions for the translocation scaling
exponent β (as defined in the expression τ(N) ∼ Nβ) in recent
literature. The values of β are given for both Zimm and Rouse
dynamics. The parameter ν is the Flory exponent. The chain
length parameter refers to the dominant friction regime: pore-
polymer friction (for short chains) or hydrodynamic drag of
the subchains outside the channel (for long chains).

gest that it should be possible to use it to study more
complicated systems. Improvements that we are con-
sidering are the introduction of a probability of binding
between the polymer chain and the pore [18], the imple-
mentation of a friction coefficient that is a function of the
composition of the chain (single-based resolution [19]) or
of its orientation in the channel [20], and the develop-
ment of other driving mechanisms such as the modeling
of chaperone-assisted translocation [21]. These modifica-
tions will be the topic of future contributions.

This work was supported by a Discovery Grant from
the Natural Science and Engineering Research Council
of Canada (NSERC ) to GWS and by scholarships from
the University of Ottawa and the Fonds Québécois de la
Recherche sur la Nature et les Technologies (FQRNT ) to
MGG.

APPENDIX A: FIRST-PASSAGE PROBLEM
BETWEEN TWO ABSORBING BOUNDARIES

The translocation problem has a lot in common with
the classic problem of the first-passage time of a random-
walker between two absorbing boundaries. The purpose
of this appendix is simply to summarize (not derive) the
key results of this first-passage problem that are useful
to interpret our results. See Ref. [22] for more details.

The problem we are looking at is illustrated at the
top of Fig. 2. It consists of two absorbing boundaries
(C and T for cis- and trans-side respectively) separated
by a distance L. The initial position of the point-like
random walker from the cis-boundary is noted x. If the
walker has a velocity v and a diffusion coefficient D, the
probability to reach the trans-side before the cis-side is
given by

PT =
1− e−vx/D

1− e−vL/D
, (A1)

while PC = 1 − PT. The average times needed to reach
the boundaries are given by

τT =
L

v

(
1 + e−vL/D

1− e−vL/D

)
− x

v

(
1 + e−vx/D

1− e−vx/D

)
, (A2)

and

τC =
−2L/v

1− ev(x−L)/D

(
1− evx/D

1− evL/D

)
(A3)

+
x

v

(
1 + ev(x−L)/D

1− ev(x−L)/D

)
.

Note that τT = τC if x = L/2. Finally, if the limit of
non-biased motion, these equations reduce to

PT =
x

L
, (A4)

τT =
L2 − x2

6D
, (A5)

and

τC =
2Lx− x2

6D
. (A6)
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Sequence effects on the translocation of heteropolymers through a small channel

Michel G. Gauthier∗ and Gary W. Slater†
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Using a recently developed Monte Carlo algorithm and an exact numerical method, we calculate
the translocation probability and the average translocation time for charged heterogeneous polymers
driven through a nanopore by an external electric field. The heteropolymer chains are composed of
two types of monomers (A and B) which differ only in terms of their electric charge. We present an
exhaustive study of chains composed of 8 monomers by calculating the average translocation time
associated with the 256 possible arrangements for various ratios of the monomer charges (λA/λB) and
electric field intensities, E. We find that each sequence leads to a unique value of the translocation
probability and time. We also show that the distribution of translocation times is strongly dependent
on the two forces felt by the monomers (∼ λAE and ∼ λBE). Finally, we present results that
highlight the effect of having repetitive patterns by studying the translocation times of various
block copolymer structures for a very long chain composed of N = 218 monomers (with the same
number of A and B monomers).

I. INTRODUCTION

The transport of long flexible polymer molecules
through a small channel is a fundamental physical pro-
cess that is relevant for a long list of biological applica-
tions. From virus injection into cell nuclei [1] to transfer
of proteins across biological membranes [2], the problem
is qualitatively the same: a long flexible chain has to
overcome a large entropic barrier as it unfolds to lin-
early translocate through a pore with a diameter compa-
rable to the size of its monomers. Even though polymer
translocation is biologically relevant, the possibility of
sequencing DNA as it translocates through nanoscopic
channels has made this subject even more attractive for
both theorists and experimentalists [3–8].

Following Kasianowicz et al. [9], who demonstrated
that an electric field can be used to drive DNA (or RNA)
chains inside an α-hemolysin pore and that the presence
of the chain inside the channel can be detected using
the resulting blockade of the ionic current, many groups
have joined the field with the hope that this approach
can eventually lead to the design of a new device with
single-based resolution [4, 7, 10, 11]. Moreover, several
experiments that underline the important nature of the
chain-channel interactions on the translocation time have
recently been published. The impact of such interactions
on the translocation dynamics involves, for example, the
chain-channel orientation [12–15] and the chain sequence
(or composition) [16–18].

The idea that the composition (i.e., the actual
monomer sequence) of the chain might have a strong ef-
fect on the translocation process has also motivated sev-
eral theoretical studies. For example, Romiszowski and
Sikorski used Monte Carlo simulations to study chains
composed of hydrophilic and hydrophobic monomers [19].

∗E-mail: gauthier.michel@uOttawa.ca
†E-mail: gary.slater@uOttawa.ca

Other examples include Muthukumar who used entropy-
based arguments to study sequence effects on the translo-
cation time [20], Slutsky et al. who used a mean first-
passage time approach to characterize the diffusion of an
inhomogeneous chain [21], and Kafri et al. who showed
that polymer translocation with sequence heterogeneity
could lead to anomalous dynamics [22].

More recently, Luo et al. [23] used 2D Langevin Dy-
namics computer simulations to study the translocation
of heteropolymers composed of two types of monomers
that feel different driving forces when they are inside the
pore. They report that the scaling exponent β of the av-
erage translocation time τ as a function of the polymer
length N is not affected by the heterogeneity of the chain
(i.e. that τ(N) ∼ Nβ whatever the degree of heterogene-
ity of the chain). Interestingly, they also observed that
the sequence patterns play an important role, and that
patterns can be regrouped into various families.

In this paper, we revisit the problem studied by
Luo et al.: we investigate the translocation properties
of heteropolymers composed of two types of monomers
(A and B) that have different charges (consequently,
they experience different forces when they are inside the
nanochannel). The numerical model that we use is based
on a new Monte Carlo approach that we recently devel-
oped to study the translocation of long flexible chains
through a nanopore [24]. In this one-dimensional lat-
tice model, the translocating polymer is represented by a
point-like random-walker whose biased dynamics is gov-
erned by the three-dimensional entropic pulling of the
subchains outside the channel, the external force(s) driv-
ing the translocation (electric field, chemical potential,
...), and the various frictional effects slowing down the
process (hydrodynamic drag, pore-polymer friction, ...).
The model can be solved exactly, which is a great ad-
vantage over other models. As we shall see in the next
section, this model is flexible enough to easily treat vari-
ous heterogeneities such as those related to the monomer
charge, the pore-monomer friction or even, with minor
modifications, pore-monomer binding interactions. How-
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FIG. 1: Schematic representation of the one-dimensional
random-walk model that is used to represent the polymer
translocation process. This example shows a chain with N
monomers of size a moving through a channel of length Ma
with NC monomers on the cis-side, NP monomers inside the
pore, and NT monomers on the trans-side. At each Monte
Carlo step, the chain moves according to the probabilities
given by Eqs. 1 and 2, while the time duration of that step
is given by Eq. 5. The properties of monomers A and B can
differ via the charge parameter λ or the friction constants ΓZ,
ΓR, and ΓP.

ever, this contribution will strictly focus on the impact of
varying monomer charges, and we will restrict ourselves
to chains composed of only two types of monomers al-
though it would be trivial to generalize our calculations
to more complicated situations.

II. THE 1D RANDOM-WALK MODEL FOR
POLYMER TRANSLOCATION

As mentioned above, we recently developed a new
Monte Carlo (MC) approach to study the passage of poly-
meric chains through small channels [24]. In this section,
we give a short overview of the model but we refer the
reader to Ref. [24] for an in-depth description.

In this model, the polymer chain is basically repre-
sented by a rigid-rod random-walker of length N (the
number of monomers) moving on a one-dimensional lat-
tice (see Fig. 1). In fact, this representation of the
translocation process is perfectly equivalent to the first-
passage problem of a point-like particle diffusing between
two absorbing boundaries. The dynamical properties of
the biased diffusion process are thus simply governed by
the joint pore-polymer configuration at each time step,
i.e., the number of monomers that are inside and outside
the channel of length M . At each step of the random-
walk, the chain has a probability s of not moving given
by

s(ε) =
coth ε
ε
− csch2ε , (1)

and probabilities to move forward (p+) or backward (p−)

given by

p±(ε) =
1− s(ε)
1 + e∓2ε

, (2)

where ε represents the scaled biasing force (a forward
jump means a jump in the direction of the external bias).

The scaled force ε has two contributions, ε = εF + εS.
The first, and simplest one is the bias due to an external
force, for instance the electric field E that acts on the
NP charged monomers that are inside the pore (the field
is negligible outside the pore). In such a case, this first
contribution to the total bias is given by

εF =
λa2NPE

2kBT
=
NPE

′

2
, (3)

where a is the monomer size (or the lattice parameter
length), λ is the linear charge density of the chain, kBT is
the temperature, and E′ = λa2E/kBT is a dimensionless
electric field. The second contribution to the total field ε
is the entropic bias that pulls the chain toward the side
where the longest of the two subchains is located. In
Ref. [24], we showed that this conformational entropic
force can be written as

εS =





(1− γ)
2NC

− ln(z̃)
2

if NC ≥ 1, NT = 0,

(1− γ)
2NC

− (1− γ)
2NT

if NC ≥ 1, NT ≥ 1,

ln(z̃)
2
− (1− γ)

2NT

if NC = 0, NT ≥ 1,

0 if NC = NT = 0.

(4)

Here NC and NT represent the number of monomers on
the cis- and trans-side of the channel, respectively. The
two other parameters, γ and z̃, come from the partition
function of a self-avoiding chain (Z ∼ z̃nnγ−1; see [25]).
The first one is the three-dimensional universal exponent
γ = 0.69(1), while the second one is the lattice coordina-
tion number. In this paper, we will use z̃ = 3 (to mimic
a chain on a tetrahedral network) but any other reason-
able value could be used without qualitatively affecting
our results. The derivation for the entropic bias εF was
partially inspired from the works of Muthukumar [26] and
of Sung and Park [27]; however, we added the lattice co-
ordination number term z̃n. Note that these two papers
inspired a great number of studies of the translocation
problem (see Refs. [28–31] for examples). Equations 1
to 4 define the displacements of the chain at each time
step of the lattice biased random-walk. In other words,
these equations provide a Monte Carlo algorithm that
can be used to simulate polymer translocation.

We now discuss the correspondence between a Monte
Carlo step and real physical time. Our model includes
frictional effects between the chain and the surrounding
solvent and/or the channel walls. These frictional effects
are introduced via the time duration ∆t(ε) of the steps
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of the random-walk:

∆t(ε) =
(1− s(ε)) tanh(ε)

ε
(ξ?sc + ξP) tB , (5)

where tB is called the Brownian time of the diffusion pro-
cess (see Ref. [24] for more details). The retardation
terms ξ?sc and ξP represent the hydrodynamic friction co-
efficients of the two subchains (sc) outside the channel
and the friction coefficient of the monomers that are in-
side the pore (P), respectively. The first one of these two
terms depends on which type of hydrodynamic interac-
tions (Zimm or Rouse [32]) are assumed to exist between
the subchains and the surrounding fluid:

ξ?sc =
{

ΓZ ξ0
(
N2ν−1

C +N2ν−1
T

)
Zimm dynamics,

ΓR ξ0 (Nν
C +Nν

T ) Rouse dynamics, (6)

where Γ{Z,R} are dimensionless constants, ξ0 is the fric-
tion of one monomer in the given fluid, and ν is the Flory
exponent for self-avoiding chains (in 3D, ν ' 0.588(1)).
While the two subchains outside the channel are assumed
to have random-coil conformations, the part of the chain
that is inside the channel is expected to be in an elon-
gated conformation aligned along the channel axis; the
corresponding pore-polymer friction term is written as

ξP = (1 + ΓP) ξ0NP , (7)

where ΓP is a numerical constant that represents the ad-
ditional friction due to the spatial constriction of the
chain inside the channel. The value of ΓP can be arbi-
trary chosen or estimated using, for example, the Laden-
burg’s approximation [33] for a sphere of size a falling in
a cylindrical tube of diameter d (ΓP ≈ 2.105a/d).

III. CALCULATING TRANSLOCATION TIMES

Once the problem is fully parametrized using the var-
ious constants introduced in the previous section, eqs.
(1-7) describe a complete Monte Carlo algorithm that
can be used in computer simulations to calculate, for ex-
ample, the average escape time (τ = 〈tescape〉, where the
average is over an ensemble of simulations). However, as
we showed in our previous article [24], the elements of the
Monte Carlo algorithm can also be used to compute nu-
merically exact values for the average translocation time,
the higher moments of the distribution of translocation
times, and finally the translocation probabilities. The
numerical method is based on a set of Master equations;
we refer the reader to Ref. [24] for more details. We will
be using this more precise and efficient method in this ar-
ticle. Except otherwise stated, the results presented here
will be for polymers that start on cis-side of a channel of
length M = 1; the initial condition is thus NC = N − 1,
NP = 1, and NT = 0 (the end monomer is engaged in
the pore). The translocation events will thus correspond
to polymers that overcome the entropic barrier to move
from the cis-side of the wall to the trans-side. The choice

of a channel length of size M = 1 was made to maximize
the impact of the charge heterogeneity on the transloca-
tion dynamic. Using a longer channel would reduce such
effects by averaging over the charge properties of several
monomers inside the channel without considering their
specific order in the sequence.

