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Summary

The drift and diffusion motions of biased particles are commonly studied using random

walks on lattices. Traditionally, the models used for such studies entail Monte Carlo si-

mulations that allow the researcher to follow the dynamics of millions of particles with a

good precision (∼ 0.1%). However, current algorithms are not generally valid for all values

of the external force (they are limited to small external fields). In this thesis, we present

a novel theoretical approach that makes it possible to calculate exact mobilities in the

presence of lattice obstacles. Several two-dimensional examples are studied, including one

that includes topological dead-ends that act like traps. A particular attention is given to

separation techniques and how our model can be used to study such devices.

We also broach the problems related to the field-dependence of the diffusion coefficient

during random walks, and we present new algorithms that remove these difficulties. Cur-

rent models are often restricted to the calculation of either the mobility or the diffusion

coefficient. However, when we are interested in highly biased random walks in the presence

of obstacles, these two quantities are needed to correctly describe the dynamics involved.

We develop new Monte Carlo algorithms that make it possible to study both drift and

diffusion processes simultaneously, even in presence of very strong fields.

Finally, we present two brief discussions about the addition of curved field lines and

viscosity gradients to our lattice models. These features are crucial to obtain realistic

models for the dynamics of small analytes in microfabricated devices. The work presented

in this thesis opens the door to a wide range of applications, especially for the study of

electrophoretic technologies.

i



Sommaire

Les processus de dérive et de diffusion de particules biaisées sont fréquemment étudiés à

l’aide de modèles de marche aléatoire sur réseau. Traditionnellement, les simulations de

type Monte Carlo, qui permettent de suivre la dynamique de millions de particules avec

une grande précision (∼ 0.1%), sont utilisées pour réaliser ce genre d’étude. Cependant,

les algorithmes couramment utilisés ne sont pas valides pour toutes les valeurs de la force

externe (ils sont en fait limités aux faibles champs externes). La présente thèse présente

une approche théorique novatrice qui rend possible le calcul du coefficient de mobilité exact

sur réseau en présence d’obstacles. De nombreux exemples bidimensionnels sont analysés,

incluant un système comprenant des culs-de-sac agissant comme trappes pour les particules.

Nous portons une attention particulière aux techniques de séparation électrophorétiques et

à l’application de notre modèle à l’étude de tels procédés.

Nous abordons également les problèmes reliés à la dépendance en champ du coefficient

de diffusion durant une marche aléatoire et nous présentons de nouveaux algorithmes nous

permettant de surmonter ces contraintes. Les modèles courants sont généralement restreints

au calcul soit du coefficient de mobilité soit du coefficient de diffusion. Cependant, ces deux

quantités sont nécessaires afin de caractériser correctement la dynamique en jeu lorsque nous

nous intéressons aux cas de marches aléatoires fortement biaisées. Nous avons développé de

nouveaux algorithmes Monte Carlo qui permettent d’étudier simultanément les processus

de dérive et de diffusion et ce, même en présence de champs très forts.

Finalement, nous présentons deux discussions portant sur l’intégration de lignes de

champ courbées et de gradients de viscosité dans notre modèle. Ces ajouts sont cruciaux

afin d’obtenir un modèle réaliste de la dynamique de petits analytes à l’intérieur d’appareils

de séparation opérant à l’échelle microscopique. Le travail présenté dans cette thèse ouvre

la porte à de nombreuses applications, particulièrement en ce qui concerne l’étude des

technologies de l’électrophorèse.
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mes amis Jean-François, Martin et Frédéric qui m’ont soutenu durant la réalisation de ce
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Chapter 1 Introduction

Random walk based algorithms are commonly used as simulation tools for theoretical stud-

ies of a wide range of problems in physics, chemistry and biology. As examples, we can

mention the simulation of the motion of Brownian particles, diffusion controlled chemical

reactions or the trajectory of a protein in a liquid, and so many others. All the theoretical

models used to study these problems share the basic idea of describing a physical process

using a probabilistic perspective. Even continuous processes can be studied stochastically

using an appropriate discretization of the phenomenon. In fact, the work presented in

this thesis treats such a continuous dynamical process: the biased motion of a Brownian

particle. More precisely, we will focus our attention on the calculation of the mobility and

diffusion coefficients of particles submitted to an external force using discrete random walks

on a grid.

1.1 Self-diffusion coefficient in a liquid

In absence of a driving force, a random walker evolving in a viscous medium will move

around its initial position due to thermal agitation. This means that if we look at a

great number of walkers, the average position will not change with time but the cloud of

particles will spherically spread around the starting position. The diffusion coefficient D is

the measure of the time evolution of the spatial fluctuations of the particles. Over a long

period of time, the behavior of a large population of particles can be described using the

diffusion equation [1]:
∂P (x, t)

∂t
= D

∂2P (x, t)
∂x2

, (1.1)

where P (x, t)dx is the probability for a particle to be in the interval between x and x + dx

at time t. In more than one dimension, the derivative ∂2/∂x2 is replaced by the Laplacian

∇2.

1
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Solving Eq. 1.1 with for the initial condition P (x, t = 0) = δ(x) yields to the following

result [1]:

〈x〉 = 0 , (1.2)

〈x2〉 = 2Dt , (1.3)

where x0 is the initial position. The one-dimensional diffusion coefficient is then given by

[2]:

D =
〈x2〉 − 〈x〉2

2t
=
〈∆x2〉

2t
, (1.4)

or

〈∆x2〉 = 2Dt . (1.5)

In d dimensions, the distance r from the origin is given by r2 = x2 + y2 + . . . and the

diffusion coefficient is thus given by:

〈∆r2〉 = 〈∆x2〉+ 〈∆y2〉+ . . . = 2dDt . (1.6)

In a stationary situation (no external force, no driving current, . . .), the spatial fluctua-

tions are controlled by the thermal noise and the frictional force f due to the viscous envi-

ronment. Detailed calculation of the mean-square displacement starting from the Langevin

equation leads to the following fundamental relation [2]:

D =
kBT

f(R)
, (1.7)

where kB is Boltzmann’s constant, T is the temperature and R is the size of the particle.

Notice that Eq. 1.7 is a general expression which is not based on assumptions about the

shape of the particle. In the case of a spherical particle of radius R, the frictional coefficient

is simply given by the Stokes-Einstein relation [2]:

f(R) = 6πηR , (1.8)

where η is the solvent viscosity. The self-diffusion coefficient is then given by:

D =
kBT

6πηR
. (1.9)

Note that for non-spherical objects like polymers, we normally use the hydrodynamic radius

RH , which is an indicator of the apparent size of the object in the solvent.
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1.2 Biased random walks and mobility coefficients

Let’s now consider the situation in which an external force is applied to the particle. In

the steady-state, the particle then moves with a constant drift velocity v given by the ratio

of the driving external force Fext and the frictional retardation coefficient f(R) due to the

viscosity of the surrounding media [2]:

v =
Fext

f(R)
. (1.10)

As an example, we can assume that the particle carries a charge Q, and that an electric

field E is applied. For this particular case, the velocity is given by:

v =
Fext(Q,E)

f(R)
=

QE

f(R)
. (1.11)

We now define the mobility coefficient µ, which is the linear relation between the external

field E and the corresponding steady-state velocity v [2]:

µ ≡ v

E
. (1.12)

This last equation, combined with Eqs. 1.7 and 1.11, leads to the Nernst-Einstein relation

valid for a charged analyte moving in a liquid [2]:

D =
kBT

Q
µ . (1.13)

1.3 Previous work of the Slater group

In order to better understand the starting point and the motivations of the work presented

in this thesis, it is necessary to briefly summarize the work done by the group of Dr. Gary

W. Slater on their novel Ogston model of gel electrophoresis.

Free-solution and gel electrophoresis

Electrophoresis is a common technique used to separate and analyze charged particles in

solution. In free-solution, charged particles can be dragged by an external electric field with
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a drift velocity given by Eq. 1.11. Since this velocity is a function of the particle charge

and size, electrophoresis can be used for separation purposes. Generally, electrophoresis is

performed in the presence of a sieving medium or gel to increase the separation quality.

The collisions of the particles with the gel induce a retardation factor which is function of

the analyte’s physical properties. It is thus relevant to understand the mechanisms involved

in these cases in order to develop new and better separation technologies.

The Ogston Regime

The Ogston regime of gel electrophoresis is key to a number of technologies [3]. This regime

corresponds to the situation where the analyte is smaller than the mean pore size (Rp) of the

sieving medium (see Fig. 1.1). In the case of rigid, globular analytes, this generally means

that the particle’s radius R < Rp. The model is also often used to interpret experimental

data for polyelectrolyte molecules such as small DNA molecules; in such cases, the relevant

size R is presumably proportional to the mean radius-of-gyration Rg of the polymer. As

an example, the recent emphasis on single nucleotide polymorphism (or SNP) [4] analysis

means that fairly small DNA molecules must be analyzed very rapidly (i.e., at high field

intensitiy) by capillary electrophoresis in entangled polymer solutions: in this situation,

separation is probably through Ogston-like sieving. Our understanding of this last situation

is embryonic, at best.

The OMRC hypothesis

In a series of articles published during the last 7 years [5, 6, 7, 8, 9, 10, 11, 12], the group of

Dr. Slater discussed the traditional Ogston-Morris-Rodbard-Chrambach (OMRC) model

[13, 14, 15, 16] of gel electrophoresis in detail. In short, the OMRC model assumes that the

electrophoretic mobility µ(C) of the analyte in a gel of concentration C is, in the R < Rp

limit, simply given by the expression:

µ(C)
µ0

= f(C) , (1.14)

where µ0 ≡ µ(C = 0) is the free-solution mobility of the analyte and f(C) is the fraction of

the total gel volume where the centre-of-mass of the particle can be located without violating
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Figure 1.1: Schematic representation of gel electrophoresis of charged analytes. These
analytes could be either spherical particles of radius R or macromolecules of hydrodynamic
radius RH .

the condition of volume exclusion between the analyte and the gel fibres. Calculating the

mobility is thus reduced to calculating the fractional gel volume f(C) for a given analyte

size R and a given gel structure and concentration C. Ogston’s calculation of the fractional

volume f(C) for a three-dimensional random array of long and thin sticks (the gel) and a

sphere (the analyte) provides the simple formula:

µ(C)
µ0

= exp

{
−π

4
×

(
R

Rp(C)

)2
}

. (1.15)

As we can see, the intensity E of the applied electric field does not enter this theory at all.

In fact, the OMRC model is a mean-field model that considers an annealed gel at zero-field

intensity.

In the presence of disorder, one would expect to have dead-ends in the gel. In such cases,

an analyte with a non-zero size R could get trapped (see Fig. 1.1). In order to continue its

net migration in the direction of the applied electrostatic force, it would first have to move

against this force and then choose another path. At vanishingly low field intensity (E → 0),

this does not involve the thermally activated movement of the analyte above the potential

barrier corresponding to the depth of the trap, and the dead-ends should not affect the net
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motion of the particle except for their percolation properties. In other words, the dead-ends

then lead to a field-independent geometrical contribution to the tortuosity of the pathways

taken by the analyte. At high fields, however, the electric forces push the analyte deep

inside the dead-ends and the probability of escape should decrease exponentially with the

field intensity. The relative contributions of the small probability of falling into such a trap

and the large escape times from these traps must then lead to a field-dependent mobility.

One thus conclude that the OMRC model is indeed a zero-field model of gel electrophoretic

sieving. Another restrictive assumption of the OMRC model is the hypothesis that the field

is uniform in the solution.

The Guo-Mercier-Slater model

In the previously mentioned series of articles, a new lattice model of the Ogston regime of gel

electrophoresis was introduced. In the low field limit E → 0, this alternative model can be

solved exactly (i.e., both the mobility µ(C) and the fractional volume f(C) can be calculated

exactly) for a large variety of gel structures and analyte shapes. The results clearly indicated

that Eq. 1.14 is not generally valid. Instead, the following general polynomial expression

was suggested:

µ∗ ≡ µ(C,R)
µ0

= 1 + a1(R)C + a2(R)C2 + a3(R)C3 + . . . (1.16)

where µ0 is the free-solution mobility (C = 0). The coefficients ai=1,2... can then be used

to characterize a given sieving system. For example, it was found that the sign of the a2

coefficient is related to the degree of randomness in the gel while a1 depends on the sizes of

both the analyte and the gel fibres. Note that Eq. 1.14 is in principle included in Eq. 1.16,

although it has proven impossible to find any gel-analyte pair for which Eq. 1.16 actually

reduced to Eq. 1.14.

However, this lattice model was also restricted to low field intensities. This was explicit

in the method used to solve the mathematical matrix equations generated by the model

[8, 9, 10, 11, 12]. In particular, it was assumed that the rate at which the analyte jumped

from site to site on the lattice remained isotropic and unchanged in the presence of the

field. What made this assumption valid was the fact that while the directional bias of

the random-walk increases linearly with the intensity E of the external field, the jumping
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rate increases only as the square of the field intensity (E2). In the zero-field limit, one

can then neglect the latter because it is of second order. With isotropic jumping rates,

the problem can be rewritten simply as linear rate equations whose solution directly leads

to an exact value of the zero-field electrophoretic mobility µ. Equivalently, this gives the

exact diffusion coefficient D since the Nernst-Einstein (Eq. 1.13) relation establishes a link

between D and µ when E → 0 [17, 18, 19]. Thus, the exact calculation technique developed

for the zero-field electrophoretic mobility turns out to be an exact calculation method for

the equilibrium (E = 0) diffusion coefficient as well. The results obtained with this new

technique are valid even in the presence of non-conducting fibres which produce curved field

lines because the Nernst-Einstein relation must be universally valid at low field intensity

[12].