IV. TREATING HETEROPOLYMERS

As mentioned in the introduction, this article is focus-
ing on the translocation of heteropolymers that are com-
posed of two types of monomers, A and B (see Fig. 1).
These two types of monomers only differ by their lin-
ear charge densities λA and λB. For simplicity, we kept
λB = 1 fixed and varied λA. However, all monomers have
the same size a = 1, the same friction coefficient ξ0 = 1,
the same Brownian time tB = 1, and are at the same
temperature kBT = 1. Again for simplicity, we chose to
model the hydrodynamic friction on the subchains out-
side the channel by a Rouse friction term ΓR = 1, and
we did not introduce additional frictional drag inside the
channel (ΓP = 0). Finally, we use the following direc-
tional notation to express the sequences: |A2B〉 means
that the B monomer is the first to get inside the channel
followed by two A monomers (the sequence presented in
Fig. 1 thus corresponds to |ABA2 . . .A2B2A〉).

V. SEQUENCE VS. TRANSLOCATION TIMES

We first investigate an heteropolymer with 8
monomers; with only 28 = 256 different sequences, it
is easy to calculate the exact translocation properties of
every sequence. Each of the first six graphs in Fig. 2
shows the exact mean translocation time of all 256 possi-
ble monomer sequences for different charge ratios λA/λB.
The x-axis is the fraction fA of A monomers in the chain,
with fA = {0, 1/8, 2/8, . . . , 1}. These results clearly
demonstrate that both the composition of the chain (the
number of A and B monomers) and the specific arrange-
ment of the monomers (the order in which they appear)
directly affect the translocation dynamics. Each one of
the 256 combinations results in a unique translocation
time. We also observe that the dispersion of the results
for a given value of fA is increases as the difference be-
tween λA and λB increases. As we can see in Fig. 2a,
the dispersion is particularly large when the two types of
monomers are of opposite sign.

Figure 2g regroups all of the broken curves from graphs
(a) to (f). These curves show the evolution of the aver-
age translocation times 〈τ〉fA when we change the value
of fA (from 0 to 8 monomers of type A). Not surpris-
ingly, the results for λA/λB > 0 show that the average
translocation time 〈τ〉fA increases with compositional ra-
tio fA to reach its maximum value at fA = 1. On the
other hand, the curves obtained for λA/λB = 0 and −0.5
reach their maximum values at fA = 7/8 and fA = 5/8,
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FIG. 2: (a)–(f) The mean translocation times τ obtained for
each of the 256 possible arrangements of 8 monomers of type
A or B. The linear charge density of the B monomers is always
set to 1 while the ratio λA/λB changes for each graph. The
external field is set to E′B = λBa

2E/kBT = 1. The x-axis
represents the fraction fA of A monomers in the chain while
the y-axis gives the mean translocation time. The broken lines
join the average translocation times 〈τ〉fA for each of the 9

different values of fA. (g) From top to bottom, the broken
lines are, in order, from graph (a) to (f).

respectively. These counterintuitive results are due to
trapping effects that can be observed for some config-
urations with mixed types of monomers. For example,
in the {λA/λB = 0; fA = 1/2} case, the slowest chain
configuration is |B3A4B〉. The first monomer inside the

FIG. 3: Translocation probabilities from the cis-side to the
trans-side for each of the 256 possibles arrangements of 8
monomers of type A or B with E′B = λBa

2E/kBT = 1, λB = 1
and λA/λB = 0.5, as a function of the fraction of A monomers.
The broken line joins the average translocation probabilities
〈PT〉fA obtained for each of the 9 different values of fA.

channel is a B (a monomer that is pulled by the electric
field in this case), so that the chain has a low probabil-
ity of failing to translocate. However, this B monomer
is followed by all four of the A monomers that are part
of this sequence. Since the A monomers are not field-
driven (they have zero charge), the chain can take a very
large amount of time to overcome the entropic barrier
that consists in getting more than half of the monomers
on the trans-side of the channel; the chain thus oscillates
between the entropic pulling of the subchain on the cis-
side and the field-driven pulling of the first B monomer
towards the trans-side. A similar trapping effect occurs
in the λA/λB = −0.5 case with fA = 0.5 where the slowest
chain to translocate is the |A4B4〉 sequence. If this chain
successfully transfers the first four B monomers on the
trans-side, the last four A monomers are then pulled in
direction of the cis-side. We can easily see that the chain
might spend a lot of time halfway through the channel os-
cillating between the series of B monomers that pull the
chain towards the trans-side and the series of A that does
the opposite thing. Finally, we observe that the lines in
Fig. 2g converge to straight lines as the λA/λB ratio in-
creases but the results remain widely distributed around
the average value (e.g., for λA/λB = 0.8 and fA = 0.5, we
still have a distribution of approximatively ±5% while
the relative difference between τ(|A8〉) and τ(|B8〉) is of
the order of 10%).

Another interesting result in Fig. 2 is the fact that the
chain composed of 8 A monomers has the same mean
translocation time whatever the sign of their charge (see
the points for fA = 1 and λA/λB = ±0.5). These two
translocation processes only differ in their probability
of succeeding which are 0.161 and 0.00295, respectively.
This is consistent with the fact that the mean first pas-
sage time of a biased Brownian particle initially placed
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FIG. 4: (a) The 256 different mean translocation times τ
(top) repeated from Fig. 2e, together with the 256 corre-
sponding standard deviations στ (bottom). The conditions
are: E′B = λBa

2E/kBT = 1, λB = 1, and λA/λB = 0.5. (b)
Correlation between the mean translocation time τ and its
standard deviation στ for the six conditions studied in Fig. 2.
The grey circles correspond to the data of Fig. 2a while the
five other sets are shown as small black points.

halfway between two absorbing boundaries is indepen-
dent of the direction of the external bias [34] (only the
absorption probabilities are affected by the direction of
the bias).

Figure 3 presents the translocation probabilities (i.e.,
the probability of not exiting on the cis-side when the
chain starts on the cis-side with only one monomer in-
side the channel) for the same 256 combinations of 8
monomers. In this example, the charge of the two types
of monomers are the same as in Fig. 2e (λB = 1 and
λA/λB = 0.5). As we observed previously for the translo-
cation times, each of the 256 arrangements leads to a
unique value of the translocation probability. The av-
erage translocation probability 〈PT〉fA decreases as the
number of A monomers increases since these monomers
have a weaker charge. However, the distribution of prob-
abilities is so wide that it is possible to find a sequence
with 7 A monomers (like |A7B〉 with PT = 0.240) that is
more likely to translocate than several combinations with
only 2 A monomers (|B6A2〉, |B5ABA〉 and |B4ABBA〉,
with PT = 0.201, 0.225 and 0.237 respectively). This
particular case can be qualitatively understood by notic-
ing that the |A7B〉 chain starts with an highly biased
monomer B inside the channel while the other three do
not.

VI. STANDARD DEVIATIONS

We now examine the standard deviation of the translo-
cation times as a function of the sequence. Figure 4a
presents the data for the 256 average translocation times
and their standard deviations for λB = 1 and λA/λB = 0.5
(similar to Fig. 2e). We clearly see that the monomer
sequence also has a strong effect on the distribution of
translocation times. In fact, each of the 256 possible com-

FIG. 5: Mean translocation times for the 256 combinations
of 8 monomers for three different values of the external field
E′B = λBa

2E/kBT (with λB = 1 and λA/λB = 0.5). The
broken lines are obtained as described in Fig. 2.

binations do not only possess a unique mean transloca-
tion time, but also a unique distribution of escape times.
These results indicates that, experimentally, the stan-
dard deviation of the translocation times could be used
in addition to the translocation time itself in order to
help identify the sequence of a given chain.

Figure 4a also shows that the standard deviations are
only about a factor of two smaller than the mean es-
cape times; such wide distributions of escape times do
not make it easy to use translocation as a device that
can discriminate between various sequences. Indeed, for
a given value of fA, the typical values of στ are larger than
the range over which the average escape times {τ}fA are
distributed. In other words, we have a large amount of
overlap between the various distribution functions for a
given chain stoichiometry. Figure 4b demonstrates that
the 256 data points found in Fig. 4a essentially fall onto
a universal curve with very little dispersion. More pre-
cisely, Fig. 4b presents six sets of 256 data points (for
the six charge ratios studied in Fig. 2) that all fall onto
the same straight line. Note that this is also the case for
other values of the external field or charge ratios (data
not shown).

Finally, we should point out to the fact that, for a
given fraction fA of A monomers, the mean escape times
τ are not necessarily distributed in the same order than
their associated standard deviations στ . For example,
τ(|A2BA2B3〉) < τ(|BA3B3A〉) while στ(|A2BA2B3〉) >
στ(|BA3B3A〉).

VII. EFFECT OF THE FIELD INTENSITY

In the previous sections, we looked at the impact of the
charge ratio λA/λB on the mean escape times. Now, keep-
ing that ratio fixed at λA/λB = 0.5, we will investigate
the influence of the strength of the external field E. Fig-
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FIG. 6: Mean translocation times as a function of the scaled
external field E′B for the 8 possible chains of 8 monomers with
only one A monomer (fA = 1/8). We used the conditions
λB = 1 and λA/λB = 0.5.

ure 5 presents the 256 mean translocation times obtained
for three different values of E′B. As expected, we see that
increasing the external field results in shorter transloca-
tion times. However, we also observe a clear broadening
of the distribution of these times for a given fraction of
A monomers. In other words, there is a larger differ-
ence between the sequences at higher fields. This is in
part due to the fact that the trapping configurations dis-
cussed previously become more efficient at slowing down
the translocation process at higher field intensity: higher
field intensities increase the difference between the slow
and fast sequences for a given composition fA. Figure 5
thus provides another evidence that both the composi-
tion and the sequence are important in determining the
complete translocation dynamics.

The low field results are also interesting. For example,
the results obtained at E′B = 0.1 for the two homogeneous
sequence (|A8〉 and |B8〉) differ only by about 0.25%. For
the mixed system fA = 1/2, however, the escape times
vary by as much as ±2%. In other words, even when
the mean escape times (averaged over all permutations
of the A and B monomers) are essentially independent of
the field intensity, the distribution of escape times is not
negligible.

As illustrated in Fig. 6, the external field E′B, the
monomer sequence and the mean translocation time are
related in a non-trivial way. This plot shows the mean
translocation time as a function of the external field E′B
for the 8 possible sequences with fA = 1/8 (one A and
seven B monomers). The numerous crossovers indicate
that the ordering of the 8 translocation times change sev-
eral times as the field increases. Note that one line can
cross many other lines and that not all pairs of lines cross
each other (but when they do, they only do it once).
These results emphasize the difficulty in determining the
chain sequence on the basis of their translocation times
in the presence of an external field.

FIG. 7: Mean translocation times as a function of the mixing
parameter φ for chains of length N = 218 monomers, with
fA = 1/2, λB = 1 and E′B = 1. Data for three different values
of the charge density ratio λA/λB are shown. The factor φ
represents the number of AB bonds in the block copolymer
sequence

∣∣[AN/2φBN/2φ]φ
〉
. The largest value of φ corresponds

to the |AB . . .AB〉 sequence.

VIII. EFFECT OF THE DEGREE OF
MONOMER MIXING

Since most of the results we have presented so far have
highlighted the importance of the sequence in the deter-
mination of the mean escape time, the last aspect we
examine in this contribution is the effect of the degree
of mixing of the monomers in a periodic sequence with
a fixed composition fA. Figure 7 presents the translo-
cation times for chains composed of N = 218 = 262144
monomers with fA = 1/2 and three different charge ra-
tios. The translocation times are presented as a func-
tion of the parameter φ for the repetitive sequences∣∣[AN/2φBN/2φ]φ

〉
. These are block copolymers made of φ

blocks of composition
∣∣AN/2φBN/2φ

〉
. Parameter φ is ac-

tually the number of AB contacts in the sequence. This
figure shows again that even with ordered and repeti-
tive sequences, the details of the sequence have a large
impact on the mean translocation times. In the extreme
case where we have uncharged A monomers (λA/λB = 0),
the mean escape times vary over several orders of magni-
tude! Of course, the sequence effects presented in Fig. 7
can only be observed if the size of the blocks (N/φ) is
larger than the channel length M .

IX. DISCUSSION

In this paper, we have demonstrated that an hetero-
geneity based on the force acting on the different types
of monomers leads to translocation properties (translo-
cation probability, mean and standard deviation of the
escape times) that are unique to the chain sequence. By
unique we mean that the precise arrangement (and direc-
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tion) of the monomers must be known before we can make
predictions regarding the translocation process. Knowing
only the chain’s stoichiometry is not sufficient. We also
observed that for a given composition (i.e., fraction of
A monomers), the distribution of translocation times for
the different possible arrangements is strongly affected by
the amplitude of the forces (the product of the external
field and the monomer charges). We also showed that
the degree of mixing of the monomers can have a strong
impact on the translocation time.