Unfortunately, the situation is far from being trivial when the field intensity is high.

The jumping frequency becomes anisotropic (one obviously has more jumps per unit time

in the field direction) and the previous approach cannot be used anymore. The zero-field

approach is actually equivalent to solving exactly the equations of motion that correspond

to a Monte Carlo simulation that would be using the Metropolis algorithm. However, a

simplistic use of the latter would fail miserably at high field. For example, let’s take a free

particle in one dimension. If the field were infinitely high, all the jumps would be in the

direction of the field. The velocity would then cease to increase with the field intensity and

the diffusion coefficient would be zero. These are two artifacts of the fact that the standard

simulation approach only biases the jumps without taking into account the reduced jumping

times. In d ≥ 2 dimensions, one must also consider the anisotropic jumping rates.

1.4 Presentation of the thesis

At the beginning of this project, our main interest was to develop a generalized biased

random walk model in order to extend the previously obtained results to any values of the

external bias E. Indeed, all the results presented in the series of articles mentioned in the

previous section share a common and fundamental limitation: they are only valid in the

limit of vanishing external bias (E → 0). In chapter 2, we will derive the biased transition

probabilities and jump duration for a random-walk model for all spatial dimensions d ≥ 1,
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compare these dynamical equations with Brownian dynamics simulations, and describe the

calculation technique used to obtain exact mobilities. In the following chapter, we will apply

this model to generic gel systems in order to study the effect of the bias on sieving properties.

Chapter 4 will present specific examples of gels that can be used for separation purposes.

The problems related to the calculation of the diffusion coefficients in the presence of a field

will be treated in chapter 5. Finally, chapter 6 will discuss two major limitations of our

model (the curvature of the field lines and the variation of the viscosity of the surrounding

media) and present detailed suggestions on how we can treat such problems.



Chapter 2 The Generalized Model

In this chapter, we will generalize the lattice model previously developed by the group

of Dr. Gary W. Slater. This model is only valid in the zero-field limit E → 0. This

limitation of the Guo-Mercier-Slater model is the starting point of the work presented in

this thesis. We will begin by revisiting the foundations of this model before we propose a

major improvement that allows the field to take an arbitrary value. We will also show an

example illustrating how to use this new version of the model to compute exact velocities

as a function of the applied field intensity. In this thesis, we will treat the case of charged

analytes subjected to an external electric field E, but our derivation can also be interpreted

in different contexts and, consequently, can be adapted to other kinds of biasing fields.

2.1 The biased random walk in 1D

Consider a charged particle of dimension a diffusing on a one-dimensional (1D) lattice with

a lattice parameter a:

E

At each step of an unbiased random walk, the particle simply moves to one of the two

neighboring sites (noted ±x). In this situation, the transition probabilities are 1/2 for

each direction and the mean time duration of a jump is given by the Brownian time τB ≡
The results of this chapter were published in: M. G. Gauthier and G. W. Slater “Exactly solvable

Ogston model of gel electrophoresis: IX. Generalizing the lattice model to treat high field intensities”.
Journal of Chemical Physics 117, 6745–6756 (2002).

9
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a2/(2D0) (see Eq. 1.4), where D0 is the free-solution diffusion coefficient of the particle.

However, if the random walk is biased by the addition of an external electric field in the

+x direction, the mean time duration τ of a ±x transition is now given by [20]:

τ =
tanh ε

ε
τB , (2.1)

where ε is the scaled field intensity given by

ε =
QEa

2kBT
, (2.2)

where Q is the charge of the particle, E is the electric field intensity, kB is Boltzmann’s

constant and T is the temperature. Note that this transition time is the same in both

directions (±). Finally, the probabilities for the next jump to be in the ±x direction (noted

p+ and p− respectively) are given by [20]:

p± =
1

1 + e∓2ε
. (2.3)

It is easy to verify that the normalization condition is respected: p+ + p− = 1. It is also

easy to verify that the mean free-solution velocity (i.e. without obstacles) is then given by:

v0(ε) =
(p+ − p−)a

τ
=

εa

τB
, (2.4)

for all field intensities, as it should for this type of model. Eqs. 2.1 and 2.3 come from

the exact analytical solutions of the first passage problem of a Brownian point-like particle

evolving between two absorbing walls (see Fig. 2.1a for a schematic explanation of the

process). This exact calculation actually corresponds to the space and time discretization of

the continuous one-dimensional displacement of a random walker and it is clearly described

in Ref. [20].

2.2 Extension to 2D systems

We now consider a particle of dimension a× a diffusing on a two-dimensional (2D) square

lattice. The problem consists now in evaluating the transition probabilities to jump to each

of the four adjacent sites (noted +x, −x, +y and −y) while taking into account the fact

that the transition time is not the same in the two directions. For example, if the electric
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Figure 2.1: (a) Schematic representation of the discretization of one-dimensional diffusion
using a Brownian particle evolving between two absorbing walls. The transition time and
probabilities can be obtained either exactly or numerically. In the later case, the simulation
steps will be the following. (1) The particle is placed in the middle of the two walls,
which represent the two neighboring sites. (2) The particle evolves via Brownian Dynamics
(Eq. 2.15) (3) until it reaches a wall (which corresponds to a discrete transition to this site).
(4) and (5) These steps are repeated starting from the new site. At each iteration, the time
duration of the transition and the identity of the wall reached are recorded for statistical
purposes.
(b) Same problem as in (a) with a two-dimensional system. Here, only a numerical solution
can be obtained. In this case, the simulation steps will be: (1) The particle is placed in
the middle of the four neighboring sites (2) and evolves using Eqs. 2.15 and 2.16 until it
reaches a wall. The transition time and the identity of the wall reached are recorded. (3)
and (4) For the next iteration, the particle is placed back at the center of the box, but only
in the direction of the previous step. In other words, the accumulated displacement in the
other direction is kept for the next iteration. This is a crucial point, necessary to get the
proper dynamics of the particle.
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field is applied in the +x direction (εx = ε and εy = 0), the two transition times are then

given by (using Eq. 2.1):

τx =
tanh εx

εx
τB

∣∣∣∣
εx=ε

=
tanh ε

ε
τB = τ , (2.5)

τy =
tanh εy

εy
τB

∣∣∣∣
εy=0

= τB , (2.6)

In order to generalize our model to treat high field intensities, we need to rewrite the

problem in such a way that all transitions take the same amount of time. Indeed, the use

of master equations implicitly requires that all possible jumps are of equal duration. It

is thus necessary that this difference between the mean durations of the jumps (Eqs. 2.5

and 2.6) intervenes when we derive the new effective transition probabilities in each of the

two dimensions from those previously derived for one dimension. First, it is important

to note that we can decouple the x and y directions and evaluate the number of jumps

per unit time in each direction. With the electric field applied in the +x direction, the

one-dimensional transition probabilities are given by Eq. 2.3 for the ±x jumps and by

p±y = p⊥ = 1/2 for ±y jumps (these jumps are not biased because they are orthogonal (⊥)

to the field). Since the number of jumps per unit time (φ± and φ⊥) in each direction are

(using Eqs. 2.3, 2.5 and 2.6):

φ± =
p±
τx

=
1

τ(1 + e∓2ε)
, (2.7)

φ⊥ =
p⊥
τy

=
1

2τB
, (2.8)

the total number of jumps per unit time (φ) is given by:

φ = φ+ + φ− + 2φ⊥ =
1
τ

+
1
τB

. (2.9)

We note that φ−1 corresponds to the average period of time between jumps, whatever the

direction. We will thus use this as the time duration T of all four possible jumps in our

modified biased random-walk scheme:

T ≡ 1
φ

=
ττB

τ + τB
. (2.10)
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The modified transition probabilities are then given by the product of the various transition

rates φ with the mean transition time T . This provides the following probabilities:

P± = Tφ± =
1

(1 + e∓2ε)(1 + τ/τB)
, (2.11)

P⊥ = Tφ⊥ =
1

2(1 + τB/τ)
. (2.12)

Note that P+ + P− + 2P⊥ = 1. We also notice that without obstacles, the free-solution

velocity in the direction of the electric field is still given by:

v0 =
(P+ − P−)a

T
=

εa

τB
, (2.13)

for all field intensities (like Eq. 2.4), a necessary constraint for any model.

Another constraint that our model has to satisfy is the fact that, in a free-solution, the

lateral diffusion coefficient (along the y-axis) should not be affected by the presence of an

electric field along the x-axis. This could be verified by calculating the net jumping rate in

the y-direction:
2P⊥
T

=
1
τB

, (2.14)

which is independent of ε. So our new probabilities do not affect the rate of lateral transitions

and, consequently, the lateral free-solution diffusion coefficient. This is important because

lateral diffusion will affect the sequence of collisions with the obstacles in a gel.

Our approach assumes that the electric field lines are parallel to one of the axes, so that

the diffusion in the other direction(s) is not affected. This last point is crucial because the

generalization of our method to other field orientations (any angle different from 0 or 90

degrees) leads to incorrect conclusions. For example, if we apply the electric field at a 45

degree angle with the x-axis, the transition times and probabilities will be the same in both

the x and y directions, and the jumping rates (in both directions) will be a function of ε.

However, because every displacement then has a component perpendicular to the direction

of the electric field, the free-solution lateral diffusion coefficient will also be function of ε,

which is incorrect. In summary, the only transitions that can be allowed are those that are

either parallel or perpendicular to the field lines. For instance, a biased random-walk cannot

use a triangular lattice when the field intensity ε is non-negligible. However, the limitation
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of the lattice representation does not imply a limitation of the systems that we can study. It

was previously demonstrated [19] that in the zero-field limit, square and triangular lattices

lead to the same results when they are used in the continuum limit (which is the standard

procedure to represent realistic systems). The same must be true for finite field intensities.

The aim of our approach is to produce an efficient Monte Carlo algorithm with two

different (orthogonal) processes that satisfy two fundamental constraints for free particles:

the velocity must increase linearly with the field intensity ε for all values of ε (we assume

that the system remains overdamped and linear), and the lateral diffusion coefficient must

remain unaffected by the field. An alternative approach is to choose a time scale τf that

corresponds to the period of the fastest process and to reduce the probability of acceptance

of the slower processes such that their effective rates take the right values. This approach

thus adds, in effect, a probability to stay put during a time step of duration τf . Instead,

our approach is equivalent to distributing the latter probability on all the other processes

in proportion to their relative rates. Therefore, the particle makes a jump at each time

step, but the mean duration T < τf . Our technique is thus more efficient for Monte Carlo

simulations: jumps are never rejected, except, of course, if an obstacle is blocking the

motion. However, as we will demonstrate in Sec. 2.5, there is no need for Monte Carlo

simulations because this stochastic model can actually be solved exactly.

2.3 Comparison with Brownian Dynamics simulations

Contrary to the 1D case, we cannot obtain an exact analytical solution of the first passage

problem for the 2D system. In order to confirm that our equations 2.10 to 2.12 properly

represent a discretized version of a continuous process, we used Brownian Dynamics [21]

computer simulations to evaluate the probabilities and time durations for a 2D first passage

problem in a single lattice cell. We studied the 2D biased random walk of a particle in a

square box of dimensions 2a×2a with an electric field applied along the x-axis (see Fig. 2.1b).

The starting point of the particle was the center of the box and the displacement of the
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particle at each time step was obtained from the following equations (dimensionless):

δx = δτ × ε +

√
δτ

2
× ϕx(0, 1) , (2.15)

δy =

√
δτ

2
× ϕy(0, 1) . (2.16)

Here, ε is the scaled electric field mentioned previously and ϕ(0, 1) is a standard Gaus-

sian probability density function (mean of 0 and variance of 1). We then simulated the

displacement of the particle until it reached one of the walls of the box by calculating the

displacements δx and δy of the particle during the small time intervals δτ . After a wall was

reached, the particle was replaced at the center of the box, but only in the direction of this

wall. In other words, the accumulated displacement in the other direction was kept for the

next iteration. For example, if the particle reached the +x wall with a total displacement

(∆x = +a,∆y = −a/5), the next iteration was started at (0,−a/5) instead of (0, 0). This

point is very important if we don’t want to lose any information about the dynamics of the

system when a jump is completed. For each completed transition, the identity of the wall

reached by the particle as well as the transition time were stored in order to compute aver-

age values. With a large statistical sample and a small integration time step δτ , the results

agree nicely with those of Eqs. 2.10 to 2.12, as we can see in Fig. 2.2. This validates our

generalized lattice biased random-walk model because the latter can accurately reproduce

the results of lattice-free simulations. In other words, our model properly decouples and

discretizes the motion along the x AND y directions.