Our model can also be used to quantify the experimen-
tal precision needed to discriminate between all possible
sequences of a given length. Assuming that experimen-
talists have access to the mean translocation times, to
the corresponding standard deviations, and to the rela-
tive probabilities of successful translocation events, one
can ask the degree of precision needed on these three
measurements to identify every possible sequence. This

is the kind of insight that can be easily obtained using
our model. For example, we calculated (data not shown)
that each of the 256 results τ, στ , PT we obtained for the
case presented in Fig. 2e can be distinguished without
ambiguity if each of the three variable is measured with
a precision of 0.7%. Obviously, such threshold would in-
crease if more variables, like the fraction of A monomers
fA for example, were avalaible.

In a future paper, we will examine other forms of het-
erogeneity; for instance, both the friction coefficient and
pore-monomer binding interactions are certainly func-
tions of the type of monomer located in the channel.

This work was supported by a Discovery Grant from
the Natural Sciences and Engineering Research Council
of Canada (NSERC ) to GWS and by scholarships from
the Ontario Graduate Scholarship Program (OGS ) and
the University of Ottawa to MGG.
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[13] J. Mathé, A. Aksimentiev, D. R. Nelson, K. Schulten,
and A. Meller, Proc. Natl. Acad. Sci. U. S. A. 102, 12377
(2005).

[14] S. Kotsev and A. B. Kolomeisky, J. Chem. Phys. 125, 7
(2006).

[15] T. T. Sun, L. X. Zhang, and J. Y. Su, J. Chem. Phys.
125, 8 (2006).
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8
Conclusion

This thesis uses two approaches to study the problem of polymer translocation through small chan-

nels. In the context of this thesis by articles, this concluding section summarizes the key results

we obtained during the course of our research and elaborates on the logical extensions that these

two projects should take. Actually, these studies have not reached completion in the sense that

many questions still remain unanswered. Dr. Slater’s research group will continue to explore this

research area. Indeed, a new postdoctoral fellow, Dr. Hendrick de Haan, has already joined us to

further study this problem. Therefore, technically speaking, this last chapter should be viewed as a

discussion that makes the connection between my work and future research avenues rather than a

conclusion section.

Translocation in the presence of hydrodynamic interactions

Our study of polymer translocation was initiated with the intention of looking at the impact of

hydrodynamic interactions (HI) on translocation dynamics, an effect that has been ignored in most

of the simulation studies published so far. My research was preceded by the work done by Dr. Steve

Guillouzic, a former postdoctoral fellow in our group, who was the first to look at this problem. His

research was based on a system similar to the one presented in Chapters 2 and 3, but focused only

on one pore size (our smallest one). In short, Guillouzic observed that the HI do not play a key role

in the translocation dynamics though they clearly affect the relaxation of the two subchains on both

| 99
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sides of the pore. Guillouzic’s results, which have been published in Physics Letters A 359, 261–264,

2006, were promising enough to let a young Ph.D. student continue the good work!

As a logical sequel to Guillouzic’s work, the first article presented in this thesis dealt with

the importance of the pore diameter on the chain dynamics. The results presented in Chapter 2

demonstrate that the increase of the pore size has a strong impact on both the relaxation time τr

and translocation time τ of the chain. In the first case, we observed that the scaling exponent α

of the relaxation time τr ∼ Nα is roughly equal to 9/5, whatever the pore size. This value agrees

with the Zimm relaxation time (3ν ) for self-avoiding chains in three dimensions. However, even

though the scaling law is unchanged by the presence of the wall, we measured that the free-solution

relaxation time is reduced by a factor of 1.5 at the smallest pore diameter. This observation was

attributed to the fact that the presence of the wall screens the HI between the two subchains that are

separated by the wall, and also prevents the chain from rotating around its fixed center monomer.

In the case of the translocation time, we clearly observed a transition of the scaling law τ ∼ Nβ

as the pore size increases. Our simulations showed that the exponent β varies from ∼ 11/5 at

small pore sizes to 9/5 for large ones. These two exponents correspond to the theoretical values

of the translocation exponent predicted by Chuang et al. (Phys. Rev. E 65, 011802, 2001) in the

absence and the presence of HI, respectively. This transition was surprising since explicit solvent

particles were present in all of our simulations for all pore sizes. Consequently, such observations are

evidence that the HI are screened (partially or almost fully) by the wall particles. This transition also

characterizes the change of translocation regime from single-file passage of the monomers through

the channel to a collective diffusion of all the monomers as the pore size increases.

Chapter 3 presents our efforts to test the validity of the commonly used quasi-equilibrium hy-

pothesis (QEH) which states that because the relaxation time of the chain is negligible compared

to its translocation time, the polymer conformations are not deformed during translocation. Our

approach consisted in comparing two simulation setups that differ by their initial relaxation states.

We demonstrated that, even though the relaxation time is one order of magnitude smaller than the

translocation time, the initial relaxation state of the chain has a strong impact on its escape time

(around 25% difference in our case). We also observed a large acceleration of the translocation

dynamics in the late stage of the process. More precisely, we showed that the second half of the

polymer escape (in terms of the number of monomers yet to translocate) occurs during the last 12%

of the translocation time (i.e. a time comparable to the relaxation time). Even though the translo-

cating chain is subjected to such a strong acceleration, the results of Chapter 2 demonstrate that the
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scaling laws correspond to the ones predicted using the QEH. This “paradox” leaves us with new

questions to answer.

We see three logical ideas to pursue here. The most obvious one is to introduce an external

force that drags the chain from one side of the membrane to the other. This force can either take

the form of an electric field that is acting on the charged monomers that are inside the channel,

or of a mechanical force that is directly pulling on one end of the chain (two conditions that can

be experimentally studied). Secondly, it would be interesting to look at larger pore sizes and longer

chain lengths (using two-dimensional MD simulations for example) in order to test the idea proposed

at the end of Chapter 2, i.e. that the chain can always be rescaled into Nblobs blobs of several

monomers so that the translocation time always scales like τ∼ N11/5
blobs (a single-file regime of blobs)

in the asymptotic limit. Finally, it would also be interesting to look at the effect of the channel length

on the translocation time. Many studies without HI have highlighted the importance of the pore

length but no three-dimensional simulations with explicit solvent have been published so far.

Frictional regimes

The development of the new Monte Carlo approach presented in Chapter 5 allowed us to explore a

whole new range of physical parameters in the polymer translocation problem. This has been done

at the cost of losing the explicit HI, using the QEH, and simplifying the complete three-dimensional

description of the problem. However, this new calculation technique opened the door to very long

chains (easily up to N = 107 monomers) and very unlikely events (probabilities as low as 10−10 )

without ignoring hydrodynamic frictional effects. This model also includes the entropic biasing of

the subchains on either side of the pore and an external electric field that pulls the chain through

the channel. Based on a one-dimensional random-walk approach that gives both the correct free-

solution drift velocity and diffusion coefficient for any value of the biasing field, we proposed an

exact calculation method that gives a numerical solution for the translocation probability and all

moments of the escape time distribution. Moreover, this exact calculation scheme allows us to stay

away from unrealistic assumptions like strictly forbidding the chain from escaping to a given side of

the membrane (a commonly used trick in the study of unbiased translocation).

The most important result obtained from this model was presented in Chapter 6. Our numerical

data show that, in the presence of an external driving force, the scaling exponent β changes from 1

to 2ν using Zimm dynamics (and 1 to 1+ν using Rouse dynamics) as the chain length N increases.
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This transition was predicted by Storm et al. (Nano Lett. 5, 1193–1197, 2005) and corresponds to

what we called the short and long chain frictional regimes, respectively. In the short chain regime,

the relevant global friction coefficient is dominated by the pore-polymer interactions whereas it is

dominated by the hydrodynamic friction of the subchains outside the channel in the long chain

regime. Our model allowed us to observe a similar transition for unbiased chains and we proposed

a new scaling derivation for the scaling exponent in the case of long unbiased chains. Note that

the unlikeliness of the translocation of an unbiased long chain from one side to the other probably

explains why there were no previous studies on this topic. Our paper, presented in Chapter 6, also

reports unexpected scaling behavior: for example, the translocation probability scales like (N/E)γ−2

in the presence of entropic forces and an external field E . We have not found any scaling argument

to explain this power law but we believe that it could easily be tested experimentally, thus providing

a way to measure the exponent γ .

Heteropolymers translocation and other possible extensions

The versatility of our MC model is illustrated in the last article of this thesis. Indeed, this chapter

presents an application of our MC method to the study of the impact of chain heterogeneity on the

translocation dynamics. This paper emphasizes the fact that the chain composition (number of each

type of monomer) is not sufficient to determine the exact translocation properties, but that each of

the possible arrangements leads to a unique translocation event (in terms of probability to occur and

average translocation time). The most important conclusion of this paper is probably our rejection

of the exponential dependence suggested by Luo et al. (J. Chem. Phys.. 126, 145101, 2007). Our

results did not show any simple relationship between the translocation times (or probabilities) and

any chain composition pattern. Finally, this article focused on monomer charge heterogeneity but

the next step will be to use our model to study other kinds of heterogeneities such as monomer-

dependent frictional effects (expected for nucleotides) or pore-polymer interactions.

More generally, our MC model can take various promising directions in the near future. One of

the most interesting ideas is the study of “chaperone-assisted” translocation, a process during which

the translocation is induced due to the presence of molecules that bind to the chain on one side of the

membrane and prevent backward motion inside the channel beyond the binding location. Another

project would be to include explicit binding interactions between the channel and the monomers to

study their impact on the translocation time distributions. Finally, our model could be used to look
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at the orientational effects of the translocating chain. It has been observed that the translocation

time for DNA is dependent on whether the 3’ or 5’ end enters the channel first. We are confident

that this model could provide us with new insights in each of these areas.

Final thoughts

In the introduction of this thesis, we presented the possibility of nanopore DNA sequencing as a

motivation to study the process of polymer translocation. After more than ten years of theoretical,

numerical and experimental efforts, we are still far from achieving such an ambitious goal, i.e. lin-

early reading a DNA sequence as the molecule passes through a small channel. Two major aspects of

the problem are now attracting a lot of attention from experimentalists: developing efficient meth-

ods to identify a single base inside the channel and controlling the translocation speed (including

controlling its fluctuations) of the chain in order to improve the reading accuracy. It is hard to tell

if these efforts will eventually lead us to fast-sequencing technologies. However, studies that have

been motivated by this challenging problem, like the work presented in this thesis, have certainly

contributed to broaden our knowledge in the field of polymer sciences.
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Abstract. We present a study of the field-dependent dispersion coefficient of point-like particles in various
2D overdamped systems with obstructions (periodic, percolating, and trapping distributions of obstacles).
These calculations profit from the synthesis of a newly proposed Monte Carlo algorithm —the first such
algorithm that correctly reproduces the free dispersion coefficient in the presence of finite external fields—
and an asymptotically exact calculation technique. The resulting method efficiently produces algebraic
and numerical results without the need to actually perform Monte Carlo simulations. When compared
to such simulations, our exact method features a negligible computational cost and exponentially small
errors. Utilizing the power of this numerical method, we engage in comprehensive parametric analysis of
several model systems, revealing very subtle effects that would otherwise be swamped by statistical errors
or incur prohibitive computational costs. The unified framework presented here serves as a template for
further applications of lattice random-walk models of biased diffusion.

PACS. 87.15.Vv Diffusion – 82.20.Wt Computational modeling; simulation – 05.10.Ln Monte Carlo meth-
ods

1 Introduction

The dynamics of random walkers on lattices is a sub-
ject of fundamental importance in various fields of sci-
ence and technology. For instance, this general problem
represents a useful test of our understanding of thermo-
dynamics and statistical mechanics, including the ther-
mally activated escape problem [1]. Often, lattice random
walk (LRW) models are used to study diffusion in com-
plex environments [2, 3] because they can easily be trans-
lated into Monte Carlo computer simulation algorithms.
In many practical circumstances, the lattice random walk
reasonably approximates the equivalent continuous-space
diffusion process, without suffering from the larger compu-
tational resources required by its continuous-space coun-
terparts, such as off-lattice Brownian Dynamics or Molec-
ular Dynamics. Thus, it is possible to use the lattice ran-
dom walk to produce simple models of gel electrophore-
sis [4–10], membrane separations [11–13], and microfluidic
devices [14–16]. The development of efficient tools for ex-
tracting the average transport phenomena, such as the

a e-mail: mgauthie@science.uottawa.ca
b e-mail: gslater@science.uottawa.ca
c e-mail: Kevin.Dorfman@curie.fr

mean velocity and dispersivity, from such walk models is
of paramount importance.

In order to realize the computational advantages inher-
ent in a lattice random walk model, though, it is essential
from the outset that the model itself be a reliable represen-
tation of a real (continuous-space) particle diffusion prob-
lem. Clearly, the LRW model must be able to reproduce
the proper qualitative behavior in different limits. For ex-
ample, the velocity, v, must increase linearly with field, F ,
for small field intensities1 and the dispersion coefficient,
D, must be independent of F if the particle is not collid-
ing with obstacles (the free-drift regime). Since the actual
numerical (quantitative) values obtained depend upon the
mesh size of the lattice, one would expect to obtain the
continuum results only in the limit where the mesh size
is very small compared to all other length scales in the
system. This transition is a subtle point, which will be
discussed at greater length in Section 5, but at the present
juncture it suffices to note that the continuum limit can
only be reached if the LRW model itself is reliable in the
first place.