2.4 Higher dimensions

Our transition probabilities can easily be generalized to systems of higher dimensions. If

we work in d dimensions with an electric field applied along one of the cartesian axes, the

total number of jumps per unit time becomes:

φ =
1

τ(1 + e−2ε)
+

1
τ(1 + e+2ε)

+
d−1∑
1

(
1

2τB
+

1
2τB

)
=

1
τ

+
d− 1
τB

. (2.17)

So the mean transition time is now given by:

T =
ττB

τ(d− 1) + τB
. (2.18)
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Figure 2.2: Scaled mean firstpassage time T/τB and transition probabilities P± and P⊥ vs
the scaled electric field ε for a 2D system. The solid line in (a) represents Eq. 2.10 and the
solid lines in (b) represent Eqs. 2.11 and 2.12. In both (a) and (b), the data points are the
results of the Brownian Dynamics simulations. The error bars on the simulation points are
smaller than the symbols.
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The transition probabilities in the dimension parallel to the electric field (+x for example)

are then:

P± = T
p±
τ

=
1

(1 + e∓2ε)(1 + (d− 1)τ/τB)
. (2.19)

Finally, the transition probabilities in each of the other d− 1 (orthogonal) directions are:

P⊥ = T
p⊥
τB

=
1

2((d− 1) + τB/τ)
. (2.20)

All the results presented in this thesis will be for two-dimensional (d = 2) systems.

2.5 Calculation of the mobility

As mentioned previously, the biased random-walk model derived in Sec. 2.2 can be used to

carry out Monte Carlo simulations. In this section, we show that it is actually possible to

find the exact solution using a mathematical approach similar to the one used in Refs. [5,

6, 7, 8, 9, 10, 11, 12].

General description

To use our transition probabilities and calculate the electrophoretic mobility µ(ε) = v(ε)/ε

(defined in Sec. 1.2), we have to work with a finite-size lattice and periodic boundary

conditions (PBCs). The first step is to calculate the steady-state probabilities of presence

on each site of the lattice. If there are obstacles, these probabilities are not uniformly

distributed unless the field is zero. The second step consists in computing the local velocities

on these sites and to use the probabilities of presence to evaluate the mean (weighted)

velocity. Lastly, the mobility is obtained from the mean velocity v(ε) and the value of the

applied electric field ε (see Eq. 1.12).

Example for a simple periodic system

In order to describe our method in detail, we will apply it to the anisotropic system shown

in the inset of Fig. 2.3. The obstacles are distributed periodically with periods λx = 3a and

λy = 2a. The periodic cell is thus made of two rows and three columns and it contains one

obstacle. The particle moves between five different sites (see Fig. 2.3) under the influence of
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the electric field applied along the x-axis. The dynamics can be described by the transition

probabilities developed in Sec. 2.2. For example, the probability of presence on site #2 at

a certain time t + T is related to the probabilities of presence on the adjacent sites at the

earlier time t via the relation:

n2(t + T ) = P+n2(t) + P+n1(t) + P⊥n5(t) + P⊥n5(t) , (2.21)

where T is given by Eq. 2.10. The first term is due to the reflection on the obstacle and

the three others are due to the probability of arriving from the empty adjacent sites (#1

and #5). In the steady-state, the probabilities of presence are independent of the time, so

we have ni(t + T ) = ni(t) ≡ ni. The coupled linear equations for each site i = 1 . . . 5 can

then be rewritten as the following matrix equation:

A|n〉 = |n〉 , (2.22)

where

A =


P− P− 0 2P⊥ 0
P+ P+ 0 0 2P⊥
0 0 2P⊥ P− P+

2P⊥ 0 P+ 0 P−
0 2P⊥ P− P+ 0

 , (2.23)

and

|n〉 =


n1

n2

n3

n4

n5

 . (2.24)

Note that we use the Dirac notation where |n〉 and 〈n| represent column and row vectors,

respectively, while matrices are denoted by capital letters and scalar by lower case letters. In

addition to these equations, our probabilities ni must satisfy the condition of normalization:

5∑
i=1

ni = 1 . (2.25)

This system of equations can easily be solved either analytically or numerically for |n〉.

The exact results, which are ratios of sums of exponentials, are huge and not relevant

enough to be presented here. The only result that we will present is the mobility. The local
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velocities for the x and y directions are respectively given by:

ẋi =
P+σ+i − P−σ−i

T
, (2.26)

ẏi =
P⊥σ+i − P⊥σ−i

T
, (2.27)

where the displacements are σ±i = a if there is no obstacle in the given direction and zero

otherwise. For our lattice, we thus find the following local velocities, written as column

vectors:

|ẋ〉 =


ẋ1

ẋ2

ẋ3

ẋ4

ẋ5

 =
a

T


P+

−P−
P+ − P−
P+ − P−
P+ − P−

 , (2.28)

and

|ẏ〉 =


ẏ1

ẏ2

ẏ3

ẏ4

ẏ5

 =
a

T


0
0
0
0
0

 . (2.29)

Finally, the mobilities in x and y are given by the mean velocity (
∑

ẋini = 〈ẋ|n〉 and∑
ẏini = 〈ẏ|n〉) divided by the scaled electric field ε (see Eq. 1.12). Note that in our

notation 〈ẋ|n〉 is the scalar product or row 〈ẋ| and column |n〉. For our example (Fig. 2.3),

the results are (see Appendix A for the Maple code):

µ∗x(ε) ≡ µx(ε)
µ0

=
〈ẋ|n〉
µ0ε

=
6 sinh 3ε + 3ε (cosh 3ε + 2 cosh ε)

8 sinh 3ε + sinh ε + 5ε (cosh 3ε + 2 cosh ε)
, (2.30)

µ∗y(ε) ≡ µy(ε)
µ0

=
〈ẏ|n〉
µ0ε

= 0 , (2.31)

where µ∗x and µ∗y are the scaled mobilities in the x and y directions, respectively, and µ0 is

the mobility in absence of obstacles:

µ0 =
v0(ε)

ε

(P+ − P−)a
τε

=
a

τB
. (2.32)

As expected, the mobility in the y direction is zero because there is no net displacement

along this direction. Figure 2.3 shows the variation of the scaled mobility µ∗x as a function

of ε. The exact asymptotic values are

µ∗x(ε → 0) =
27
40

= 0.675 , (2.33)
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Figure 2.3: Scaled mobility µ∗x vs scaled electric field ε for the example presented in Sec. 2.5
(Eq. 2.30). The labelling scheme used for this example is shown in inset. The filled squares
represent obstacles. The analyte can only move between numbered sites. The periodic cell
of the lattice contains only 5 sites, as shown in gray.

and

µ∗x(ε →∞) =
3
5

= 0.6 , (2.34)

as shown. The series expansions of Eq. 2.30 around ε → 0 and ε →∞ give:

µ∗x(ε → 0) ∼=
27
40

+
21

1600
ε2 − 1477

64000
ε4 + O(ε6) , (2.35)

µ∗x(ε → ±∞) ∼=
3
5
± 6

25
ε−1 − 48

125
ε−2 + O(±ε−3) . (2.36)

Note that all terms in Eq. 2.35 are even power of ε, as expected due to the symmetry of

the distribution. Since the second term is positive, the mobility increases with ε to reach

a maximum value of µ∗x ' 0.6778 at ε ' 0.7397 (see Fig 2.3). For higher values of ε, the

mobility smoothly decreases to its asymptotic value of 3/5, as described by Eq. 2.36.

The low field part of this curve can be explained by the fact that when the particle

hits an obstacle and then goes around, the probability to hit the next one is slightly lower
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due to the field-driven drift (an obstacle masks the next one because they are aligned). We

call this very small increase of the mobility (here ' 0.4%) the corridor effect. At higher

field, however, the probability to hit the same obstacle several times before going around it

increases with ε, and this makes the mobility decrease. This is an artifact of this model (or

more precisely, of the geometry of the obstacles) and it is due to the fact that our obstacles

are flat: in such a case, the analyte does not roll on the surface of the obstacle and there is

no net tangential force that can increase this rolling motion. Instead, an analyte is forced to

collide with the same obstacle many consecutive times until a lateral random jump allows it

to move beyond the obstacle and continue its journey. However, this obstacle-shape effect

is always small (. 10%).

2.6 Discussion

In this chapter, we have developed a generalized version of the Guo-Mercier-Slater lattice

model of gel electrophoresis that includes non-negligible field intensities. This required

a fundamental modification to the elements of the model because at high fields the ana-

lyte jumping rate is not isotropic anymore. The use of master equations to calculate the

probability of presence on each of the lattice sites requires a uniform jumping rate in all

spatial directions. Using a field at a 45 degree angle would solve this issue, but we showed

that it changes the free-solution diffusion coefficient in the direction transverse to the field

(which is incorrect), with a direct effect on the frequency of analyte-obstacle collisions. This

approach, which has been used by several authors in the past to carry out Monte Carlo

simulations, would at best allow us to study very weak field intensities. Another approach

would have been to define a probability S to stay on the same site. If S is chosen to be large

enough, modified master equations can again be written and solved using methods similar

to the ones used here. Instead, we chose to modify the jumping frequencies and the mean

jumping time in order to be able to use S = 0. The final mobility results actually do not

depend on the value of S (results not shown). Using S = 0 allows for much more efficient

Monte Carlo simulations to be carried out if such simulation studies are required. The

unified jumping rates required by the master equations does not allow us to use stochastic

time increments. Such variable time steps are often used in Monte Carlo simulations to
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get a realistic physical model [22]. In our particular case, stochastic jumping rates are not

needed to calculate the mobility of a particle but might be necessary to study some physical

proprieties like the diffusion coefficient. As we will discuss in chapter 5, this problem can

be solved if we use a field-dependent probability to stay on the same site (S = S(ε)).

We checked the modified jumping rules using Brownian Dynamics simulations and we

found that the meaning of discrete jumps in lattice models is rather subtle: discretization of

the space into square (or cubic) cells means that one must conserve fractional displacements

in the various directions when defining the jumping probabilities and durations. It should

be noted that we cannot generalize the model to other lattice structures (such as hexagonal

[18]) because of the problem with the transverse diffusion coefficient mentioned previously,

but this is not a problem since we will eventually be interested in the continuum limit where

the lattice representation is not relevant anymore. We also showed how our model can be

used in higher dimensional spaces with the use of hypercubic lattices.

Finally, we want to point out that the time scale derived here is not the same as the one

used in the popular repton model of electrophoresis[23]. First, the repton model is based

on the Metropolis algorithm and makes assumptions regarding the jump rates and their

anisotropy in the presence of an external field. In contrast, our model is a discretization of a

continuous process based on a microscopic description of the dynamics on a lattice of square

cells. Secondly, the time unit used in the repton model, which is inversely proportional to

cosh ε [23], does not give the proper velocity for a single particle, even in a free solution, if

the field is arbitrarily large (as we discussed above, this velocity should always be linearly

proportional to the external field ε). Indeed, the repton model gives the right velocity only

up to the second order in ε. Several studies with non vanishing field intensities used this

repton model in the past, but we believe that this approach is limited to small values of

ε (probably ε � 1). Equations 2.10 to 2.12, on the other hand, clearly make our biased

random-walk model valid for arbitrarily high field intensities.

In conclusion, we have derived a generalized lattice model of gel electrophoresis that

allows us, for the first time, to study high-field separations. This required several modifi-

cations to our previous zero-field model. In order to obtain valid results, one must make

sure that the transverse diffusion properties and the free-solution velocity are not affected

by the algorithm chosen to represent the field-driven bias. As far as we know, this is the
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first tractable model that treats the case of Ogston sieving at non-zero field intensity. This

generalization opens the door to many interesting studies where disorder, trapping and

nonlinear effects compete in the presence of a high external driving force. We will present

several examples of such effects in the next chapters.



Chapter 3 Generic Gel Systems

In this chapter, we will use the calculation technique presented in the previous chapter to

study the dynamics of particles in simple generic systems. We will investigate the effect of

the field ε and the concentration C of obstacles with periodic and random distributions of

obstacles. We will thus extend the results previously obtained using the Guo-Mercier-Slater

model in the limit of vanishing fields (ε → 0) to arbitrary values of ε. In particular, we will

show that we can study trapping problems in random gels, such as the particle trapping

effect reported by Serwer et al. [24].

3.1 Periodic obstacles

In this section, we investigate the effect of an electric field ε on the mobility of a small

a× a analyte in an isotropic system with periodic obstacles and PBC. Our periodic cell is

of dimensions Na × Na, where N is the numbers of sites in both the x and y directions,

and we have only one obstacle of dimension a × a. The concentration of obstacles is thus

given by C = 1/N2. An example for N = 5 is showed in Fig. 3.1a.

The exact mobility µ∗x(ε) for system sizes N between 3 and 10 is presented in Fig. 3.2

for a wide range of field intensities ε. For all concentrations, the scaled mobility starts by

increasing slightly with ε to reach a maximum value; this is similar to the behavior observed

in Fig. 2.3 (barely visible in Fig. 3.2). As the concentration decreases, the amplitude of this

maximum also decreases and its position moves towards lower values of ε. Remember that

the existence of this maximum is due to what we called the corridor effect where an obstacle

masks the next one on the same row (going around an obstacle reduces the probability to

hit the next obstacle). However, as the concentration is reduced, the distance between two

The results of this chapter were published in: M. G. Gauthier and G. W. Slater “Exactly solvable
Ogston model of gel electrophoresis: IX. Generalizing the lattice model to treat high field intensities”.
Journal of Chemical Physics 117, 6745–6756 (2002).
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(a) (b) (c)

Figure 3.1: Obstacle distributions for a periodic gel (a), a random maze (b), and a com-
pletely random distribution of obstacles (c). (a) is a N = 5 example of the systems studied
in Sec. 3.1, while (b) and (c) are examples of random distributions with 150 obstacles placed
on a 25 × 25 lattice. In (c) we clearly see a trapping region (shaded), the kind of region
that we wanted to avoid in (b).

consecutive obstacles increases and the corridor effect becomes less important.