Although LRW models have been used extensively to
study diffusion in viscous media, this fundamental issue

1 The linear regime extends to arbitrary field intensities if
the particle is free.
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of reliability has only been addressed recently [17]. In
particular, most lattice models for biased random walks
are based upon the so-called “small-bias” algorithm, a
slight perturbation from purely diffusive behavior which
is only strictly valid for infinitesimally weak fields or ex-
tremely fine meshes. Such calculations clearly have merit
—hindered diffusion in complex media has been a prob-
lem of long-standing interest in physics [11], medicine [18]
and many other fields. However, developing a LRW model
which efficiently captures biased-diffusive behavior in the
presence of finite fields is a non-trivial endeavor. Moreover,
this is an important technological problem which possesses
broad applicability to a number of important separation
processes [19,20].

We recently addressed the issue of reliability in the
context of point-like particles evolving on a cubic lattice
in presence of strong external forces [17]. Although there
are various methods for accurately reproducing the veloc-
ity of the particle, most of these fail to furnish the proper
diffusion properties in the presence of finite external fields.
Only LRW models and Monte Carlo algorithms with fluc-
tuations in the transition time between two sites (the time
step) were found to have the right diffusion properties.
This issue can be readily resolved by using a multidimen-
sional procedure with stochastic time steps [17].

Given a reliable LRW algorithm, the traditional
method of investigation is to then carry out extensive
Monte Carlo computer simulations and, if necessary, to
study the problem in the limit of very small mesh sizes.
However, there exist several techniques [14,21–24] for cal-
culating the dispersion coefficient directly from a LRW
model without the need to resort to numerical simula-
tions. While all of these techniques are predicated upon a
similar basis, they have been developed in very different
contexts: diffusion in random environments [21], discrete
models of motor protein movement [22] and lattice models
of gel electrophoresis and microfluidic devices [14,23,24]2.
It should be noted that the volume averaging technique
employed in reference [14] was later shown [23] to produce
incorrect results for a model problem in pure diffusion, so
its applicability to more complicated problems involving
finite fields is probably limited.

In our calculations, we will adopt the method of ref-
erences [23,24], which is based upon a discretized version
of generalized Taylor-Aris dispersion (GTD) theory [25]
and formulated in the context of LRWs in the presence
of obstacles. This technique offers substantial advantages
in accuracy and computational speed when compared to
Monte Carlo simulations. As concerns the accuracy, GTD
is an asymptotic theory whose error is exponentially small
for times tÀ L2/D0, where L is the size of the unit cell.
Consequently, in applications where the residence time in
the system satisfies this inequality, we would expect diffu-

2 It is likely that these different contexts hinder the dissemi-
nation of techniques across disciplines. Indeed, the generalized
Taylor-Aris dispersion approach [23, 24] was developed with-
out any knowledge of the work in reference [21], despite the
fact that the latter is often cited in the context of diffusion in
random media.

sion coefficients calculated by our method to possess neg-
ligibly small error bars when compared to Monte Carlo
simulations. Aside from the latter asymptotic error, our
only other potential source of numerical error is the pre-
cision in machine algebra (i.e., double precision calcula-
tions), a negligible factor. Consequently, it is reasonable
to refer to this as an exact numerical technique for com-
puting the dispersion coefficient in the presence of a finite
field. In addition to a dramatic increase in accuracy, this
scheme also offers significant advantages in computational
speed, since the calculation only requires two matrix in-
versions and a pair of summations. For large systems, use
of numerical linear algebra techniques rapidly provides the
dispersion coefficient for a given field strength. For smaller
systems, the benefits are even greater, since the resulting
analytical formulae are valid for all field strengths.

Unfortunately, employing this exact numerical tech-
niques necessitates not only a reliable LRW model, but
also one with a fixed time step. Consequently, the use
of a stochastic time step [17], which produces the cor-
rect diffusive behavior, is not compatible with exact nu-
merical techniques. In reference [17], we also derived a
new two-dimensional LRW model which provides a reli-
able description of the biased motion of Brownian parti-
cles with a constant time step. In this alternative model,
the fluctuations in the time steps (which are necessary in
order to reproduce the proper dispersion coefficient when
F > 0) are introduced via a probability of remaining on
the same site during one time step. In this way, the time
elapsed between two consecutive real transitions can be
made to fluctuate at the proper rate, even though the
actual time step is constant. Interestingly, there is no con-
sistent high-field Monte Carlo algorithm for three dimen-
sions and above [17], which restricts the present study to
two-dimensional systems. As will be evident shortly, two-
dimensional systems exhibit a rich array of phenomena,
and from a technological standpoint, the two-dimensional
restriction still permits the analysis of many important
microfluidic systems [14–16] which are based upon two-
dimensional patterns. Finally, the discretisation of the
transition time also requires a modification of the origi-
nal GTD theory (this was the subject of Ref. [24]).

In what follows, we combine the two-dimensional, con-
stant time step LRW algorithm [17] with the GTD calcula-
tion technique [23,24] to generate exact, reliable results for
the dispersion coefficient in two-dimensional model sys-
tems in the presence of finite fields and immobile obsta-
cles. In the next section, we describe the general technique
and apply it pedagogically to a relatively simple lattice.
The lattice is small enough to obtain analytical results,
and we validate these results (and our general scheme) by
comparing them with Monte Carlo simulations. We then
proceed to study a number of drift-and-diffusion problems,
including periodic obstacles, porous (percolating) walls,
and trapping geometries. Not only will our calculation
technique reflect the anticipated global physics of these
systems (such as thermally activated escape from a trap),
but it will also allow us to study very subtle parametric
dependencies that are otherwise impossible to study with
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simulations, owing to the greater computational cost and
statistical errors prevalent there. We also study lattice-free
systems by investigating the convergence of the results as
the mesh size is systematically reduced. To the best of our
knowledge, this is the first study which produces exact and
reliable results for fields of arbitrary magnitudes. Conse-
quently, we anticipate that the consistent framework pre-
sented here will serve as a template for future studies of
this type.

2 Exact calculation of the dispersion

coefficient

2.1 The biased random walk in 2D

In the present section, we outline a reliable algorigthm [17]
for a biased random walk on a two-dimensional, square
lattice. Although our subsequent calculations will employ
spatially periodic lattices, the general Monte Carlo scheme
is independent of any periodicity. At each time step, the
random walker has the choice of moving onto one of the
four neighboring sites or staying put. The probability of
remaining on the same site is given by [17]

S =
1
ε2
− csch2ε , (1)

where ε = Fl/2kBT is the scaled external field, l is the lat-
tice parameter, kB is Boltzmann’s constant and T is the
temperature. The utilization of a probability to stay put
and a fixed time step introduces a variance in the mean
time elapsed between two “real” displacements which, as
we recently demonstrated [17], is necessary to reproduce
the proper diffusive behavior of a biased random walker.
For a two-dimensional random walk, the probability of not
moving at each step (Eq. (1)) is a decreasing function of
the external field ε. In the limit of infinite field strength
(ε→∞), all the jumps are made in the field direction and
S goes to zero as S ∼= 1/ε2. In the absence of an exter-
nal force, the probability of moving onto any of the four
neighboring sites should be equal. However, the presence
of an external field breaks this isotropy. In our model, the
field must be parallel to one of the two Cartesian axes, and
the transition probabilities along this direction are given
by [17]

P± =
1− S

(1 + e∓2ε)(1 + tanh ε
ε )

, (2)

where the ± signs refer to jumps parallel and antiparallel
to the direction of the external force, respectively. The two
orthogonal directions are unbiased, with probabilities [17]

P⊥ =
1− S

2(1 + ε coth ε)
. (3)

One can verify that P+ + P− + 2P⊥ + S = 1 for all
values of ε, as it should. In the limit of vanishing exter-
nal field (ε → 0), the probability of staying put is given
by S = 1/3 and the jumping probabilities are given by

P± = P⊥ = 1/6 (there is no intuitive physical argument to
explain this asymptotic behavior since it is a mathemati-
cal consequence of the combination of physical restrictions
that we imposed when we derived the model [17]). Finally,
the time duration of an iteration (a “RW step”) [17],

T =
(1− S)τB

1 + ε coth ε
, (4)

is also field dependent. In the latter expression, τB =
l2/2D0 is the so-called Brownian time of the particle,
where D0 is the free-solution dispersion coefficient of the
particle. One can verify [17] that equations (1) to (4) re-
produce the expected free-solution velocity (v0 ∝ ε) and
dispersion coefficient (D0) in both Cartesian directions for
all values of the driving force ε and the mesh size l.

This random walk algorithm (Eqs. (1) to (4)) was de-
veloped [17] to reproduce the biased Brownian motion of
point-like particles evolving in a fluid in the overdamped
limit (i.e., in the limit where there is no acceleration due
to the external field). In a Monte Carlo simulation, our
random walk model can possibly be used to study various
kinds of laminar flow profiles by setting the local field ε in
order to get the right local velocity. However, as we men-
tioned before, the exact calculations that we will present in
the next section need a uniform time step (which implies
a uniform value of ε), and thus cannot be used to study
such flows. On the other hand, this technique is fully suit-
able to study motion such as electrophoretic drift, where
the particles are driven by an uniform external field.

2.2 The GTD calculation method

The above algorithm can be readily synthesized with
the generalized Taylor-Aris dispersion calculation tech-
nique [23, 24] to complete our framework for studying
LRW problems. Aside from communicating the generic
equations necessary for computing the mean velocity and
dispersion coefficient from a biased lattice random walk,
we will also illustrate the calculation technique in the con-
text of a simple model system, the 3l× 3l lattice with one
obstacle shown in Figure 1. The (scaled) field ε is applied
along the x-axis and the particle can occupy eight differ-
ent sites labelled i = a–h. The numbered arrows, labelled
j = 1–28, represent all possible transitions between two
neighboring sites (including those transitions that move
across the periodic boundary conditions). Schematically,
the i-sites and the j-transitions are related as follows:

i′
j−→ i :

{
e

1−→ c, h
2−→ f, . . .

}
, (5)

where, for each j-transition, there is an origin i′-site and
a destination i-site.

Let us now define the probability wi that a particle on
site i will stay on the same site during the next time step.
Due to the presence of an obstacle, these probabilities are
non-uniform. More precisely, if a tentative transition leads
to a forbidden site (occupied by an obstacle), the particle
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Fig. 1. Schematic of a 3l×3l square lattice with lattice param-
eter l and one obstacle (filled square). The external field ε is
applied along the x-axis. The arrows (numbered from 1 to 28)
represent all the possible transitions between two neighboring
sites (identified by the letters a–h).

will stay on the original site, which results in the effective
probabilities

wi =





S + P−, i = a,
S + P+, i = b,
S + P⊥, i = c, f,

S, otherwise.

(6)

Note that all of these parameters are known functions of
the external field, ε. We will also need the probabilities
corresponding to the j-transitions,

wj =





P+, j = 1, 2, 9–13,
P−, j = 3, 4, 14–18,
P⊥, otherwise.

(7)

Finally, our mathematical technique requires the defini-
tion of macroscopic jump vectors, Rj , which distinguish
between the transitions that cross the periodic boundaries
(j = 1–8) and jumps internal to the cell (j = 9–28). When
a j-transition crosses a boundary, the associated Rj vec-
tor possesses the length of the periodicity of the system
in this direction (with the corresponding sign), while the
other Rj vectors are simply null. For our example, the Rj

vectors are given by

Rj = 3l ×





îx, j = 1, 2,
−̂ix, j = 3, 4,
−̂iy, j = 5, 6,

îy, j = 7, 8,
0, otherwise,

(8)

where îx and îy are unit vectors in x and y directions,
respectively.

The first step of the calculation is to determine the
probability, ni, of being present on each site in the steady-
state regime. The steady-state values of ni can be obtained
from the solution of [23, 24]

wini +
∑

j(i′→i)

wjni′ = ni (i = a–h) , (9)

generated for each site i. The notation
∑

j(i′→i) indicates
a sum over all transitions j which originate at a site i′ and
terminate at the site i. For example, here we have

∑

j(i′→a)

≡
∑

{5,14,24}
;

∑

j(i′→b)

≡
∑

{6,9,25}
; . . . . (10)

The equations produced by equation (9) are not linearly
independent, and must be supplemented by the normal-
ization condition [23,24]

∑

i

ni = 1. (11)

Once the steady-state probabilities ni are computed, the
mean drift velocity vector U is simply obtained by com-
puting the sum [23,24]

U =
1
T

∑

j

wjRjni′ , (12)

where the sum over j covers all possible transitions (j =
1–28 in our example) and ni′ refers to the site where these
jumps originate.

The dispersion coefficient tensor D is given by [24]

D =
1

2T

∑

j

wjni′ b̃jb̃T
j −

T

2
UU

T
, (13)

where b̃T
j and U

T
are the transpose vectors (row vectors)

of b̃j and U, respectively. The b̃j vectors are defined as

b̃j = Rj −Bi + Bi′ , (14)

while the Bi vectors are obtained from the solution of [23,
24]

(wi − 1)niBi +
∑

j(i)

wjni′(Bi′ + Rj) = niUT (i = a–h) ,

(15)
where again there is one equation per available site i. Note
that the Bi vectors are determined only within an arbi-
trary, additive constant vector, so one of them may be set
equal to zero without affecting the final results. (Eq. (14)
uses only differences between pairs of Bi vectors.)

The diffusion tensor D is symmetric, so in two dimen-
sions it will have, in general, three field-dependent com-
ponents:

D =
[

Dxx(ε) Dxy(ε)
Dxy(ε) Dyy(ε)

]
. (16)
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Fig. 2. Dispersion coefficients Dx(ε) and Dy(ε) for the system
presented in Figure 1. The solid lines are analytical functions
obtained by our exact technique; the data points were obtained
from Monte Carlo simulations.

In what follows, we only consider cases where the prin-
cipal axes of the obstacle arrays are coincident with the
Cartesian (x, y)-axes defining the lattice. This choice also
ensures that the applied force is collinear with a principle
axis of the obstacle array, since our Monte Carlo algo-
rithm requires the force be along an axis of the lattice. As
a consequence, Dxy will always vanish and, for simplicity,
we will refer to the remaining diagonal terms, Dxx and
Dyy, as Dx and Dy, respectively3. Since the systems that
we study in this paper are all symmetric along the y-axis
(perpendicular to the field), the orthogonal velocity vy is
always equal to zero.

2.3 Results for a simple isotropic lattice

For the simple 3l × 3l system shown in Figure 1, one can
readily obtain analytical expressions for both U and D

3 When the lattice, and thus the force, is at an angle with
the principal axes of the obstacle array, it is possible to express
the diffusion tensor in terms of products of the unit vectors
characterizing the axes of the array, say, îx and îy, and a third
unit vector in the direction of the force [26].

with the aid of a symbolic software such as Maple, but
the resulting expressions are not easily amenable to inter-
pretation and are much too large to be presented here.
Since the dependence of U upon the applied external field
ε was studied in a previous contribution [19, 20], we will
only discuss the dispersion coefficient here. Of course, Dx

and Dy are even functions of ε due to the symmetry of
the system. Figure 2 shows (solid lines) the diagonal com-
ponents of the diffusion tensor as a function of the field
intensity ε, as well as the dispersion coefficients obtained
using Monte Carlo simulations (data points). The agree-
ment between the simulations and our analytical results
clearly confirms the validity of both our exact calculation
technique [24] and our novel algorithm [17]; moreover, it
is a validation of the remarkable computational efficiency
of our method.

Exact results, especially when they are analytical as is
the case here, allow us to study the asymptotic behavior of
the transport coefficients. For our example, the dispersion
coefficient in the direction of the field possesses the series
expansions (see also Fig. 2a)

Dx(|ε| ¿ 1) ∼= 45
112

+
1883
10976

ε2− 387027
6146560

ε4 +O(ε6) , (17)

Dx(|ε| À 1) ∼= 9
64

ε2 +
45

1024
|ε|+ 1845

8192
+O(|ε|−1) . (18)

Equation (18) clearly demonstrates the divergence of Dx

at high fields, which is due to the repeated collisions with
the obstacles that cannot be avoided by lateral diffusion.
In other words, “sliding” around flat obstacles is not pos-
sible, so these obstacles effectively act as traps. The diver-
gence is polynomial, as expected for dispersion in strong
flows around impermeable bodies [27]. This divergence can
be easily understood if we consider a cloud of particles
moving under the influence of the external field. In ab-
sence of obstacles, the mean position of the cloud will
change with time, but the cloud will spread isotropically
around this mean position due to diffusion. On the other
hand, if a fraction of these particles collide with obsta-
cles, they will be retarded and the rest of the cloud will
move ahead of them along the field axis. In the high-field
limit, the distance between the cloud and the particles
left behind increases ∼ ε, which means that the variance
of the cloud increases ∼ ε2, hence the first term of the
series expansion in equation (18). We note that Dx de-
pends on ε2 in numerous other circumstances, such as the
classical Taylor dispersion in a tube, since ε can be in-
terpreted as the Peclet number for the transport process.
However, the qualitative arguments [28] for arriving at an
ε2-dependence for flow in a tube are different than those
for a fixed array of obstacles.

In the orthogonal y-direction, we obtain (see also
Fig. 2b)

Dy(|ε| ¿ 1) ∼= 45
112
− 3

3136
ε2 +

3543
439040

ε4 +O(ε6) , (19)

Dy(|ε| À 1) ∼= 27
64
− 9

512
1
|ε| −

639
16384

1
ε2

+O(|ε|−3) , (20)
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We note that Dy varies only by 5% when we increase the
field intensity, whereas Dx diverges. This phenomenon is
due to the trapping of a fraction of the particles behind
obstacles while the rest of them are driven away over sev-
eral columns. Moreover, the low field results (17) and (19)
clearly demonstrate the symmetry breaking effect of the
field. When ε = 0, the diffusion tensor is isotropic as a
result of the isotropy of the lattice. For ε > 0, the diffu-
sion tensor is anisotropic, as evidenced by the differing ε2

coefficients in the ε¿ 1 expansions (17) and (19).

3 Periodic obstacles

We will now use our exact calculation technique to inves-
tigate the field dependence of the dispersion coefficient of
a small random walker migrating through simple periodic
distributions of obstacles similar to the one employed in
the previous section (see Fig. 1). Explicitly, we focus upon
various periodic lattice systems with unit-cell size Nl×Nl
and one l × l obstacle contained therein. Thus, the con-
centration of obstacles is given by [4] C = 1/N 2. We will
only discuss the behavior of Dx(ε), the dispersion coef-
ficient along the field axis, since it is more dramatically
affected by the collisions with the obstacles than its or-
thogonal counterpart, Dy(ε).

The lattices considered in this section and those which
follow are too large to obtain analytical solutions, even
with the aid of symbolic software, so we employed a C++

numerical implementation of our technique. Since the size
(N) of the matrix equations (Eqs. (9) and (15)) grows
like the square of the linear size of the lattice system, the
maximum system size could be quite limited. In practice,
however, very few matrix elements are non-zero (a maxi-
mum of 5 per row), and we can substantially increase the
maximum system size by using a sparse matrix storage
technique [29].

Figure 3 shows the field dependence of the dispersion
coefficient Dx(C; ε) for various system sizes N between
3 and 30. At low fields (ε . 0.5), the dispersion coef-
ficient increases with N and converges toward the free-
solution value, D0x

= 1/2, when the concentration be-
comes negligible. This phenomenon was observed previ-
ously by Mercier and Slater [12], who simply computed
the velocity for small fields and then determined the dis-
persion coefficient by taking the zero-field limit of velocity
v and invoking the Nernst-Einstein equation,

D∗x =
Dx

D0x

= lim
F→0

v(F )
v0(F )

. (21)

Figure 3 also shows that, as expected, the dispersion coef-
ficient diverges as ε increases due to the retardation caused
by multiple collisions with the flat obstacles. However, the
curves are inverted for ε & 1 (high concentrations now give
larger dispersion coefficients) and the curves cross in a
narrow region located just below ε = 1. This behavior can
be best understood by considering the relative displace-
ment of two particles which are initially located behind
an obstacle at a given time. The presence of the obstacle

Fig. 3. (a) Dispersion coefficients Dx(C; ε) in the field di-
rection for periodic systems at various concentrations C. The
system consists of one 1l × 1l obstacle in an Nl × Nl cell,
which yields a (surface) concentration of obstacles C = 1/N 2.
(b) Rescaling of the data in (a) with the respective zero-field
dispersion coefficient Dx(C; ε = 0) for each concentration C.

leads to rejected jumps, which in turn tend to keep the
particles situated behind the obstacle. On the whole, this
“rejected-jump” effect is intensified by increasing C, since
the percentage of lattice sites generating rejected jumps is
increased. In the limit ε¿ 1, the motion is dominated by
diffusion but hindered by the obstacles (the hindered dif-
fusion limit). In the event that one particle escapes from
behind the obstacle, there is a reasonable probability that
i) it will return to its previous location behind the obsta-
cle; or ii) the second particle will escape shortly thereafter.
Consequently, the dispersion coefficients are low in the
hindered diffusion limit, since the separation between the
two particles would be small. Moreover, since the obsta-
cles tend to keep the particles close together by preventing
diffusion jumps onto the forbidden site, the dispersion co-
efficient decreases as the number of obstacles increases. In
contrast, escape from behind the obstacles is much more
difficult when ε À 1, since the applied field increases the
tendency to choose the rejected jump towards the obsta-
cle site. In this case, when the first particle escapes from
behind the obstacle it is unlikely that it will return to
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Fig. 4. Scaled dispersion coefficients D∗
x(C; ε) (filled symbols)

as a function of the concentration of obstacles C for periodic
systems of Nl × Nl sites with one obstacle (C = 1/N 2). The
open symbols represent the results previously obtained [19] for
the velocity v∗x in the asymptotic limits ε = 0 and ε →∞.

its original position or that the second particle will es-
cape shortly thereafter. This phenomenon leads to large
spreading between the two particles and concomitantly
large dispersion coefficients at high fields. Moreover, the
number of possible events of this type increases with in-
creasing obstacle concentration, which rationalizes the in-
crease in Dx with C in this limit. It is unsurprising, then,
that the cross-over point occurs around ε = 1, since this
corresponds to the case where the local convective and
diffusive transport mechanisms are balanced.

Figure 3b depicts the same data with the y-axis
rescaled using the exact Dx(C; ε = 0) values. This scal-
ing eliminates the cross-over point and shows a universal
behavior which diverges like ∼ ε2, consistent with equa-
tion (18). Moreover, all of the dispersion coefficients decay
to their free-solution value as the field goes to zero. Note
that the dispersion coefficient can easily increase by an
order of magnitude for fields as low as ε = 5.

Further insights into the dependence of Dx upon the
obstacle concentration C are obtained from Figure 4,
where we have plotted the scaled dispersion coefficient,
D∗x(C; ε), defined by the first part of equation (21), as
a function of the concentration C for different values of
the field ε. We observe three different regimes: i) at low
field intensities (ε . 0.5), D∗

x(C; ε) decreases as the obsta-
cle concentration C increases; ii) at high field intensities
(ε & 1), the opposite behavior is observed, and the disper-
sion coefficient increases with concentration; and iii) in
the intermediate regime, the curve first goes up and then
down (see the ε = 0.8 case for example) —consistent
with the rationale given above. Moreover, Figure 4 clearly
demonstrates the failure of the Nernst-Einstein relation
(Eq. (21)) when the field is large. In a previous contri-

Fig. 5. Ratio of the scaled dispersion coefficient D∗
x to the

scaled velocity v∗x as a function of the scaled external field ε
for the 3l × 3l lattice with one obstacle depicted in Figure 1.

bution [19], we studied the field dependence of the scaled
velocity v∗(C; ε) ≡ v(C; ε)/v0(ε), and the exact asymp-
totic limits v∗x(C; ε → 0) and v∗x(C; ε → ∞) are included
in Figure 4. Clearly, the functions D∗

x(C; ε) and v∗x(C; ε)
are only equal when ε = 0, as is indeed predicted by equa-
tion (21). In fact, the two functions evolve in opposite ways
for fields greater than ε ∼= 1; the velocity decreases with C,
whereas the dispersion coefficient increases. The disparity
between these two quantities is rendered transparent by
plotting the ratio D∗

x/v∗x as a function of the field intensity
ε (Fig. 5). This “Nernst-Einstein ratio” simply diverges
∼ ε2 when the field increases. This would be expected,
since we have already observed that D∗

x(ε → ∞) ∼ ε2,
whereas the velocity saturates [19], v∗x(ε→∞) ∼ ε0.

One interesting application of this method would be
to study the sieving of different sized particles in a peri-
odic array of obstacles. We already studied [20] the mean
velocity of particles in these arrays, but this new method
now allows us to calculate the resolution of the proposed
separation techniques.

4 Percolation

Percolation is one of the classic problems in diffusion the-
ory [13,30,31]. In the most general sense, the percolation
limit is defined as the critical concentration of randomly
distributed obstacles which always produces a spanning
cluster. For our square lattice, a concentration exceeding
the critical value C∗ ∼= 0.4072 [13] leads to a such a situ-
ation, thus blocking diffusion over long length scales (i.e.,
D(C > C∗; ε) = 0). We can in principle study diffusion in
percolating systems using our approach, but this requires
generating a large ensemble (Ω À 1) of random systems
and then averaging over the exact results obtained for each
of them. Futhermore, increasingly large systems must be
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Fig. 6. Scaled dispersion coefficient D∗
x(C; ε) for randomly dis-

tributed obstacles. The results were obtained for 20l× 20l sys-
tems and averaged over Ω = 10000 samples. The error bars are
smaller than the size of the data points (< 1%).

studied to fully understand the inevitable finite-size ef-
fects [32]. Figure 6 presents the diffusion coefficient as a
function of the concentration of randomly distributed ob-
stacles for a small 20l × 20l lattice. We observe that, at
low field, the diffusion coefficient D∗

x is a monotonously de-
creasing function of the concentration of obstacles C and
that it tends toward zero near the percolation concentra-
tion C∗. At high field, Dx(C) increases due to the colli-
sions with the lattice obstacles, as we observed for periodic
distributions, but this divergence is, at some point, can-
celled by the presence of the percolation threshold. Each
point in this figure is an average obtained from Ω = 10000
random systems. This averaging process leads to statisti-
cal uncertainties of order∼ 1/

√
Ω, related to the finite size

of the ensemble; these errors bars make the existence of
exact results for a particular obstacle configuration much
less interesting (although the resultant data for the en-
semble average are still a large improvement over Monte
Carlo simulations, which themselves introduce additional
statistical errors).

4.1 Porous walls

As an alternative to studying large random systems, we
instead study a system of parallel porous walls and exam-
ine the dependence of the dispersion coefficient on the field
strength and the size of the pores. While this is clearly a
non-random system, it exhibits a percolation-like conver-
gence toward a state of zero dispersion coefficient as the
concentration of obstacles nears a critical value. Moreover,
this system of repetitive porous walls serves as a simple
model for transport through stacks of membranes or fil-
ters [33–35].