Figure 3.2 also shows that the effect of the electric field on the mobility is not very

important. In fact, the artifact difference between µ∗x(ε = 0) and µ∗x(ε → ∞) is always

lower than 10%. As C → 0, we expect that µ∗x = 1 even at high electric field. This can be

verified by calculating the asymptotic values of µ∗x(ε → ∞). Results obtained from N = 3

to 10 indicate that the mobility at infinite electric field is in fact given by the exact result:

µ∗x(N, ε →∞) =
N(N − 1)
N2 − 1

=
N

N + 1
, (3.1)

which is the ratio between the number of sites in the rows without obstacles and the

total number of sites without obstacles. This is due to the fact that, when ε → ∞, the

probability P⊥ for the analyte to go from one row to another tends towards zero. So

only rows without obstacles then contribute to the effective mobility. In the limit of zero

concentration (N →∞), the rhs Eq. 3.1 is equal to unity, as it should.

The effect of the concentration on the mobility is more clearly presented in Fig. 3.3.

This graph shows the variation of the mobility as a function of the obstacle concentration

C for different values of ε. Previous studies on periodic systems were made in the zero-field

limit (ε → 0) [5, 6, 8, 11, 25]. These studies showed that the relation between the mobility
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Figure 3.2: Scaled mobility µ∗x vs scaled electric field ε for various system sizes N × N
(as indicated). Each system has a single obstacle, so that the concentration of obstacles is
C = 1/N2.

µ∗x and the concentration C can be expressed as a polynomial function:

µ∗x(C, ε � 1) = 1 + a1(ε)C + a2(ε)C2 + a3(ε)C3 + . . . (3.2)

Figure 3.3 shows that although the mobilities decrease at higher fields, the curves remain

concave, a characteristic of periodic gels that was discovered previously for ε → 0 [6].

However, the functional form for ε → ∞ is easily obtained from Eq. 3.1 (replacing N by

1/C1/2):

µ∗x(C, ε →∞) =
1− C1/2

1− C
' 1− C1/2 + C − C3/2 + . . . (3.3)

This equation is represented in Fig. 3.3 by the dashed line and we clearly see that it

corresponds to the asymptotic curve for increasing values of the electric field ε. Strangely

enough, Eq. 3.3 shows that the series changes from integer powers of C (see Eq. 3.2) to

half-integer powers of C when ε increases. This fundamental qualitative change is a direct

consequence of the geometric flatness of our obstacles.
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Figure 3.3: Scaled mobility µ∗x vs concentration of obstacles C for periodic distributions of
obstacles. The solid lines show the best fits obtained for low concentrations using Eq. 3.4
(the parameters are presented in Table 3.1). The dashed line is the asymptotic function
given by Eq. 3.3.

In order to follow the continuous evolution of the power series expansion of µ∗x between

ε = 0 and ε →∞, the data points of Fig. 3.3 were fitted (solid lines on the graph) with the

following expression:

µ∗x(C, ε) '
(1 + b1(ε)C + b2(ε)C2)× (1 + b1/2(ε)C1/2)

1− C
. (3.4)

The results of these fits are presented in Table 3.1. For the smallest value of ε studied, the

two first integer coefficients are b1(ε = 0.05) = −3.1522 and b2(ε = 0.05) = 5.213. These

values are close to the exact results b1(ε = 0) ' −3.1416 and b2(ε = 0) ' 4.9348 previously

calculated (see Refs. [5, 6, 7] for details). The presence of the denominator 1−C in Eq. 3.4

has for consequence that the series expansion of this expression has a term for every power of

C, even when ε → 0 (b1/2 → 0). Thus, we can evaluate effective higher expansion coefficients

(a3, a4, . . .). For ε = 0.05, we obtain a third order coefficient of a3 = 1 + b1 + b2 = 3.0608
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while the previously calculated exact value for a3(ε = 0) is 2.4665. So even if we fit our

data up to the second order (b2), the expansion for the third order is quite close to the real

value: this is why fitting with a form (1+b1/2C
1/2)/(1−C)) is better than 1/(1+b1/2C

1/2).

We also notice that the half-integer coefficient b1/2(ε = 0.05) = 0.0008 converges toward

zero when ε → 0, as it should. Finally, Table 3.1 shows that the coefficients slowly converge

to the ε → ∞ value of -1 and 0 (for half-integer and integer coefficients, respectively), as

predicted by Eq. 3.3. In other words, the transition from Eq. 3.2 to Eq. 3.3 is remarkably

continuous.

ε b1 b2 b1/2

01 −π ' −3.1416 π2

2 ' 4.9348 0
0.05 -3.1522± 0.00092 5.213± 0.006 0.0008± 0.0001
0.1 -3.1525± 0.0009 5.215± 0.006 0.0008± 0.0001
0.2 -3.151± 0.001 5.215± 0.007 0.0005± 0.0001
0.4 -3.145± 0.002 5.23± 0.02 -0.0032± 0.0003
0.6 -3.152± 0.008 5.40± 0.05 -0.0095± 0.001
0.8 -3.18± 0.02 5.7± 0.1 -0.017± 0.002
1 -3.22± 0.02 6.2± 0.2 -0.024± 0.003

1.5 -3.35± 0.04 7.4± 0.3 -0.047± 0.006
3 -3.5± 0.1 9.4± 0.7 -0.14± 0.02
10 -2.6± 0.2 7.7± 1 -0.48± 0.02
50 -0.68± 0.05 1.6± 0.3 -0.872± 0.006
100 -0.36± 0.03 0.8± 0.1 -0.933± 0.003
300 -0.117± 0.009 0.23± 0.04 -0.978± 0.001
∞3 0 0 -1

1 The results for ε = 0 were taken from [6].
2 The uncertainties presented in this Table were obtained from the

software (Origin) used to performed the fits.
3 See Eq. 3.3.

Table 3.1: Fitting parameters for the field-dependent mobilities in periodic systems of
obstacles (Eq. 3.4). Some of these fits are shown in Fig. 3.3.

3.2 Randomly distributed obstacles

In the previous section we demonstrated that the electric field does not really have a major

influence on the mobility of our small analytes for systems with periodically distributed
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obstacles. Now we will investigate the case where the obstacles are randomly distributed.

We will distinguish between two kinds of random distributions. The first one is a conditional

random distribution where obstacles are placed such that we avoid the formation of trapping

regions. In the second case we impose no restriction on the random distribution of obstacles

(compare Figs. 3.1b and 3.1c). The results presented here were obtained using a numerical

implementation of the technique described in Sec. 2.5 (algebraic solutions of the matrix

equations for arbitrary values of ε are not possible for large random systems).

Random maze distributions

With the aim of avoiding the formation of trapping regions (dead-ends), we generated

random distributions of obstacles with the following additional simple constraint:

The diagonal sites adjacent to an obstacle had to be free of obstacles.

This formed random mazes of linear walls (Fig. 3.1b) that do not possess any dead-ends.

We then calculated the mobility of our 1 × 1 analyte on N × N (with N = 100) lattice

systems for various values of C and ε. For a given pair (C, ε), we calculated the mobility for

an ensemble of Ω = 500 different systems. So the results presented here are averages over

Ω exact solutions. Uncertainties on these average values were obtained from the standard

deviation of our exact results divided by Ω1/2. Typically, these uncertainties were smaller

than 0.1%: this is why we do not show error bars on our graphs.

Figure 3.4 shows the scaled mobility µ∗x vs the concentration of obstacles for different

values of the field ε. We observe that the mobility decreases when the concentration C

or the electric field ε increase. In both cases, this could be explained by the increasing

number of collisions between the analyte and the obstacles. In the first case, it is due to

the increased number of obstacles while in the second it is due to the increasing number

of successive collisions per obstacle (the flatness of the obstacles is now dominating the

dynamics because of the existence of very long walls aligned along the y-axis).

Solid lines in Fig. 3.4 are the best third order polynomial fits (see Eq. 3.2). The coeffi-

cients a1(ε), a2(ε) and a3(ε) are given in Table 3.2. For all the values of ε studied here, the

fits have a positive curvature, a result that we also obtained for the periodic distributions

(see Fig. 3.3 and Table 3.1). This similarity is the reason why we used Eq. 3.2 to fit our
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Figure 3.4: Scaled mobility µ∗x vs concentration of obstacles C for random maze distribu-
tions of obstacles (no trapping regions). The solid lines show the best third order polynomial
fits for low concentrations (Eq. 3.2) (the parameters are presented in Table 3.2). The dashed
line is the finite-size asymptotic function µ∗x(C,N, ε →∞) with N = 100 (Eq. 3.5).

data. In fact, the coefficient a1(ε) approaches the value of 1 − π found for the periodic

system when ε → 0 [5, 6, 7]. Therefore, this kind of random system is qualitatively (but

not quantitatively, of course) similar to periodic systems.

The dashed line in Fig. 3.4 represents the asymptotic limit of µ∗x(C) when ε →∞. This

line is given by the following function:

µ∗x(C,N, ε →∞) ' (1− C)N−1 ' 1− (N − 1)C +
(N − 1)(N − 2)C2

2
− . . . (3.5)

This relation is obtained using the logic that led to Eq. 3.1, i.e. that at infinite field

intensity (ε → ∞), there is no lateral communication between the rows of the system and

the mobility is then given by the ratio of the number of free sites on rows without obstacles

and the number of free sites in the whole system. Here, we estimated that the probability

to get an empty row is (1− C)N , so that the average number of empty rows 〈Ne〉 is given
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ε a1 a2 a3

0.05 -2.1390± 0.00091 2.39± 0.02 -1.36± 0.09
0.1 -2.141± 0.001 2.43± 0.03 -1.6± 0.1
0.2 -2.1504± 0.0009 2.43± 0.02 -1.61± 0.09
0.4 -2.200± 0.001 2.61± 0.02 -2.2± 0.1
0.7 -2.342± 0.001 3.13± 0.03 -3.4± 0.1
1 -2.542± 0.002 3.89± 0.03 -4.9± 0.2

1.5 -2.955± 0.002 5.63± 0.05 -8.4± 0.3
3 -4.38± 0.02 13.4± 0.4 -25± 2
10 -10.5± 0.1 68± 3 -187± 15
100 -63± 2 2660± 199 -64859± 7896
∞2 -99 4851 −156849

1 The uncertainties presented in this Table were obtained from

the software (Origin) used to performed the fits.
2 Expansion coefficients of Eq. 3.5 with N = 100.

Table 3.2: Fitting parameters for the field-dependent mobilities in random mazes (third
order polynomial, Eq. 3.2). Some of these fits are presented in Fig. 3.4.

by:

〈Ne〉 = N(1− C)N . (3.6)

Then, Eq. 3.5 is obtained dividing the number of free sites in empty rows N〈Ne〉 by the

total numbers of free sites Nfree = N2(1− C):

N〈Ne〉
Nfree

=
N2(1− C)N

N2(1− C)
= (1− C)N−1. (3.7)

Obviously, this expression is an approximation which takes into account the finite size N of

the system. In order to verify the validity of this expression, we simulated 10000 random

distributions of obstacles (with N = 100) in which we calculated the average number of rows

without obstacles. We did this for different values of C and fitted the data using Eq. 3.5 with

N as a free parameter. We obtained a value of N = 100.428± 0.007. Therefore, Eq. 3.5 is

expected to be an excellent approximation of the asymptotic behavior of µ∗x(C,N, ε →∞).

In the thermodynamic limit (N → ∞), this function becomes a straight vertical line at

C = 0, i.e. there is no net mobility because there is no empty row anymore (note, however,

that the velocity vε = µ(ε) × ε still diverges in this limit). Finally, Eq. 3.5 shows that the

series expansion of µ∗x retains only integer powers of C at high electric field ε. This is the
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reason why we used Eq. 3.2 (integer series) instead of Eq. 3.4 (half-integer series) to fit the

random maze results. In fact, when the electric field ε increases, the coefficients presented

in Table 3.2 slowly converge toward those of the asymptotic prediction (ε → ∞), given in

the last row.

Pure random distributions

The same calculations as the one described in the previous section were performed for

unconditional random systems like the one shown in Fig. 3.1c. The dependence of µ∗x upon

C is shown in Fig. 3.5 for several values of ε. Obviously, these random systems are much

more affected by an increase of the concentration. This is due to the random formation of

trapping regions, like the one shaded in Fig. 3.1c. The only way to escape out of this kind

of trap is to move against the electric field. Therefore, the probability to escape is directly

related to the backward jump probability P−. In the previous case, the decrease of the

mobility was due to collisions with flat obstacles, and escape was then solely through the

probability P⊥ of lateral motion around these obstacles. However, the dependence upon

the field intensity ε is significantly different between these two probabilities (compare P−

and P⊥ in Fig. 2.2b). In fact, the probability P− is almost zero (< 0.01) for ε > 2 while P⊥

is non negligible (> 0.01) for ε up to 50. Moreover, if a trap is of depth h, the particle has

to move backward a minimum of h times which leads to an even lower probability ∼ P−
h

(one has h = 3 in Fig. 3.1c for example).