Fig. 7. Scaled dispersion coefficient D∗
x(C; ε) for a simple per-

colating system with a periodic cell of Nl×Nl sites containing
a vertical wall of 1 ≤ h ≤ N obstacles. The “linear” concen-
tration is C = h/N . The results were obtained for N = 50.
A representative schematic for N = 10 and h = 5 is shown
in the upper right corner. The inset graph is a zoom of the
D∗

x(C; ε = 0.10) curve, which exhibits a pronounced S-shape
for intermediate fields.

The first system we consider is a Nl×Nl lattice with
a vertical wall of h obstacles rising along the y-axis, as
depicted in the upper right inset of Figure 7. We keep the
lattice size N fixed, and we follow the evolution of D∗

x(h; ε)
as the relative height of the wall, or the corresponding
“linear” concentration C = h/N , increases. Note that the
“percolation” threshold for this system is C∗ = 1. Figure 7
presents results obtained for a large system (N = 50) for
several values of the external field ε. We recover the free-
solution diffusivity at C = 0 and a vanishing diffusivity
at C = 1, as one might expect. Also, the low-field curves
(ε . 0.05) are strictly decreasing with C, which is iden-
tical to the periodic obstacle case depicted in Figure 4.
In contrast, at intermediate fields (0.05 . ε ≤ 0.2), the
curves exhibit a rather complicated non-monotonic behav-
ior. For instance, the inset graph shows that, for such in-
termediate fields, the dispersion coefficient first decreases,
then increases to a reach a high maximum value before it
eventually collapses at the percolation threshold. This is
the result of the competition between the reduced size of
the passage through the wall and the multiple collisions
between the random walker and the flat wall. When the
walls are small, the hindered diffusion effect is enhanced
because the multiple wall sites tend to keep the particles
nearby while still maintaining a reasonably high proba-
bility of escape, leading to smaller dispersion coefficients.
However, as the pores constrict and the probability of es-
caping through them decreases, the fact that the particles
are quickly transported to the next wall serves to increase
the dispersion coefficient. Eventually, though, the likeli-
hood of moving through the pore becomes very small and
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Fig. 8. Scaled dispersion coefficient D∗
x(C; ε) for a percolating

system of two vertical walls made of 1 ≤ h ≤ N obstacles on a
Nl×Nl lattice (with N = 50). As illustrated at the top of the
graph, the walls grow in opposite directions, so that there are
no obstacle-free rows when C = h/N ≥ 0.5. The final point,
located at h/N = 1 and D∗

x = 0, is not on this semi-log graph.

the diffusion process is quenched, regardless of ε, because
almost all of the particles remain trapped behind the first
wall at long times.

In the presence of a finite driving field, there is another
phenomenon that is quite similar to percolation: we called
this the free-row threshold (FRT) [19]. By that, we mean
the critical concentration of obstacles, C∗FRT, for which one
has at least one obstacle per row. In other words, for con-
centrations C > C∗FRT, the random walker cannot move
along a row (or a corridor) without eventually colliding
with an obstacle. For our previous system (Fig. 7), we
clearly have C∗FRT = C∗ = 1. Of course, for real systems,
such as random distributions of obstacles, the free-row
threshold and the percolation threshold will be different.
In a previous contribution [19], we showed that this con-
cept is essential for understanding particle velocities in the
high-field limit. Here, we examine the importance of the
FRT using a slightly different model, where a second ver-
tical wall now grows in a direction opposite to that of the
original wall (see, for example, the two 10l × 10l systems
at the top of Fig. 8). For this system, C∗FRT = 0.5 while
the percolation threshold remains at C∗ = 1. We used a
N = 50 system and the horizontal distance between the
two walls was N/2. With the periodic-boundary condi-
tions, the two walls thus form a periodic array of stag-
gered walls with misaligned holes. The data, depicted in
Figure 8, exhibit very complicated behavior characterized
by sudden drops of the dispersion coefficient near each of
the two critical concentrations (0.50 and 1.0 here). Note

Fig. 9. Scaled dispersion coefficient vs. the scaled external field
ε for different trap depths λ on a 10l × 10l lattice. Obstacles
with a null trapping depth (λ = 0) and a finite trapping depth
(λ = 3) are shown in the upper left corner.

that the increase of the dispersion coefficient, due to mul-
tiple collisions with the obstacles, is quite rapid at first
(it is essentially exponential in the range 0.1 . C . 0.25),
and that the final collapse before the percolation threshold
(C = 1) is extremely abrupt. The second increase of the
dispersion coefficient (when C∗FRT < C < C∗) is due to
the increasing tortuosity of the trajectory of the particles
slaloming between the walls. These effects should be taken
into account when designing new separation technologies
or other devices based on stacks of walls or membranes.

4.2 Trapping

Besides the collapse of the dispersion coefficient at a crit-
ical concentration C∗ and the additional effects at C∗FRT,
percolating systems are also characterized by the existence
of dead-ends at many different length scales. Close to C∗,
the network of obstacles forms a fractal structure and the
system becomes self-similar. In order to study the effect of
dead-ends on the dispersion coefficient D∗

x(C; ε), we now
introduce a simple lattice system consisting of periodically
arranged ⊃-shaped obstacles, such as those depicted in the
insets of Figure 9, where the field points into the traps (the
+x-direction). The most important consequence of strong
biases in presence of such obstacles is on the trapping of
the drifting particle in the ⊃-shaped regions. In a previ-
ous paper [19], we studied the impact of such traps on
the mean velocity, v∗x(C; ε): as the field was increased, we
observed that v∗x(C; ε) → 0 when ε → ∞ —even when
the system is far from its percolation threshold C∗. This
phenomenon resulted from the fact that the field pushes
the particles back into the traps. However, at that time
we could not investigate the impact of dead-end trapping
on the dispersion coefficient, which we will consider here.
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Fig. 10. Data from Figure 9 replotted on a semi-logarithmic
scale where the x-axis is rescaled by the parameter λ for each
curve.

Figure 9 shows a unit cell of our model periodic trap-
ping system: a 10l×10l lattice is occupied by a single trap
of width 2l and an adjustable depth 0 ≤ λ/l < 8. Note
that we are technically well below the percolation thresh-
old of this system. For a depth λ = 0, which corresponds
to a flat wall obstacle, our data (Fig. 9, thin solid line)
shows that the dispersion coefficient simply diverges at
high fields, an effect similar to that observed previously
for single obstacles in Figure 3 (in fact, this a particu-
lar case of the simple percolating wall system studied in
Sect. 4.1). However, as soon as a finite trap is present
(λ > 0), the dispersion coefficient first increases with field
intensity before eventually decaying to zero as ε→∞. As
expected, the onset of this decay occurs at ever decreasing
values of ε as the trap depth λ increases.

We expect that the potential energy of the particle
inside a trap will be proportional to depth of the trap
and also to the strength of the field (i.e. U ∼ λε). Thus,
if the thermally activated escape process follows Kramers
statistics, the escape time τ must satisfy an expression
like log τ ∼ λε when the field ε is strong. Since Dx ∼ 1/τ ,
we expect that log Dx ∼ −λε (i.e. the decay rate of Dx is
proportional to λε). In Figure 10, we can see that the slope
of Dx vs. λε is indeed independent of the trap depth at
high field (ε > 4). Figure 10 thus confirms that our model
is consistent with Kramers’s theory of thermally activated
escape [1] and convincingly demonstrates the correctness
of our LRW method.

Finally, Figure 11 examines the field dependence of
the scaled dispersion coefficient for the λ = 3 trapping
system, but this time for the whole range of field inten-
sities (ε > 0 and ε < 0). Since the particles do not en-
counter traps in the −̂ix-direction, the dispersion coeffi-
cient diverges as ε → −∞. This result shows the strong
asymmetry of Dx(ε), and this asymmetry could play an
important role in separation technologies based on rachet-
ing processes that use alternating fields to separate par-

Fig. 11. Scaled dispersion coefficient as a function of the scaled
external field ε for one particular trapping system (trap depth
λ = 3) and for all values of ε (positive and negative). See
reference [20] for the dependence of the velocity on the field ε
in trapping systems.

ticles [16, 20, 36–38]. For example, the size separation of
DNA during gel electrophoresis is due to the presence of
randomly distributed trapping regions.

5 The continuum limit

While the use of a lattice permits us to examine many
model geometries, such as those discussed above, it is not
possible to represent more realistic obstacle shapes. For
example, curved contours cannot be perfectly reproduced
using a coarse square lattice. Furthermore, even for rect-
angular obstacles, the use of discrete lattice displacements
comparable to the size of the obstacles (or the particle)
themselves will not lead to the same quantitative dynami-
cal properties (Dx, vx, . . .) as a continuous-time, off-lattice
Brownian Dynamics simulation of the same system. This
discrepancy between the lattice and continuum models ex-
ists only in the presence of obstacles, and it is due to
the peculiar representation of the collision processes that
characterizes such Monte Carlo algorithms. For instance,
if a selected jump leads to a forbidden (occupied) site,
the particle simply remains on its original lattice site; this
is certainly not quite equivalent to the real continuous
Brownian motion near an obstacle. Since this effect is only
present for sites along the perimeter of the obstacles, it is
possible to reduce its impact by using finer mesh sizes.
A straightforward approach for testing this hypothesis is
to perform the same calculation on the same system for
ever decreasing values of the lattice parameter ξl (with
0 < ξ < 1). Figure 12 shows how this can be done for our
3l × 3l sample system for three different values of ξ. The
surface occupied by the obstacle is kept fixed at l×l, while
the lattice parameter ξl is reduced. The dispersion coeffi-
cient and the velocity can be evaluated for different values
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Fig. 12. Variation of the mesh size ξl used to study the contin-
uum limit (ξ → 0) for a square obstacle and a constant surface
concentration C = 1/9.

of ξ and the continuum limit is reached by extrapolating
these results in the limit where ξ → 0.

It is important to mention that, since the scaled field
ε is proportional to the lattice parameter, it must also be
rescaled by the mesh factor ξ (i.e., ε′ = ξε). Therefore,
as we approach the continuum limit (ξ → 0), the scaled
field ε′ also approaches zero. One might then be tempted
to claim that the Nernst-Einstein relation should apply in
the continuum limit for arbitrary values of the force F ,
and, consequently, that one could obtain the dispersion
coefficient from the much simpler velocity calculation re-
quired by equation (21) [19]. Obviously, this hypothesis
must be false, since all field intensities would then lead
to the same velocities and dispersion coefficients in the
continuum limit. Moreover, we have already seen that the
presence of obstacles and strong external forces do not
equally affect the velocity and the dispersion coefficient.

The reason why the Nernst-Einstein does not apply
when we approach the continuum limit ξ → 0, despite the
fact that ε′ → 0, is that it is not the field F which is going
toward zero when we reduce the mesh size. Rather, it is
the potential energy difference ∼ ξlF corresponding to a
displacement over one lattice parameter ξl. Indeed, at a
macroscopic scale, the field is still the same.

We applied this continuum-limit calculation technique
to the 3l×3l sample system depicted in Figure 12, and the
Nernst-Einstein ratios D∗

x/v∗x for three different field in-
tensities are presented in Figure 13. In these calculations,
the size of the random walker (ξl×ξl) is reduced as the lat-
tice parameter decreases. We see that this ratio converges
to unity only when the field goes to zero. Otherwise, D∗

x

and v∗x converge toward different values, and the Nernst-
Einstein relation is invalid even for infinitely small mesh
sizes. Interestingly, this figure also demonstrates that the
difference between these curves decreases for small mesh
sizes. A mesh size of ∼= 0.01l–0.05l would provide excellent
approximate results for the continuum limit for these field
intensities.

6 Discussion

In the present contribution, we combined a new lattice
random walk algorithm, which properly reproduces the

Fig. 13. Ratio of the scaled dispersion coefficient D∗
x to the

scaled velocity v∗x for a mesh size particle (ξl×ξl) as a function
of the mesh size ξ for three different field intensities ε.

free-solution diffusive behavior even in the presence of a
driving field of arbitrary magnitude, with an exact numeri-
cal calculation technique to study diffusion in the presence
of large fields and various types of obstacles. While study-
ing several model systems, the resultant technique has al-
lowed us to uncover phenomena that might otherwise be
obscured by statistical errors in Monte Carlo computer
simulations, and the breadth of our study reflects the com-
putational simplicity of the present scheme. In fact, this
technique gives exact results (at least 10 digits of preci-
sion) infinitely faster than any Monte Carlo simulation al-
gorithm. Thus, we anticipate that this framework will find
many applications outside of the model systems consid-
ered here. In particular, this technique is a complement to
previous work [20] on modelling separation devices, such
as the asymmetric distributions of obstacles [15, 16] used
for directional separations. Indeed, in the absence of this
method, such studies were restricted to the calculation of
exact velocities, which does not permit determining the
separation resolution of the proposed systems.

Although the present technique constitutes a substan-
tial improvement over existing schemes for studying lat-
tice random walks, there are several aspects which can be
improved. Most importantly, the current algorithm is re-
stricted to biases which are collinear with one of the Carte-
sian axes. Although this may be acceptable for many sit-
uations, such as the ones considered here, there are cases
where it imposes a severe limitation. In electrophoresis,
for example, one should take into account the influence of
non-conducting obstacles on the electric field lines [20,39].
Our model can only be used if the field lines are unaffected
near the surface of the obstacles. In practice, the obsta-
cles are generally partially insulating relative to the fluid,
which results in forces that are tangential to the obstacle
surfaces. These deformed field lines and tangential forces
facilitate the negotiation of the obstacle and, consequently,
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² = 2.0»

Mesh size parameter »



EXACT LATTICE CALCULATIONS OF DISPERSION COEFFICIENTS | 116

82 The European Physical Journal E

they would reduce the divergence of the dispersion coeffi-
cient along the field axis. Furthermore, such effects would
reduce the impact of dead-ends, since field lines cannot
terminate at the end of a closed channel. However, the
solution to this problem is not trivial, since the under-
lying simulation algorithm [17] is based on a complete
decoupling of the motion along the Cartesian axes. An-
other limitation is that this exact calculation technique
cannot be used to study the effect of flow patterns. How-
ever, as we already mentioned, this issue can be solved
using Monte Carlo simulations with a loss in accuracy
and speed when compared to the results presented here.
The most severe limitation of the algorithm presented in
this article is that it cannot be used in more than two
dimensions. Although the generalized Taylor-Aris disper-
sion technique itself is valid for any dimension [23,24], the
probabilistic representation of the random walk is only
valid for d ≤ 2 (see Ref. [17] for details). It does appear
possible that the algorithm itself can be modified to work
above two dimensions [40], and this will be the subject of
a future contribution.
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Abstract

We recently demonstrated that standard fixed-time lattice random-walk models cannot be

modified to represent properly the biased diffusion processes in more than two dimensions.

The origin of this fundamental limitation appears to be the fact that traditional Monte Carlo

moves do not allow for simultaneous jumps along each spatial direction. We thus propose a

new algorithm to transform biased diffusion problems into lattice random walks such that we

recover the proper dynamics for any number of spatial dimensions and for arbitrary values of

the external field. Using a hypercubic lattice, we redefine the basic Monte Carlo moves,

including the transition probabilities and the corresponding time durations, in order to allow

simultaneous jumps along all Cartesian axes. We show that our new algorithm can be used

both with computer simulations and with exact numerical methods to obtain the mean velocity

and the diffusion coefficient of point-like particles in any dimension and in the presence of

obstacles.
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1. Introduction

Lattice Monte Carlo (LMC) computer simulations are often used to study
diffusion problems when it is not possible to solve the diffusion equation. If the
lattice mesh size is small enough, LMC simulations provide results that are in
principle arbitrarily close to the numerical solution of the diffusion equation. In
LMC simulations, a particle is essentially making an unbiased random-walk on
connected lattice sites, and those moves that collide with obstacles are rejected [1–4].
The allowed Monte Carlo moves are usually displacements by one lattice site along
one of the d spatial directions.

In the presence of an external field, one must bias the possible lattice jumps in
order to reproduce also the net velocity of the particle. However, this is not as easy as
it looks because one must also make sure that the diffusion coefficient is correctly
modelled along each of the d spatial directions and that detailed balance is satisfied.
Using a Metropolis weighting factor [1] does not work because in the limit of large
driving fields, all the jumps along the field axis are in the same direction and hence
the velocity saturates and the diffusion coefficient in this direction vanishes. This
approach is thus limited to weak fields, at best. A better approach is to solve the local
diffusion problem (i.e., inside each lattice cell) using a first-passage problem (FPP)
[5–8] approach, and to use the corresponding probabilities and mean jumping times
for the coarser grained LMC moves. In this case, the mean jumping times are shorter
along the field axis, but one can easily renormalize the jumping probabilities to use a
single time step. Furthermore, this approach ensures that detailed balance is
automatically satisfied. In a recent paper [9], we demonstrated that although this
method does give the correct drift velocity for arbitrary values of the driving field, it
fails to give the correct diffusion coefficient. The problem is due to the often
neglected fact that the variance of the jumping time affects the diffusion process in
the presence of a net drift [10]. LMC models do not generally include these temporal
fluctuations of the jumping time, at least not in an explicit way. In the same article
[9], we showed how to modify a one-dimensional LMC algorithm with the addition
of a stochastic jumping time t� Dt; where the appropriate value of the standard-
deviation Dt was again obtained from the resolution of the local FPP. For
simulations in higher spatial dimensions d41; it is possible to use our one-
dimensional algorithm with the proper method to alternate between the dimensions
as long as the Monte Carlo clock advances only when the particle moves along the
field direction [9].

LMC simulations of diffusion processes actually use stochastic methods to resolve
a discrete problem that can be written in terms of coupled linear equations. Several
years ago, we proposed a way to compute the exact solution of the LMC simulations
via matrix methods, thus bypassing the need for actual simulations. This alternative
method is valid only in the limit of vanishingly weak driving fields, but it produces
numerical results with arbitrarily high precision. The crucial requirement of the
method is a set of LMC moves that have a common jumping time. Dorfman [11,12]
suggested a slightly different but still exact numerical method, and the two agree
perfectly at zero field. More recently [13], we extended our numerical method to
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cases with driving fields of arbitrary magnitudes; in order to do that, we used LMC
moves that possess a single jumping time for all spatial directions, but this forced us
to neglect the temporal fluctuations discussed above. As a consequence, our
numerical method generates exact velocities but fails to provide reliable diffusion
coefficients. Again, Dorfman’s alternate method also gives the same velocities, but
because the LMC moves do not include the proper temporal fluctuations, neither
method can be used to compute the diffusion coefficient along the field axis. In
summary, a fixed-time LMC algorithm can be used with exact numerical methods to
compute the net velocity, but temporal fluctuations (and hence computer
simulations) must be used to compute the diffusion coefficient.

We recently solved the problem of defining a FPP-based LMC algorithm with
both a fixed time step and the proper temporal fluctuations [9]. This required the
addition of a probability to stay put on the current lattice site during a given time
step (of course, this change also implies a renormalization of the jumping
probabilities). This probability of non-motion has a direct effect on the real time
elapsed between two displacements of the Brownian walker, and this effect can be
adjusted in order to reproduce the exact temporal fluctuations of the local FPP. We
showed that this new LMC algorithm can be used with Dorfman’s exact numerical
method to compute the exact field dependence of both the velocity and the diffusion
coefficient of a particle on a lattice in the presence of obstacles. As far as we know,
this is the first biased lattice random-walk model that gives the right diffusion
coefficient for arbitrary values of the external field. Other models, such as the repton
model [2], are restricted to weak fields. Several other articles (see, e.g., [14–16]) report
simulations of diffusive processes, but all of them appear to be limited to small
biases.

The standard d-dimensional LMC model that we proposed in Ref. [9] has 2ðd þ 1Þ
parameters: a time step, a probability to stay put, and two other probabilities to
move forward and backward in all directions. Also, if the external field is applied
along one of the Cartesian axes, this model has 2ðd þ 1Þ independent constraints to
satisfy: a normalization condition of the probabilities, a detailed balance condition
along the field axis, and a free-solution velocity and diffusion coefficient in each
dimension. The detailed balance condition is not needed in the unbiased directions
because the imposed zero velocity condition ensures the exactness of the detailed
balance along these axes. However, even if standard LMC algorithms have as many
degrees of freedom as there are equations to satisfy, the corresponding solution does
not necessarily have physical sense. For example, one can obtain negative time steps
and/or transition probabilities that are not included in the [0, 1] range.
Unfortunately, our LMC algorithm [9] has one of these two fatal flaws: for
dimensions d42; the probability to stay put turns out to be negative. This failure
suggests that there is a fundamental problem with this class of models, or more
precisely with standard LMC moves (however, note that it is still possible to use
computer simulations and fluctuating jumping times t� Dt; as explained above). In
other words, it is impossible to get both the right velocity and the right diffusion
coefficient in all spatial directions (if d42) when the LMC jumps are made along a
single axis at each step.
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In this article, we examine an alternative to the standard LMC moves that
increases the number of degrees of freedom (i.e., the number of allowed MC moves)
in order to derive a valid LMC algorithm with a common time step for free solution
with d42 spatial dimensions. We suggest that a valid set of LMC moves should
preferably respect the fact that motion along the different spatial directions is
actually simultaneous and not sequential. We also develop the procedure to handle
the non-trivial problem of the collisions with obstacles. As we will show, the method
that we propose resolves the problem described above and allows us to design a
powerful new LMC algorithm that can be used both with exact numerical methods
and stochastic computer simulations.

2. The biased random-walk in one dimension

As mentioned above, Metropolis-like algorithms are not reliable if one
wants to study diffusion via the dynamics of biased random-walkers on a
lattice [9]. The discretization of such continuous diffusion processes should be
done by first solving the FPP of a particle between two absorbing walls (the
distance between these arbitrary walls is the step size l of the lattice).
Indeed, completion of a LMC jump is identical to the first passage at a distance l

from the origin. In one dimension, this FPP has an exact algebraic solution, and
the resulting transition probabilities (noted � for parallel and antiparallel to the
external force F) are [17]

p�ð�Þ ¼
1

1 þ e�2�
, (1)

where � ¼ Fl=2kBT is the (scaled) external field intensity, kB is Boltzmann’s constant
and T is the temperature. The time duration of these FPP jumps is [17]

tð�Þ ¼
tanh �

�
tB , (2)

where tB; the time duration tð0Þ of a jump when no external field is applied, is called
the Brownian time.

Although Eqs. (1) and (2) can be used to simulate one-dimensional drift problems
(the net velocity is then correct and the detailed balance is satisfied), they erroneously
generate a field-dependent diffusion coefficient for a free particle, which is wrong.
This failure is due to the lack of temporal fluctuations in such a LMC algorithm (at
each step, the particle would jump either forward (pþ) or backward (p�), and all
jumps would take the same time t). As mentioned above, it is possible to fix this
problem [9] with a stochastic time step like t� Dt; where Dt can also be calculated
exactly within the framework of FPPs [17]:

Dtð�Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tanh �� � sech2 �

�3

s
� tB . (3)
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However, the resulting algorithm can only be used in Monte Carlo computer
simulations because exact resolution methods [13,18] require a common time step for
all jumps.

Alternatively, temporal fluctuations can be introduced using a probability s0

to remain on the same lattice site during the duration of a fixed time step t0 [9].
Not moving has the effect of creating a dispersion of the time elapsed between two
actual jumps. In order to obtain the right free-solution diffusion coefficient, we must
have [9]

s0ð�Þ ¼
coth �

�
� csch2 � . (4)

This modification also forces us to renormalize the other elements of the LMC
algorithm:

p0
� ¼ ð1 � s0Þp� , (5)

t0 ¼ ð1 � s0Þt . (6)

Eqs. (4)–(6) define a LMC algorithm that can be used with Monte Carlo simulations
(or exact numerical methods) to study one-dimensional drift and diffusion problems.
One can easily verify [9] that it leads to the proper free-solution velocity
(v0 ¼ hxi=t0 ¼ �l=tB) and diffusion coefficient (D0 ¼ hDx2i=2t0 ¼ l2=2tB), while
satisfying the Nernst–Einstein relation D0=v0 ¼ l=� as well as detailed balance.
These equations will thus be the starting point of our new multi-dimensional LMC
algorithm.

3. Extension to higher dimensions

In principle, we can build a simple model for d41 dimensions using the elements
of a one-dimensional biased random-walk for the field axis and those of an unbiased
random-walk for each of the d � 1 transverse axes. Indeed, it is possible to fully
decouple the motion along the different spatial directions if the field is along a
Cartesian axis. Such an algorithm is divided into three steps:

(1) First, we must select the jump axis, keeping in mind that the particle should share
its walking time equally between the d spatial directions. The probability to
choose a given axis should thus be inversely proportional to the mean time
duration of a jump in this direction (note that the time duration of a jump is
shorter in the field direction).

(2) Secondly, the direction (�) of the jump must be selected.
(3) Finally, the time duration of the jump must be computed and the Monte Carlo

clock must be advanced.

There are several ways to implement these steps. The easiest way is to use
Eqs. (1)–(3) in this case, the LMC clock must advance by a stochastic increment
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t� Dt each time a jump is made along the field axis (in order to obtain the
proper temporal fluctuations, the clock does not advance otherwise). A slightly
more complicated way would be to use Eqs. (4)–(6); again, the clock advances
only when the jump is along the field axis, but this choice has the advantage
of not needing a stochastic time increment. Although both of these implemen-
tations can easily be used with computer simulations, they would not
function with exact numerical methods because of the way the clock is
handled.

For exact numerical methods, an algorithm with a common time step and a
common clock for all spatial directions is required. We showed that it is indeed
possible to do this if we renormalize Eqs. (1) and (2) properly [13]; this approach
works for any dimension d41; but it can only be used to compute the exact velocity
of the particle since it neglects the temporal fluctuations. In order to also include
these fluctuations, one must start from Eqs. (4)–(6) instead. Unfortunately, this can
be done only in two dimensions since the renormalization process gives negative
probabilities when d42 [9].

Clearly, in order to derive a multi-dimensional LMC algorithm with a fixed
time step, a common clock and the proper temporal fluctuations, we need a
major change to the basic assumptions of the LMC methodology. In the
next section, we propose to allow simultaneous jumps in all spatial directions.
This is a natural choice since LMC methods do indeed assume that the motion
of the particle is made of d entirely decoupled random-walks (note, however,
that it is not in principle the only choice; this will be discussed in Section 8).
Current LMC methods assume this decoupling to be valid, but force single-axis
jumps to be sequential and not simultaneous.