A striking characteristic of the curves presented in Fig. 3.5 is that there is a critical

concentration (C∗) above which the curvature is changed (i.e., there is an inflection point

at C = C∗). Therefore, these curves can be divided into two regions: the low concentration

region could be fitted with a polynomial expression as we did for the random mazes, while

the high concentration region could be described by an exponential decay. In order to fit the

data shown in Fig. 3.5, we thus represent these two characteristics within a single empirical

interpolating function:

µ∗x(C, ε) ' 1 + a(ε)C + b(ε)C2

exp
{(

C
C0(ε)

)δ(ε)
} . (3.8)

The results of these fits are presented in Table 3.2 and Fig. 3.5. At low values of the electric
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Figure 3.5: Scaled mobility µ∗x vs concentration of obstacles C for random distributions
of obstacles. The solid lines show the best fits obtained from Eq. 3.8 (the parameters are
presented in Table 3.2). The dashed line is the finite-size asymptotic function µ∗x(C,N, ε →
∞) with N = 100 (Eq. 3.5).

field, only the polynomial part of the fit (we then fix the denominator in Eq. 3.8 to 1) is

necessary to represent the data (for the studied range of concentrations C). Similarly, for

high values of ε, it is the second order polynomial that becomes useless to fit the data.

Notice that since the value of the exponent δ is always greater than 2, the two terms of the

polynomial part of Eq. 3.8 always remain meaningful. We find that the two first coefficients

approach the previously obtained zero-field values [25] of 1− π and −0.8558.

The infinite electric field limit (Eq. 3.5 with N = 100) is also presented by a dashed

line in Fig. 3.5. Equation 3.5 is applicable for both kinds of random systems because the

major cause for the reduced mobility at ε →∞ is the presence of an obstacle on a row (the

formation of traps is not the main retardation factor anymore). So the difference between

these two distributions is only important at finite values of ε where the decrease of µ∗x with
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ε a b C0 δ

01 1− π ' −2.1416 -0.8558
0.012 -2.118± 0.0043 -1.17± 0.02
0.1 -2.092± 0.009 -1.43± 0.04
0.5 -2.232± 0.008 -1.84± 0.08 0.2672± 0.0007 5.96± 0.04
14 -2.68± 0.03 0.1853± 0.0005 4.34± 0.06
1.5 -3.00± 0.03 0.1426± 0.0004 3.52± 0.04
2 -3.27± 0.09 0.1120± 0.0007 3.03± 0.05
3 -2.8± 0.4 0.069± 0.001 2.28± 0.07
10 -9.6± 0.6 0.048± 0.001 2.7± 0.1

1 The results for ε = 0 were taken from [25].
2 For ε = 0.01 and ε = 0.1, only the polynomial part of Eq. 3.8 was used to fit the data.
3 The uncertainties presented in this Table were obtained from the software (Origin)

used to performed the fits.
4 For ε ≥ 1, the parameter b is useless to fit the curves (the error of b is larger than b for ε ≥ 1).

Table 3.3: Fitting parameters of Eq. 3.8 for the data of Fig. 3.5 (random distributions of
obstacles).

the concentration C is amplified by the formation of trapping regions. Finally, Fig. 3.6 shows

the variation of both C∗ and C0 with ε. We can see that these two concentrations are close

to each other for all values of ε, as expected. However, this graph suggests that, even at

very high electric field ε, there always exists an inflection point at a finite concentration

C∗. This is also due to finite-size effects (see below).

All the cases studied in Sec. 3.2 are based on finite N × N (with N = 100) lattice

systems with PBCs. In fact, the value of N has an influence on the calculation of the

mobility (especially with random distributions of obstacles): this is called the finite-size

effect of the PBCs. The value of N has to be as large as possible to represent truly infinite

and random systems, but this is limited by the fact that the computational time increases

extremely rapidly with N . For instance, when N increases by a factor 2, the number

of variables and equations to solve increase by a factor 4. When we perform the same

calculations for different values of N , we see that the mobility decreases slowly with N (see,

e.g., the inset of Fig. 3.6). However, this variation is negligible at low concentrations or for

low electric fields. Our results are thus overestimated and this error increases with both

C and ε. Consequently, the correct method to reach the asymptotic (or thermodynamic)
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Figure 3.6: Concentrations C∗ and C0 vs scaled electric field ε for a pure random dis-
tribution of obstacles. Solid line are the best fits using empirical, shifted exponential
decay curves given by C∗ = 0.02766 + 0.29982 exp(−0.86563ε) and C0 = 0.05522 +
0.33578 exp(−0.92395ε). The inset shows the variation of the scaled mobility µ∗x vs 1/N for
two different concentrations and a high scaled field intensity ε = 1.5.

limit (N → ∞) is to perform calculations for several values of N and to extrapolate the

mobility on a µ∗x vs 1/N graph (inset of Fig. 3.6). Although straightforward, this approach

is clearly beyond the scope of this thesis since our main goal was to develop the theoretical

tools to study sieving at non-negligible field intensities. Furthermore, the results presented

here are just for two-dimensional toy models of gel sieving. A realistic study would require

three-dimensional gels and as well as a study of finer mesh sizes, similar to the one carried

out previously for the ε → 0 limit [19].
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Effect of the high electric field

In random mazes and pure random systems, we linked the reduction of the mobility to the

decrease of the probabilities P⊥ and P− with ε. These probabilities are directly related to

the time needed to avoid a wall of obstacles or to go out of a trapping region.

In random maze systems, the decrease of the mobility when ε → ∞ at constant con-

centration is due to the decrease of the lateral motion probabilities P⊥ and, consequently,

should be similar to the one observed for periodic systems. The example presented in

Sec. 2.5 told us that this decrease is inversely proportional to the external field ε (see

Eq. 2.36). On the other hand, in pure random systems, the formation of trapping regions

should increase the decay of the mobility by an exponential factor due to the necessary

backward jumps. Moreover, this exponential factor should increase with the average depth

h of the traps present in the system.

In order to confirm these predictions, we calculated the exact analytical mobilities of

1×1 particles in three different systems (Fig. 3.7). The corresponding asymptotic mobilities

are respectively:

(a) µ∗x(ε → +∞) ∼= ε−1 − 5
4
ε−2 +

25
16

ε−3 + O(ε−4) , (3.9)

(b) µ∗x(ε → +∞) ∼= exp(−2ε)
{
2ε−1 − ε−3 + O(ε−4)

}
, (3.10)

(c) µ∗x(ε → +∞) ∼= exp(−4ε)
{

2ε−1 − ε−2 +
1
2
ε−3 + O(ε−4)

}
. (3.11)

From these results, we can see that the leading term of the asymptotic decrease of the

mobility in random systems is given by:

µ∗x(ε → +∞) ∝ exp(−2εh)
ε

, (3.12)

which nicely confirms our explanation. Furthermore, Eq. 3.9 is indeed similar to Eq. 2.36,

which applied to trap-free, periodic systems.

According to these results, the decrease of the mobility with increasing field ε (at con-

stant concentration C) must become exponential for large field intensities in our pure ran-

dom distributions of obstacles. Figure 3.8 shows the scaled mobility µ∗x(ε) vs ε at C = 0.1.



Generic Gel Systems 37

Figure 3.7: Three different trap systems. In (a), the trap depth is h = 0 and this distribution
is similar to our random maze distributions. The average trap depths are h = 1 and h = 2
for (b) and (c) respectively.

 

 

 

 

Figure 3.8: Scaled mobility µ∗x vs scaled electric field ε for pure random distributions
of obstacles. These data were obtained for a 100 × 100 site lattice with 1000 obstacles
(C = 0.1). The inset shows the linear relation between C0(ε)δ(ε) and ε (see Table 3.2).
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The straight line confirms the fact that lnµ∗x(ε) ∝ −ε in the asymptotic limit (µ∗x < 1/10

and ε > 5/2). At lower field intensities, other factors enter the problem. The exponential

behavior of µ∗x(C, ε) at high electric field is also illustrated by the inset in Fig. 3.8, which

shows the linear variation of the combined empirical fitting parameters C0(ε)δ(ε) vs the

scaled electric field ε.

3.3 Discussion

Sieving models for small particles, such as the OMRC model, are typically based on equi-

librium arguments. Consequently, these models do not include the intensity of the electric

field used to drive the electrophoretic separation. Indeed, many of them have been bor-

rowed from theories of diffusion in random systems [26, 27, 28], where the field is zero by

definition. In previous studies [5, 6, 7, 8, 9, 10, 11, 12], the goup of Dr. Slater developed

a complete mathematical framework to compute exact electrophoretic mobilities for model

particles migrating on various lattice systems in the limit of vanishing fields (ε → 0). This

model allowed our group to refute the main assumptions of the OMRC/mean field models,

namely that the mobility is linearly proportional to the free available volume. Even in the

zero-field limit, the correlations between the positions of the obstacles play an important

role in the problem, and the mobility of a given analyte can be quite different in gels of

different architectures that otherwise would offer the same free available volume. In other

words, the gel structure does matter even if ε → 0.

At finite field intensities, random gels offer dead ends that severely reduce the mobility of

non-deformable analytes because of the trapping phenomenon. This effect has been studied

experimentally by the group of Serwer [24, 29, 30, 31, 32, 33]. For example, charged beads

were observed to be completely trapped (over the duration of the experiment) in agarose

gels when the field exceeded a given critical value. The mobility-field-size relationship

that characterizes such trapping phenomena was then exploited to create ratchet-based

separation systems. To and Boyde [34] reported that pulsed fields can free the trapped

beads from the dead ends if the duration of the reverse pulse is properly chosen. As far as

we know, there is currently no theory of electrophoretic sieving that can be used to analyze

such experimental situations, not even in an approximate way. The next chapter uses the
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method developed here to investigate such problems.

Furthermore, the effect of individual analyte-obstacle (e.g., gel fibres) collisions can be

modified at finite field intensities because the electric force may induce repetitive collisions

between an analyte and the obstacle(s) in its path. If an obstacle is non-conducting, the

field lines will curve around it and this will reduce the steric effects of the collisions (note

that it was previously shown that this is not the case when ε → 0).

For simple periodic systems, our approach can lead to exact, analytical results when

a software such as Maple is used to solve the matrix equations algebraically. However,

this is restricted to rather small systems (Sec. 3.1). Our results showed two interesting

phenomena:

1. The corridor effect wherein an obstacle casts a shadow on the next obstacle behind it,

thus reducing the probability for the analyte to collide with it. This leads to a slight

increase of the mobility with increasing field intensities.

2. The flat-obstacle effect wherein the shape of the obstacle (and the direction of the

local field lines) may lead to multiple consecutive collisions with the same obstacle.

This leads to a decrease of the mobility.

However, neither of these two effects has a strong effect on the mobility of the analyte.

In fact, given the magnitude of these effects (at most 1% and 10%, respectively), it is

clear that they would become essentially negligible if we were to use finer mesh sizes, round

obstacles, curved field lines and/or non-periodic gel systems. This explains the experimental

observation that the mobility of small analytes is usually field-independent in absence of

trapping effects. It is only with very large flat obstacles, which form random mazes, that

we could observe very large effects of the obstacle shape.

Random gels, on the other hand, lead to quite a different behaviour. Dead-ends repre-

sent traps in which the field-driven motion stops for very long periods of time, in agreement

with Serwer’s experimental results. We indeed observed an exponential decrease of the mo-

bility at large field intensities (Fig. 3.8), a clear indication of thermally activated escape

from traps of depth ∼ ε. We proposed a simple empirical interpolating fitting formula for

the mobility as a function of the concentration of obstacles.
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In order to model realistic gel systems using our new model of finite-field electrophoretic

sieving, we would need to make several straightforward changes: a) first, we must use three-

dimensional systems; b) second, we would need to take the limit towards the continuum by

using finer meshes and extrapolating towards infinitely small mesh sizes, a technique that

was used successfully in the zero-field limit [19]; c) third, we would need to use obstacles

with more conventional shapes such as cylindrical gel fibres; d) finally, for random systems,

we would need to correct for finite-size effects using the extrapolating method discussed

in Sec. 3.2 (see also [19]). Although all these changes are rather simple, they require

considerable computing power.

Two more changes can be envisaged. Although the mobility of a point-like analyte

can be computed quite easily, analytes with finite volumes and arbitrary shapes (such as

ellipsoids or oligomers [10]) may lead to subtle problems. For instance, the different forces

on the different parts of the analyte may generate torques, hence rotations. Also, non-

conducting gel fibres lead to non-parallel field lines and inhomogeneous field intensities. As

we mentioned previously, our approach requires that the local electric field points along

a cartesian axis so that the motion along the various axes are perfectly decoupled. Non-

parallel field lines thus represent a challenge. We will discuss this issue in more details in

chapter 6.

Finally, calculating the diffusion coefficient D in the presence of a non-negligible field

intensity is also a challenge since the Nernst-Einstein relation is not valid in such cases.

It is well-known that the diffusion coefficient actually increases rapidly with the field in-

tensity, especially in the presence of trapping. This increase is due to the random nature

of the thermally-activated escape process: when a particle is trapped, all the non-trapped

particles move away from it very quickly if the field is high, and this leads to a field-driven

contribution to the diffusion coefficient that increases like the square of the velocity [35]. As

far as we know, there is no simple method for calculating D(ε). In fact, even the obstacle-

free case is subtle. For example, our current approach predicts a field-dependent diffusion

coefficient for a free particle because all the jumps are assumed to take the same amount

of time. This is also the case of all Metropolis-based Monte Carlo simulations, although

very few articles or textbooks mention this. We believe that it is possible to correct for

this by adding a probability S = S(ε) of not moving per unit time, but generalizing this
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approach to more than one dimension and to systems with obstacles is not straightforward.

This will be the topic of chapter 5 in this thesis. This would be a very important addition

to our theoretical tools since high-field electrophoretic migration is known to lead to very

broad bands [30]. Understanding and controlling this increased band broadening is key to

optimizing trapping-based separation systems.



Chapter 4 Application to Separation Techniques

Most of the new developments in biotechnology and molecular biology share a common basic

key experimental tool: the electrophoretic sorting of particles and molecules. Simulation

techniques that can be used to study these separation processes become indispensable to

search for novel procedures or to simply optimize the existing ones. In the last two chapters,

we presented a calculation technique that can be used to study the velocity of particle in

a given distribution of obstacles. However, we were restricted to studying the evolution of

the velocity of a single particle as some system parameter was varied (e.g., the field or the

gel concentration). Of course, in order to understand and model separation processes, one

must be able to compare the velocity of different types of particles. The current chapter

has for objective to describe how our model can be further generalized and used to compare

the dynamics of different charged or sized particles. We will show how this extension allows

us to study both the spatial and angular separation of particles. Finally, we will also

demonstrate that, in principle, our calculation technique can also be used to study the

influence of the concentration of analytes on their average velocity.

4.1 The Fundamental Parameters

The velocities that we can calculate using the equations of chapter 2 are actually functions

of the scaled external field ε and the Brownian time τB (the lattice parameter a can be

chosen arbitrarily). However, ε is not only the external field applied on the system (E)

since it is also proportional to the analyte’s charge Q (see Eq. 2.2). Obviously, it would be

quite useful to know how the velocity depends on some physical parameters like the electric

charge Q, the field intensity E or the size R of the particle. In other words, since we want

The results of this chapter were published in: M. G. Gauthier and G. W. Slater “An exactly solvable
Ogston model of gel electrophoresis: X. Application to high-field separation techniques”. Accepted by
Electrophoresis, November 11, 2002 (in press).
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to compare the electrophoretic velocity of particles with different characteristics, we need

to know the relation between the two model variables (ε and τB) and the particle properties

Q and R. At the very least, we need simple scaling relations to relate the numerical results

to actual experimental conditions. In order to compare different particles, we must define a

reference size R0 and a reference charge Q0. All velocities in this chapter will be expressed in

terms of ε0 and τB0 , which are respectively functions of Q0 and R0. We will fix the reference

size R0 equal to the lattice parameter a (the smallest particle that we can represent), a

natural choice.

Since ε = QEa/(2kBT ), the scaled field intensity ε is a function of the particle’s charge

Q but not of its size (radius) R. Therefore, when the charge of the particle is changed by a

factor α from Q0 to Q, the external field is also changed by the same multiplicative factor:

if Q = αQ0 , then ε = αε0 . (4.1)

We also need the relation between the size R of the particle and its zero-field Brownian

time τB. For a small analyte (see Sec. 4.2 below), the diffusion coefficient D0R is given by

the Stokes relation D0R = kBT/6πηR (see Eq. 1.9), thus giving the scaling law D0R ∼ 1/R.

Since D0R ∼ a2/τB, we have that τB ∼ R. This indicates that we can take into account the

size of the particle simply by changing the value of its Brownian time. Therefore, when the

(linear) size of particle is changed, the Brownian time is also changed by the same factor:

if R = βR0 , then τB = βτB0 . (4.2)

The velocity of an arbitrary particle can thus be expressed as a function of ε0 and τB0 using

Eqs. 4.1 and 4.2:

v(ε, τB) = v(αε0, βτB0) . (4.3)

In Secs. 4.3 to 4.5, we will present results in terms of scaled velocities v∗(ε0), which

are simply given by the ratio of the velocity of the particle, v(ε, τB), and the fundamental

velocity unit of the system a/τB0 , which is the ratio between the reference length R0 = a

divided by the reference time unit τB0 (the Brownian time of a particle of size R0):

v∗(Q,R, ε0) =
v(αε0, βτB0)

a/τB0

. (4.4)
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Note that we chose a unique normalization factor a/τB0 in order to have the same propor-

tionality factor for all types of particles.

4.2 The Debye Layer

The theoretical elements of the previous section actually implied an approximation that we

did not mention:

The Debye length λD, which is the thickness of the cloud of counter-ions sur-

rounding the charged particle (Fig. 4.1), is large compared to the particle size

R.

The Debye length is defined as [3]:

λD =
(

εbε0kBT

e2
∑

z2
i Ci

)1/2

, (4.5)

where εb is the dielectric constant of the fluid, ε0 is the permittivity of vacuum, ez is

the charge of the counter-ions and C is their concentration. The sum is over the ionic

species (i). If this hypothesis is valid (this is called the thick diffuse layer limit), the free-

flow electrophoretic velocity of the particle is simply related to the applied electric force

FE(Q,E) and the (mechanical) friction coefficient f(R) (Eq. 1.11):

v =
FE(Q,E)

f(R)
=

QE

f(R)
. (4.6)

The viscous drag coefficient f(R) of a spherical particle is given by 6πηR, where η is the

solvent viscosity (alternatively, R can be seen as the hydrodynamic radius RH of the particle

if the latter is not spherical). The velocity then scales like ∼ Q/R, which is consistent with

the transformations that we defined in the previous section (v ∼ ε/τB, with ε ∼ Q and

τB ∼ R). The results of Secs. 4.3 and 4.4 will be analyzed using this hypothesis (λD � R).

However, it is also possible to study separation techniques in the thin diffuse layer

limit (λD � R) using our calculation method. The only difference would then be in the

dependence of the velocity upon the particle size and charge. Without going into details,

let’s just say that, in such a case, the velocity will scale as ∼ σλD [3, 36], where σ is the

surface charge density of the particle. For example, if Q and R are varied simultaneously
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Figure 4.1: Schematic representation of the Debye length λD of a negatively charged spher-
ical particle of radius R and its surrounding positive counter-ions in presence of an external
field E.

in order to keep a constant surface charge density σ ∼ Q/R2, only the Debye length λD

has an effect on the velocity.

4.3 Spatial separations

In this section, we will present examples of sieving and trapping systems. The elec-

trophoretic velocity of particles with different charges and/or sizes will be computed for

these particular distributions of immobile obstacles. As we will see, the velocity will be a

nonlinear function of the applied field ε0 (i.e., the electrophoretic mobility will be increasing

or decreasing with the field intensity ε0). We will demonstrate that biased, time-asymmetric

AC fields can be used to produce new types of separations in this nonlinear regime. Finally,

we will show that our approach can also be used to study the effect of the concentration of

particles on their velocity. This will be illustrated by a simple example of particles jamming

in narrow funnels.
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It is important to stress the fact that there are many ways to vary Q and/or R when we

want to compare different particles. Here, for example, we chose to give the same charge

over size ratio Q/R = Q0/R0 to all particles. When we will compare small (1 × 1) and

large (2 × 2) particles, we will attribute the reference charge Q0 to the small particle of

size R0 = a. Then the large particle of size R = 2R0 (β = 2) will have a charge Q = 2Q0

(α = 2) in order to respect the condition Q/R = Q0/R0. One can legitimately argue

that, in many real situations, two different sized particles should have different charges,

but the same surface charge density. Our choice is based on the fact that if the ratio Q/R

is conserved, it is impossible to separate different sized particles using constant-field free

flow electrophoresis (without a sieving matrix) due to fact that they then have the very

same velocity (see Eq. 4.6). Thus, the separation effects that we obtain are entirely due to

the lattice of obstacles and not to a difference of free flow velocities. It is straightforward

to interpret our numerical results in the framework of other assumptions given the scaling

relations derived in Sec. 4.1. The field intensity will thus be given by ε0 = Q0Ea/(2kBT ),

i.e. by the relative change in potential energy between two adjacent sites for the small

particle of charge Q0 and size R0 = a.

Sieves: Periodic obstacles

As we already mentioned, if the ratio Q/R is conserved, it is impossible to separate dif-

ferent particles without sieving matrices because they will all have the same net velocity

proportional to the field ε0. Let’s now look at the effect of the simplest gel that we can use,

i.e. a periodic distribution of obstacles. Figure 4.2 shows the net velocities of a small and a

large particle in such a periodic gel. We see that the collisions with the obstacles induce a

retardation factor that is a function of the particle size. However, the small particle is only

≈ 25% faster than the large one. The velocities are almost linear functions of the field.

Sieves: Staggered filters

In order to describe how nonlinear dynamics can be exploited to separate different particles,

we start with a simple example of sieving. The distribution of obstacles is presented in the

inset of Fig. 4.3. It is essentially a stack of filters aligned along the y-axis. The filters have
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Figure 4.2: Scaled velocities vs scaled external field ε0 for 1 × 1 and 2 × 2 particles in the
distribution of periodic obstacles shown in the inset (DC field). The small particles are
always faster than the large ones.

two types of holes (of sizes 1a and 3a), and they are staggered so that holes of the same

size are not facing each other. Each obstacle can be seen as a post that is orthogonal to

the plane (as in the microfluidic sieves of Ref. [37]). Clearly, there is a +/- symmetry along

the x-axis. First, we examine the DC velocity, along the x-axis, of small (1× 1) and large

(2× 2) particles (the field is itself pointing in the +x direction). For small systems like this

one (i.e., the periodic cell of the geometric pattern is small), exact analytical results can

still be obtained using mathematical softwares like Maple. For example, the scaled velocity

of the large particle (α = 2 and β = 2) in this system is given by:

v∗x(ε0) =
αε0
β

6 sinh 3αε0
12αε0 cosh 3αε0 + 10 sinh 3αε0 + 8αε0 coshαε0

(4.7)

' αε0
β

(
9
25
− 126

625
α2ε20 +

3414
15625

α4ε40 + O(α6ε60)
)

. (4.8)
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Note that the series in the parenthesis is an even function of ε0 because the distribution of

obstacles is symmetric along the x-axis. The result for the smaller particle gives a function

too long to reproduce here. These two functions, which correspond to the velocities in the

presence of a DC external field, are compared in Fig. 4.3a. The small particle is always

faster than the large one.

Let us now examine what happens if we use low-frequency pulsed electric fields. Obvi-

ously, if an unbiased AC field is applied, the particle will have the same absolute velocity

in both the positive and the negative part of the cycle and the net velocity will be zero.

However, we can exploit the non-linearity of Eq. 4.7 to get net motion, even in the absence

of a net applied force. This can be done with a time-asymmetric pulsed field like the one

shown in Fig. 4.4 (there is no net field if we choose γ1 = 1/γ2). If we assume that the pulse

durations are large compared to the microscopic relaxation times of the particles, the net

scaled velocity is simply given by:

v∗net =
v∗x(ε) + γ2v

∗
x(−γ1ε)

1 + γ2
. (4.9)

When γ1 = 1/γ2, we have a ratchet system where nonlinear dynamics lead to net

particle displacement in absence of a net external force (the positive and negative pulses

have different amplitudes and time durations but the average applied field is zero). Such

an example (with γ1 = 2 and γ2 = 1/2) is presented in Fig. 4.3b. We see that the velocities

are smaller than with the DC field, but the use of a time-asymmetric pulsed field let us

choose which particle will elude first. Indeed, there is a critical field εc1 ≈ 1.25 where the

two particles have the same net scaled velocity v∗x. Thus, it is possible to choose which

particle will move faster just by changing the value of ε0 (the 1× 1 particles move faster if

ε0 > εc1 , and vice versa).

Finally, Fig. 4.3c shows a case where the pulsed field is negatively biased (with γ1 = 2

and γ2 = 0.6). Here, there is a critical field εc2 ≈ 0.22 above which the two particles move

in opposite directions. It is thus possible to design a system and a pulsed field sequence to

separate particles and even select a particular size. Since our results are in fact analytical

functions, it is possible to study the exact conditions for the existence (in terms of γ1 and

γ2) of the critical field εc2 . The slope of the net scaled velocity of the 2× 2 particle at the
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Figure 4.3: (a) Velocities of 1× 1 and 2× 2 particles driven by a DC field applied along the
x-axis. The distribution of obstacles is shown in the inset. The small particles go faster
than the large ones. (b) Net velocities of 1 × 1 and 2 × 2 particles driven by an unbiased
time-asymmetric pulsed field applied along the x-axis (γ1 = 2 and γ2 = 1/2; see Fig. 4.4).
There is a critical value of the external field εc1 ≈ 1.25 for which both particles have the
same velocity. (c) Same as in (b) except that the field is negatively biased (γ1 = 2 and
γ2 = 0.6). There is a critical value of the external field εc2 ≈ 0.22 above which the two
kinds of particles migrate in opposite directions.
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Figure 4.4: The square pulse AC field used in this article. The pulse durations are assumed
to be much larger than the microscopic relaxation times in the system. The dimensionless
parameters γ1 and γ2 can be adjusted to generate various types of biased and/or asymmetric
pulsed fields. In the particular case where γ1γ2 = 1, the two dashed regions have the same
surface areas and the net (average) field is zero; we then say that the field is unbiased. A
special example is the time-symmetric unbiased pulsed field where γ1 = 1/γ2 = 1. When
γ1γ2 > 1, the field is biased in the negative direction, while it is biased in the positive
direction if γ1γ2 < 1.

origin (combining Eqs. 4.7 and 4.9) is given by:

∂v∗net(ε0, γ1, γ2)
∂ε0

∣∣∣∣
ε0=0

=
9
25
× 1− γ1γ2

1 + γ2
. (4.10)

Therefore, the condition for the existence of a non-zero critical value εc2 is γ1γ2 > 1 (a

negative slope at the origin), whereas εc2 = 0 for γ1γ2 ≤ 1. The limiting case is given by

γ1γ2 = 1, which is an unbiased (time-asymmetric or not) field. All negatively biased pulsed

sequences thus give rise to the type of curve shown in Fig. 4.3c.