4. The need for a new set of moves

In our multi-dimensional algorithm [9], the LMC moves were the standard unit
jumps along one of the Cartesian axes, and a probability to stay put was used to
generate temporal fluctuations. Since moving along a given axis actually contributes
to temporal fluctuations along all the other axes [9], the method fails for d42
because the transverse axes then provide an excess of temporal fluctuations. This
strongly suggests that the traditional sequential LMC moves are the culprit.
Sequential LMC moves are used solely for the sake of simplicity, but they are a poor
representation of the fact that real particles move in all spatial directions at the same
time. This weakness is insignificant for unbiased diffusion, but it becomes a
roadblock in the presence of strong driving fields.

In order to resolve this problem, we suggest employing a set of moves that respect
the simultaneous nature of the dynamics along each of the d axes. To generate a
LMC algorithm for this new set of moves, we will use our exact solution of the one-
dimensional problem for each of the d directions (this will ensure that a maximum
amount of microscopic information, such as detailed balance, is used from the very
beginning).
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5. New d-dimensional LMC moves: the free-solution case

Our new LMC moves will include one jump attempt along each of d spatial
directions. The list will thus consist of d !� 3d different moves since we must allow
for all possible permutations of the three fundamental jumps (of length �l and 0)
used by the exact one-dimensional model that we will be using for each axis. Note
that the external field must be parallel to one of the Cartesian axes (we choose the x-
axis here). The dynamics is governed by p0

�; s0 and t0 in the x-direction (Eqs. (4)–(6)),
whereas we can in principle use p? ¼ 1

2
and tB for the transverse directions because

there is no need to model the temporal fluctuations when there is no net drift in the
given direction [9].

The optimal time step for our new moves is t0ð�Þ; the duration of the
fastest unit process. We thus have to rescale the transverse probability p?

accordingly:

p0
? ¼ p?

t0

tB

. (7)

This generates an arbitrary probability to stay put in the transverse directions:

s0? ¼ 1 � 2p0
? . (8)

In the zero-field limit, this probability gives

s0?j�!0 ¼
2
3
¼ s0j�!0 . (9)

Therefore, the probability to stay put is the same in all the directions in this limit, as
it should. In the opposite limit � ! 1; we have

s0?j�!1 ¼ 1 (10)

and the jumps in the transverse directions become extremely rare, as expected. Eqs.
(4)–(8) are sufficient to build the table of multi-dimensional moves and their different
probabilities since the d directions are independent.

Fig. 1 illustrates the new LMC moves for the one- and two-dimensional cases in
the absence of obstacles. The moves, all of duration t0; combine d simultaneous one-
dimensional processes and include net displacements along lattice diagonals. The
d ¼ 2 paths are further defined in Table 1a; such a description of the trajectories will
be essential later to determine the dynamics in the presence of obstacles. It is
straightforward to extend this approach to higher dimensions (d42).

We can easily verify that this new set of LMC moves gives the right free-
solution velocity and diffusion coefficients for all dimensions dX2: If the field
is pointing along the x-axis, the average displacement per time step is
hX i0 ¼ ðp0

þ � p0
�Þl; while the average square displacement is hX 2i0 ¼ ðp0

þ þ p0
�Þl

2:
Using these results, we can compute the free-solution velocity v0x and diffusion
coefficient D0x :

v0x ¼
hX i0

t0
¼

l�

tB

(11)
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and

D0x ¼
hDX 2i0

2t0
¼

hX 2i0 � hX i0
2

2t0
¼

l2

2tB

. (12)

One can also verify that v0? ¼ 0 and D0? ¼ l2=2tB: These are precisely the results
that we expect.

Therefore, the model introduced here does work for all values of the external field
� and all dimensions dX2 in the absence of obstacles. The problems faced in Ref. [9]
have been resolved by making the d directions truly independent from each other and
choosing t0 as the fundamental time step of the new LMC moves.
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Fig. 1. (a) Our new set of probabilities in two dimensions for an obstacle-free case (right) is the result of

the combination of two simultaneous one-dimensional processes (left). The grey site represents the

position of the random walker before the transition. (b) Same as in (a) for a three-dimensional system (for

clarity, we present only three of the final transition probabilities).
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6. New d-dimensional LMC moves: collisions with obstacles

Since this new model works fine in free solution, the next step is to define how to
deal with the presence of obstacles. The rule that we follow in those cases where a
move leads to a collision with an obstacle is the same as before, i.e., such a jump
is rejected and the particle remains on the same site. In our algorithm, though, this
means that one (or more) of the d sub-components of a d-dimensional move is
rejected. Therefore, the list of transition probabilities must take into account all of
the possible paths (or trajectories) that the particle can follow given the local
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Table 1

Listing of all the possible trajectories and their transition probabilities in two dimensions for the free-

solution case (a) and an example of obstacle obstruction (b).
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Table 2
Listing of all the possible trajectories and their transition probabilities in two di-
mensions for the free-solution case (a) and an example of obstacle obstruction (b).

(a) Free-solution case (b) Obstacle case

1st

jump
2nd

jump
final

position
transition
probability

p′−

p′⊥

p′⊥

p′−

a p′−p′⊥

s′

p′⊥

p′⊥

s′
b s′p′⊥

p′+

p′⊥

p′⊥

p′+

c p′+p′⊥

p′−

s′⊥

s′⊥

p′−

d p′−s′⊥

s′

s′⊥

s′⊥

s′
e s′s′⊥

p′+

s′⊥

s′⊥

p′+

f p′+s′⊥

p′−

p′⊥

p′⊥

p′−

g p′−p′⊥

s′

p′⊥

p′⊥

s′
h s′p′⊥

p′+

p′⊥

p′⊥

p′+

i p′+p′⊥

1st

jump
2nd

jump
final

position
transition
probability

p′−

p′⊥

p′⊥

p′−

a p′−p′⊥

s′

p′⊥

p′⊥

p′⊥

s′

p′+

b s′p′⊥ +
p′+p′⊥

2

p′−

s′⊥

s′⊥

p′−

d p′−s′⊥

s′

s′⊥

s′⊥

s′
e s′s′⊥

p′+

s′⊥

p′+

s′⊥

p′+

p′⊥

f p′+s′⊥ +
p′+p′⊥

2

p′−

p′⊥

p′⊥

p′−

g p′−p′⊥

s′

p′⊥

p′⊥

s′
h s′p′⊥

p′+

p′⊥

p′⊥

p′+

i p′+p′⊥

17
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geometry. A two-dimensional example is illustrated in Table 1b. We see that the two
different trajectories that previously lead to the upper right corner (site c) now lead
to different final positions due to the rejection of one of the two unit jumps that
are involved. The final transition probabilities for this particular case are listed in
Table 1b. Of course, all local distributions of obstacles can be studied using the same
systematic approach. We stress the fact that our algorithm is, in fact, the
combination of d independent random-walks, even when the particle moves between
obstacles.

7. New d-dimensional LMC moves: the continuum limit

In order to test our new set of LMC moves for systems with obstacles, we will
compare its predictions to those of our previous two-dimensional algorithm [9] since
we know that both can properly reproduce the velocity and the diffusion coefficient
of a particle in the case of an obstacle-free system. However, the different moves used
by these two algorithms means that a true comparison can only be made in the limit
of the continuum since the choice of moves always affects the result of a coarse-
grained approach if there are obstacles.

The exact numerical method that we developed in collaboration with Dorfman
[18] is not limited to the previous set of LMC moves. It can easily be modified to
include other LMC moves, including diagonal moves. Combining Dorfman’s
method [18,11,12] and our new LMC moves, we now have a way to compute the
exact velocity and the exact diffusion coefficient of a particle in the presence of
arbitrary driving field for any dimension dX2:

We thus studied the system shown in Fig. 2b using both algorithms, and we
repeated the calculation for different lattice parameters xl (with 0oxp1) while the
obstacle size (l) remained constant (the surface concentration of obstacles is thus
kept constant at C ¼ 1

9
). The limit of the continuum corresponds to x ! 0: We

compared the velocities and diffusion coefficients along the field axis obtained with
both algorithms over a wide range of x: Note that the value of the external scaled
field �; which is proportional to the lattice parameter (� ¼ Fl=2kBT), has to be
rescaled by the factor x: Fig. 2a presents the data for both algorithms for a nominal
field intensity � ¼ 1: We clearly see that the two approaches converge perfectly in the
x ! 0 limit. Interestingly, the new algorithm converges slightly faster towards the
asymptotic continuum value. This is explained by the fact that the diagonal
transitions reduce the number of successive collisions made by a random-walker
when it is trapped behind an obstacle at high field.

8. New d-dimensional LMC moves: the non-uniqueness of our solution

As mentioned before, the algorithm presented in Section 5 is not necessarily the
unique solution to the free-solution case. In principle, it is possible to derive new
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algorithms from scratch (i.e., without starting from the exact solution of the one-
dimensional FPP) using the following approach.

In one dimension (d ¼ 1) and in the presence of an external field �; we can define
up to 4 free parameters: the probabilities of moving forward or backward (p0þ; p0

�),
the probability to stay put (s0), and the transition time t0: There are also 4 equations
(or constraints) to satisfy (normalization, velocity, diffusion, and detailed balance).
Solving these equations actually recovers the exact FPP solution described by
Eqs. (4)–(6).

In two dimensions (d ¼ 2), using the standard LMC moves with the external field
pointing along one of the Cartesian axes, we have only one new free parameter (the
transverse probabilities p0

?) for the unbiased dimension (the absence of bias in the
second dimension implies an equality of the two transition probabilities in this
direction). On the other hand, the additional dimension adds three new constraints
(velocity, diffusion, and detailed balance). However, the first and third are
superfluous since they are trivially respected in the absence of bias. Thus, going
from one to two dimensions simply adds one variable (p0

?) and one constraint
(diffusion). One can solve this larger system of equations to derive a valid two-
dimensional MC algorithm. In fact, such a solution would be identical to the one we
proposed in Ref. [9], where we built the probability of moving in the unbiased
direction by redistributing the one-dimensional probability to stay put into the
transverse motion.

In more than two dimensions (d42), we simply add new unbiased dimensions,
with one variable and one constraint per dimension (as was the case for the second
dimension in the previous paragraph). Consequently, in d dimensions, we have 3 þ d
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Fig. 2. (a) Scaled velocity v�x (squares) and diffusion coefficient D�
x (circles) vs. the mesh size x for � ¼ 1:

These calculations were done using the algorithm presented in Ref. [18] (filled symbols) and the one

proposed in this paper (empty symbols). (b) The obstacle is of size l � l; the lattice is of size 3l � 3l (with

periodic boundary conditions), and the particle (not shown) is of size xl � xl: The system is shown for

three different values of the mesh size parameter x:
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constraints and 3 þ d variables. Thus, we should in principle be able to derive a
unique valid algorithm for any number of dimensions. However, we showed in Ref.
[9] that such an approach actually leads (for d42) to a negative probability to stay
put. The reason for this is that we must impose two additional criteria in order to
have an acceptable solution:

Critertion 1. The transition time must be greater than zero for all values of the applied

field �:

Critertion 2. All transition probabilities must be within the range ½0; 1� for all values of

the applied field �:

Since standard LMC algorithms fail to respect the second constraint for d42; we
must find a way to introduce more degrees of freedom (i.e., additional MC moves) in
order to obtain solutions that may be physically acceptable. In principle, any new set

of moves that provide enough variables to resolve the problem at hand can be used.

The approach proposed in this paper, i.e., the introduction of new variables such
as diagonal moves on an hypercubic lattice, leads to a problem with 3d transition
probabilities (see Fig. 1). However, symmetry arguments for the d � 1 transverse
directions can reduce the number of independent degrees of freedom to 3 � 2d�1 þ 1;
3 for the biased dimension times 2 for each of the other ones, plus one variable for
the transition time. Since we still have only 3 þ d equations to satisfy, this approach
clearly leads to more than one solution when d41: One can solve such a system of
equations and show that our algorithm is one of several solutions.

Although adding more LMC moves and solving the resulting algorithm with a
brute force approach may work, one still has to justify the selection of a particular
solution. We believe that our approach is preferable because it provides an algorithm
(i) that automatically satisfies detailed balance as well as (ii) the two criteria listed
above. More importantly, however, (iii) it provides a clear method to treat collisions
with obstacles because each LMC move is defined as a specific trajectory in d-
dimensional space. A list of arbitrary LMC moves would leave open the question of
how a collision with a nearby obstacle should be treated.

9. Conclusion

Conventional three-dimensional LMC algorithms cannot be used to study both
the mean velocity and the diffusion coefficient of a Brownian particle if the time step
has to be constant (as required by exact numerical methods). This limitation is due to
the fact that these algorithms only allow jumps to be made along one axis at each
time step. Such unit jumps make it impossible to obtain the proper temporal
fluctuations that are key to getting the right diffusion coefficient.

We propose that LMC moves should actually respect the fact that all of the d

spatial dimensions are fully independent. This means that each move should include
a component along each of these dimensions. This complete dimensional decoupling
allows us to conserve the proper temporal fluctuations and hence to reproduce the
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correct diffusion process even in the presence of an external field of arbitrary
amplitude. This approach leads to a slightly more complicated analysis of
particle–obstacle collisions, but this is still compatible with the exact numerical
methods developed elsewhere [9].

The new LMC algorithm presented in this paper opens the door to numerous
coarse-grained simulation and numerical studies that were not possible before
because previous algorithms were restricted to low field intensities.
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