Traps

In the previous example, the distribution of obstacles was symmetric for motion along the

x-direction. Separation could be achieved in the presence of a DC field. Furthermore, a net

ratchet drift was obtained using a time-asymmetric pulsed field with a zero mean value. We

now present an example of an asymmetric distribution of obstacles (see inset of Fig. 4.5).
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Figure 4.5: Scaled velocities vs scaled external field ε0 for 1 × 1 and 2 × 2 particles in the
distribution of traps shown in the inset. The small particles are always faster than the large
ones.

Here, the obstacles form trapping regions in which the particles can enter when moving in

the +x direction; there is no such traps when moving in the opposite (−x) direction. This

obviously induces an asymmetry in the DC velocity along the x-axis (Fig. 4.5): particles

tend to move faster in the −x direction for a fixed field intensity. When ε0 � 0, the

velocity decreases exponentially with the field intensity because the electric force pulls the

particle inside the ⊃ shaped traps (thermally activated escape from such traps becomes less

likely at high field). When ε0 < 0, the particle simply slides off these obstacles. Clearly,

a negative field is preferable here to obtain a good separation with a DC field, and the

resulting separation is comparable to that obtained with DC fields in the previous section.

Here, again, we can exploit the nonlinear nature of the migration of the particles in the

system of obstacles. For instance, we can get net motion in the −x direction simply by

using an unbiased and symmetric AC field (γ1 = γ2 = 1 in Fig. 4.4). As in the previous
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example, different sized particles can be separated using this ratchet process because they

move at different velocities (Fig. 4.6a).

However, it is possible to better control the separation with a biased AC field. When

the AC field is unbiased (γ1 = γ2 = 1), both particles move in the −x direction for all

values of ε0 and it is possible to set the value of the field to decide which particle will be

the fastest. In contrast, when a positive bias (e.g., γ1 = 1 and γ2 = 1/2) is imposed on the

external field, a particle moves in the +x direction for ε0 smaller than a critical value εc,

and in the opposite direction otherwise. The interesting point is that the critical field εc is

function of the type of particle used so there is a range of values of εc1 < ε0 < εc2 where

the two particles move in opposite directions. This result was also obtained in the previous

section but with an AC field that was both time-asymmetric and biased. Here, only one of

these conditions has to be satisfied to achieve motion in opposite directions. The results for

1× 1 and 2× 2 particles are presented in Fig. 4.6b. Since our technique allows us to obtain

analytical results, the values of γ1 and γ2 can easily be optimized given the requirements

for the separation. Again, we can calculate the slope at the origin (like in Eq. 4.10) to find

the conditions for the existence of εc1 and εc2 . Here, we find that γ1γ2 < 1 (i.e., a positive

bias) is necessary to obtain non-zero critical fields, whereas εc = 0 for γ1γ2 ≥ 1. Finally, we

also note that there is a region εc2 < ε0 < εc3 where the largest particle moves faster while

both move in the same direction.

A qualitatively similar experiment has been reported by Serwer and Griess [38]. They

performed the fractionation of latex spheres using an asymmetric pulsed field during gel

electrophoresis. In this particular case, the use of a gel means that trapping occurs ran-

domly for both polarities. They demonstrated that it is possible to separate spheres close

to some critical radius (which is dependent upon the concentration of the gel) by inducing

motion in opposite directions for beads smaller or larger than this critical size. Finally,

Austin et al. [39] have also experimentally studied the dynamics of particles in trapping

systems. More precisely, they studied the percolative migration of DNA molecules in ran-

dom distributions of traps. This constitutes another experimental setup that we could

model using our calculation technique.

This distribution of traps can also be used to illustrate how it is possible to manipulate

two particles of the same size but with different electric charges. Figure 4.7 shows a similar
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Figure 4.6: (a) Net velocities of 1× 1 and 2× 2 particles driven by a unbiased AC external
field applied along the x-axis (γ1 = 1 and γ2 = 1; see Fig. 4.4). The trapping distribution
of obstacles is shown in the inset. The two lines cross at ε0 ≈ 0.48. (b) We now apply a
positively biased AC field (γ1 = 1 and γ2 = 1/2). There is a region εc1 < ε0 < εc2 where the
two particles move in opposite directions. Here, εc1 ≈ 0.37 and εc2 ≈ 0.63. Furthermore,
in the region εc2 < ε0 < εc3 , with εc3 ≈ 0.95, both particles move in the same direction but
the large particle migrate faster than the small one.
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Figure 4.7: Net velocities of two 1×1 particles of charge Q0 and 2Q0 driven by a biased AC
external field applied along the x-axis (γ1 = 1 and γ2 = 1/2; see Fig. 4.4). The trapping
distribution of obstacles is shown in the inset. The particles move in opposite directions if
the field is in the region εc1 < ε0 < εc2 , with εc1 ≈ 0.31 and εc2 ≈ 0.63.

system, but this time for two particles of size 1×1 with different charges (Q0 and 2Q0). The

second curve is actually similar to the first one, except for the change of variable ε = 2ε0.

Since the original curve has a non-zero critical value εc2 ≈ 0.63, the second curve has a

different critical value εc1 ≈ 0.31 and there is a large range of field intensities ε0 where

the two particles move in opposite directions. This would certainly be the best possible

situation for separation purposes!

Funnels

The next example is also an asymmetric distribution of obstacles (see inset of Fig. 4.8).

Here, the obstacles form asymmetric funnels with two different sizes of openings. Notice

that the smaller funnels act like traps in the +x direction for the 2 × 2 particles due to
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Figure 4.8: Net velocities of 1 × 1 and 2 × 2 particles driven by a non-biased AC external
field applied along the x-axis (γ1 = γ2 = 1; see Fig. 4.4). The funnel-like obstacles are
shown in the inset. For fields ε0 > εc ≈ 1.1, the particles move in opposite directions.

their small aperture. In the opposite direction, we have wider funnels that cannot trap

either particle. This specially designed sieve has a major effect on the velocity of the larger

particle. In fact, it is now possible to get velocities of opposite signs just by using a non-

biased time-symmetric AC field. Results for a square AC field (with γ1 = γ2 = 1) are

presented in Fig. 4.8. We can see that there is a critical value of the external field εc ≈ 1.1

above which the two kind of particles move in opposite directions. Notice that this spatial

separation is performed without any net external force. In this case, the absolute difference

in velocity always increases with the field ε0.

4.4 Angular separations

The three systems presented previously were used to perform standard separations parallel

to the direction of the external field. Separation is achieved because different molecular
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species migrate over different distances in a fixed amount of time. The fact that the net

displacement along the field direction is due to the symmetry of sieving systems along the y-

axis. We will now present y-asymmetric deflecting distributions of obstacles where different

sized particles have different velocities along the y-axis in response to a field ε0 along the

x-axis. In other words, the electrophoretic mobility becomes a tensor. This non-colinear

velocity means that the particles can be separated along different angles.

Our first system is shown in the inset of Fig. 4.9. The obstacles form deflectors so that,

if a constant external field is applied along the x-axis, the particles will have a non-zero

velocity along the y-axis. For instance, consider a particle that tries to go from one corridor

(the free rows between the rows of deflectors) to the next. If this particle diffuses in the

+y-direction, the deflectors favor a transition to the upper corridor whereas if it is diffusing

in the −y-direction, the obstacles force the particle to get back into its original corridor. A

similar effect would obviously take place if the field were pointing, e.g., in the +y direction.

Figure 4.9 presents the angular deflection (in degrees) with respect to the x-axis for

1 × 1 and 2 × 2 particles in this system of deflectors. We first notice that the deflection

angle decreases when the external field ε0 increases. This is explained by the fact that the

lateral probability of transition (given by P⊥) decreases when ε0 increases. In the limit of

very high field intensities, the ratio between the number of jumps along the y axis and the

number of jumps along the x axis, which is directly related to the deflection angle, goes

to zero. Secondly, Fig. 4.9 shows that small particles are always more deflected than large

ones. This difference is explained by the fact that the deflection, as we mentioned in the

previous paragraph, is due to the lateral diffusion of the particles. Since the 2× 2 particles

have a smaller diffusion coefficient than the 1× 1 ones, they are less deflected.

This system is qualitatively similar to the microfabricated DNA angular sieves studied

by Austin and co-workers [40, 41, 42, 43]. These authors observed the electrophoretic

trajectories of DNA molecules in a series of deflectors similar to the ones shown in the inset

of Fig. 4.9. They recorded the number of row changes (up and down) and the number of

deflectors met along the path. The difference between the up and down transitions then

give a probability per deflector (∆p) to move to another row, which is equivalent to our

deflection angle. Typical experimental results [42] show that ∆p seems to start at a finite

value for ε0 = 0 and then decreases to zero when the external field increases. In short, these
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Figure 4.9: Deflection angle in degrees (θ = arctan(v∗y/v∗x)) of 1 × 1 and 2 × 2 particles
driven by a constant (DC) external field pointing in the +x direction. The distribution of
tilted obstacles is shown in the inset. Note that the small particle is more deflected than
the large one.

experimental results are qualitatively similar to our Fig. 4.9. However, the theoretical curve

[41] proposed by Austin et al. seems to fail when ε0 → 0. In fact, their theory predicts

no deflection when ε0 = 0 whereas the data clearly shows a finite (maximum) deflection

angle in this limit. These authors attribute this discrepancy [42] to several simplifying

assumptions of their theory. For example, they suppose that the field is uniform (even

near the non-conducting obstacles). Although this assumption is clearly inaccurate (see

Ref. [43] for a discussion about the curvature of the field lines near the deflectors), our

results indicate that the discrepancy is not due to this since we too have assumed straight

field lines. Indeed, we do reproduce a finite deflection angle at ε0 = 0. Instead, we think

that the failure of their original model to predict this feature is due to their neglect of the

diffusion along the direction of the external field. In the high field limit this approximation
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is acceptable because motion due to diffusion along the field direction is negligible compared

to the net drift. This is no longer true when the field is very small. For example, the mean

first passage time between one column of deflectors and the next does not increase to infinity

when ε0 goes to zero. Instead, it is limited to the Brownian time for free diffusion. In fact,

we can intuitively understand the deflection at ε0 = 0 just by taking a look at the angular

dispersion of particles after an unbiased random walk in a distribution of deflectors: the

gas of particles then presents a preferential orientation (see Fig. 4.10). In other words, the

particles spread in an elliptic cloud inclined with respect to the x-axis. Contrary to the

case of a free solution, where all diffusion directions are equiprobable, deflectors induce a

preferential diffusion direction which correspond to the deflection direction when ε0 = 0.

In an anisotropic system, the diffusion tensor is not diagonal, even at zero field.

Finally, we present a second example of deflectors in which the large particles, contrary

to what we saw in the previous system, are more deflected than the small ones (Fig. 4.11).

The results show that the 2×2 particles are more deflected than the 1×1 ones even though

their lateral diffusion coefficient is smaller. This qualitative change in the performance

of the angular sieve is due to the fact that the distance between the rows of deflectors is

now smaller than the size of the large particles. Therefore, when a 2 × 2 particle goes

around a deflector, it has to diffuse laterally (downward) to avoid the next one while the

1× 1 particles can actually drift pass several deflectors before they diffuse laterally and hit

another deflector. The velocity of the larger particles is thus reduced along the x-axis and

increased along the y-axis, giving large deflection angles. This shows that one can design

deflector sieves to work in different ways, an idea that has yet to be tested.

4.5 Jamming in many-particles problems

We will now show that it is possible to use our calculation technique to study the impact of

the concentration of particles on their average velocity. Up to now, all the results presented

in this thesis were obtained for a single particle migrating through specific distributions

of immobile obstacles with periodic boundary conditions. As we saw, our method simply

lists the sites the particle can occupy and then uses simple master equations to calculate

the probabilities for the particle to be on each of these sites. In a language more typical of
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Figure 4.10: Comparison of the field-free trajectories of 10000 particles for a free-solution
case and a distribution of deflectors (the one shown in the inset Fig. 4.9). The histograms
represent the distribution of the final angular position of the particles in both systems. The
dashed line shows the uniform expected result for free-solution. These histograms clearly
show that the presence of deflectors induces a preferential angular direction, even without
any driving force. The two bottom graphs show the spatial distributions of the particles.
The calculation of the correlation coefficient for these two distributions (ρ = 0.023 and
ρ = 0.276, respectively [44]) also confirms the influence of the deflectors on the field-free
angular position.
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Figure 4.11: Deflection angle in degrees (θ = arctan(v∗y/v∗x)) of 1 × 1 and 2 × 2 particles
driven by a constant (DC) external field applied along the x-axis. The distribution of tilted
obstacles is shown in the inset. Here, the small particles are less deflected than the large
ones. The y-velocity of the large particles is increased by the fact that the corridors between
the rows of deflectors are only one unit in height.

statistical physics, we enumerate all the states in the phase space of the system as well as all

the possible transitions between these states. Once these elements are known, it is possible

to calculate exactly all the transport properties (as well as the average configurational

properties) of the system.

If we want to study a system with n > 1 particles, we still have to list the sites that can

be occupied by the particles. However, we must also enumerate all the different ways one can

place n particles simultaneously on these sites. This give the number of configurations for

the system of particles and obstacles. We must then enumerate the one-particle transitions

that are possible between these configurations. Finally, we can use master equations to

calculate the probability to find a particular configuration of the phase space during the

migration of the particles in response to the external field . Although this approach is
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Figure 4.12: Scaled velocities v∗x vs scaled external field ε0 for 2 × 2 particles in the two
different distributions of obstacles shown in the inset. The top two curves show the mean
velocity of one and two particles in a system where jamming cannot be observed (no funnel).
The two other curves were obtained with the second system where two particles can be
trapped together in a funnel. The exponential decrease of the velocity at high field is a
direct consequence of the jamming.

rather straightforward, the size of the resulting matrices (which is actually the number of

configurations in the phase space) one must solve increases as ∼ Nn, where N is the number

of sites that can be occupied by the n particles. Therefore, we are limited to small values

of n (the number of particles) and N (proportional to the lattice size) with the currently

available computers.

There are two reasons to study finite concentrations of analytes. First, it is well-known

that steric interactions between analytes decrease their mobility and diffusion coefficient.

Second, some non-trivial cooperative effects can take place at finite concentrations. Fig-

ure 4.12 presents an example of such a non-trivial effect. The top two curves give the mean

velocity when we have one or two particles of size 2× 2 migrating through the distribution
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of obstacles shown in the left-hand side of the inset. The velocity is slightly reduced by the

increased concentration of particles (the curve shifts downward when we go from n = 1 to

n = 2). This slight decrease was expected since each particle acts as an obstacle for the

other one. Notice that the curve is not qualitatively affected by the addition of a second

particle.

Let’s now compare these results to the one obtained with a slightly different distribution

of obstacles (see the right-hand side of the inset in Fig. 4.12) where two particles can be

trapped together in a narrow funnel. The concentration of obstacles has not changed.

The mean velocities found for one and two particles are given by the bottom two curves

in Fig. 4.12. The qualitative differences between these two curves clearly illustrates the

impact of the jamming at high field and the importance to have a model that can deal

with such situations. The velocity decreases exponentially with the field intensity in the

presence of jamming, a characteristic of thermally activated trapping systems. Here, the

trap auto-organizes when the two particles are driven towards the bottom of the funnel by

the electric forces.

4.6 Discussion

In previous chapters, we presented the basic elements of our new method to calculate the

exact (lattice) velocity of a single particle in the presence of a field of arbitrary intensity, but

no comparison between different species of particles was made. One of the key points of the

current chapter is thus that one must be very careful when scaling the velocities of different

sized or charged particles. Indeed, velocities cannot be compared, and sieving systems

analyzed, if the microscopic parameters that characterize the particles are not properly

included in the model’s renormalized parameters. We believe that our model can now be

used to assist in the development of high-field electrophoretic separation technologies, at

least at the qualitative and semi-quantitative level. As such, it allows us to study a variety

of nonlinear phenomena and new separation concepts.

We presented many non-trivial examples in the limit of a thick Debye layer (λD � R),

where the separation factors are normally the particle’s size R and charge Q. We showed a

few examples using the scaling factors α and β, but the number of possibilities is extremely
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large and specific experimental systems would have to be carefully analyzed. Treating three-

dimensional cases is no more difficult than treating two-dimensional systems; we chose the

latter for simplicity and because they nicely correspond to simple microfluidic systems. We

also showed how the scaling could be done in the thin diffuse layer limit (also called the

Smoluchowski limit), in which case the only relevant separation parameter is the surface

charge density σ. However, generalization beyond (i.e., intermediate between) these limits

is not straightforward due to the complexity of the relation between the velocity and the

fundamental parameters characterizing the particles [45].

Our model is quite useful to understand high-field experimental results. Some of our

examples included strong trapping in dead-ends, an effect that has been exploited for the

fractionation of particles by pulsed field gel electrophoresis [38]. Using our approach, it is

now possible to carry out a complete modelling study of such nonlinear effects and suggest

new separation ideas. We also showed that deflector systems can be better understood

using our calculations. In particular, we could qualitatively explain the experimental results

obtained by Austin et al. [40, 41, 42, 43], even when ε0 → 0; previous theoretical work

could not explain the finite deflection angle in this limit. Other novel ratchet and separation

systems we could study using our model include those of Astumian [46] and Ertas [47].

In Sec. 4.5, we further generalized our model, using the concept of a multi-particles

phase-space, to study the effect of a finite concentration of particles (analytes) on their

collective average velocity. This aspect of the problem has not been looked at before.

We showed that quantitative and qualitative changes can be observed in the dynamics in

some distributions of obstacles, including jamming in narrow passages (a phenomenon that

is well-known in granular materials). However, the computational needs for this type of

calculations increase extremely rapidly with the concentration C of analytes, and we are

currently limited to rather small systems. An interesting complement to this approach

would be to study the dynamics of holes when the concentration of particles is very high.

In other words, we could easily apply the calculation technique for a mirror system of 3

holes to study N -3 particles (where N is the number of free sites). This idea remains to

be explored. Of course, we can always use Monte Carlo simulations and our theoretical

equations to obtain approximate numerical results where exact matrix calculations cannot

be done with the current computing equipment.
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The pulsed-field results presented here are only valid in the limit were the time duration

of the pulses are much larger than the microscopic relaxation times of the particles (this

is called the zero-frequency limit). This is not always the case [34]. Anomalous diffusion

(which takes place at short times in disordered systems [48]) and finite-frequency pulses

can be studied using a non-steady-state enumeration approach. The combination of both

techniques can allow us to cover a large part of the spectrum of possible frequencies and

time scales.

A major advantage of our calculation technique is that we can sometimes obtain exact

analytical functions for the various DC and AC velocities using softwares like Maple. This

can be quite useful for optimization purposes. For instance, exact numerical or (preferably)

analytical results can provide a better understanding of the effects of the control parameters

(like γ1 and γ2) on the quality of the separation. Moreover, exact calculations allow us to

study subtle effects, which is not necessarily the case when we use Monte Carlo simula-

tions. For example, the small difference between the two curves at low field in Fig. 4.6a

would probably be hidden by the statistical error bars that characterize Monte Carlo data.

Similarly, the small negative velocity of the 1× 1 particle at low field (ε0 < εc) in Fig. 4.8

would probably be impossible to observe.

However, the model is not yet complete. First, without changing the fundamental ele-

ments of the model itself, it is possible to represent more realistic systems (like circular or

cylindrical obstacles) by using finer mesh sizes a to extrapolate towards the limit of the con-

tinuum (a → 0) [19]. Obviously, this operation will require more computational resources,

but it is doable numerically with current supercomputers. Secondly, a major improvement

would be the introduction of curved field lines to treat the case of non-conducting obstacles

(this was done in the limit where ε0 → 0 [12]). Our present technique is limited to systems

where the field is applied along one the principal orthogonal axes. Trapping systems build

with insulating materials present completely different dynamical properties (in high field

conditions) due to the fact that the field lines (and consequently the particles) find their

way out of the dead ends (see Ref. [43] for example). The incorporation of curved field

lines in a high field situation will be discussed in chapter 6. Finally, we still don’t know

how to obtain the exact diffusion coefficient D in the presence of an high external field.

This coefficient would tell us about the dispersion of the particles around the exact average



Application to Separation Techniques 65

position obtained from the velocity calculation. Note that the diffusion coefficient will be

field-dependent under such conditions. Dispersion is a major limiting factor for separation

processes, and a complete theory requires a calculation of D. Even with a Monte Carlo

algorithm, the evaluation of the diffusion coefficient in the presence of a high external field

is not straightforward. Current algorithms are limited to small values of the field (we dis-

cussed this issue in chapter 2). However, it is indeed the limit of very high field intensities

that is relevant for the modelling of sieving and microfluidic systems.



Chapter 5 Diffusion in the Presence of a Drift

Diffusion plays an important role in a great number of physical, chemical and biological

phenomena. It is thus relevant to develop simulation models for these dynamical processes

that allow us to calculate the diffusion coefficient. One of the most commonly used approach

is to discretize the space with a lattice on which a random-walker can evolve (like the method

we presented in chapter 2). We demonstrated that this discretization is relatively simple

when we are interested in the average velocity of the particle. However, as we will show in

this chapter, the calculation of the diffusion coefficient is then quite subtle. Our objective

is to derive a model and a calculation technique that give the right free-solution diffusion

coefficient when an external field is applied. If this is achieved, our method could be, at

least, used with a Monte Carlo simulation algorithm to obtain both the velocity and the

diffusion coefficient in the presence of any distribution of obstacles.

5.1 Diffusion in one dimension

In order to fully understand the diffusion properties of a random walk, it is convenient to

start with a one-dimensional (1D) study of the problem. As we mentioned in Sec. 2.1,

Eqs. 2.1 and 2.3 allow us to correctly evaluate the velocity of our random walker in 1D

with respect to the external field ε. We will now try to use these equations to calculate the

free-solution diffusion coefficient D0, which is generally given by:

D0 =
〈∆x2〉

2τ
, (5.1)

where 〈∆x2〉 is variance of the displacement of the particle along the x-axis during the time

step τ . This variance can be obtained from the transition probabilities (Eq. 2.3) via the

calculation of the average displacement 〈x〉 and the average squared displacement 〈x2〉:

66
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〈∆x2〉 = 〈x2〉 − 〈x〉2

= a2(p+ + p−)− (a(p+ − p−))2

= a2 − (a tanh ε)2

= a2 sech2ε .

(5.2)

The free-solution diffusion coefficient is then given by:

D0 =
〈∆x2〉

2τ

=
a2 sech2ε

2τB

ε

tanh ε

=
a2

2τB

( ε

sinh ε cosh ε

)
=

a2

2τB

(
1− 2

3
ε2 +

14
45

ε4 + O(ε6)
)

,

(5.3)

where we used τ given by Eq. 2.1. However, the free-solution diffusion coefficient charac-

terizes the spreading of the particles around their average position. It is thus expected that

the diffusion coefficient will be constant whatever the value of the external field (the field

only affects the average position, or the velocity, of the particles). Therefore, the result of

Eq. 5.3, which is a decreasing function of ε, is clearly incorrect. More precisely, Eq. 5.3

gives the right value of a2/2τB only when ε = 0, or up to the first order in ε.

This discrepancy with the expected result can be explained by the fact that Eq. 5.1

only takes into account of the spatial fluctuations 〈∆x2〉 coming from the Brownian motion

of the particles along the path. However, in presence of an external force, a second source

of diffusion has to be considered: the fluctuations in the time duration of a jump, 〈∆τ2〉.

It has been shown [35] that, in presence of an external field, both spatial and temporal

fluctuations have to be considered in the calculation of the diffusion coefficient using the

following expression:

D0 =
〈∆x2〉

2τ
+

v2
0〈∆τ2〉

2τ
, (5.4)

where v0 = εa/τB is the steady-state velocity of the particle (Eq. 2.4). Thus, in order to get

the right diffusion coefficient, we need the expression for the variance of the time duration

of a jump 〈∆τ2〉. This value was also previously obtained from the resolution of the first

passage problem in 1D (like τ and p±; see Ref.[20] for details):

〈∆τ2〉 =
tanh ε− ε sech2ε

ε3
τ2
B . (5.5)
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Figure 5.1: Equations 5.3 and 5.7 (in units of a2/2τB) vs the scaled field ε.

In the limit of ε → 0, we have:

〈∆τ2〉
∣∣
ε→0

=
2
3
τ2
B . (5.6)

In a free solution, the second term of Eq. 5.4 thus reduces to:

v2
0〈∆τ2〉

2τ
=

a2

2τB

(
1− ε

sinh ε cosh ε

)
. (5.7)

This last expression and the first term of Eq. 5.4 are plotted in Fig. 5.1. The first curve

(Eq. 5.3) illustrates why we get the right diffusion coefficient only for ε = 0 when we

ignore the temporal fluctuations. According to Eq. 5.4, the correct free-solution diffusion

coefficient D0 is simply given by the sum of Eqs. 5.3 and 5.7 (respectively the spatial and

temporal fluctuation terms):

D0 =
a2

2τB

( ε

sinh ε cosh ε

)
+

a2

2τB

(
1− ε

sinh ε cosh ε

)
=

a2

2τB
, (5.8)

which is not a function of the external field, as it should.
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In conclusion, the fluctuations of the jumping time τ are a necessary feature that we

have to integrate in our random walk model when we want to study the diffusion properties

of a particle in the presence of a net drift. Obviously, this is also true when we perform

Monte Carlo simulations. For instance, if we simulate the trajectories of a large number

of particles (using p± for the transition probabilities and τ for the time step) and evaluate

the spatial dispersion of these particles after a given period of time, the resulting diffusion

coefficient is not constant as we change the external field. The only way to get the correct

results is to introduce the temporal fluctuations using any time distribution function that

has a mean value and a variance given by Eqs. 2.1 and 5.5, respectively. In a simulation, this

condition can be minimally satisfied by changing the time step τ for the random increment

τ ±
√
〈∆τ2〉 (where the sign is chosen randomly).

5.2 Time fluctuations with constant time steps in one dimension

As we demonstrated in the previous section, the time fluctuations have to be considered to

get the proper diffusion properties. However, the calculation technique that we are trying

to extend (chapter 2) needs a fixed time step to allow us to solve exactly the Monte Carlo

algorithm. We will now present how we can introduce the temporal fluctuations without

changing the time increment simply by adding a probability to remain on the same lattice

site.

In the model described in chapter 2, the particle always tries to jump onto one of the

neighboring sites. Let’s now introduce a probability s′± for the particle to stay on the same

lattice site during the given time step. In order to respect the normalization condition, the

two new transitions probabilities p′± are then given by:

p′± = (1− s′±)p± . (5.9)

The time increment has also to be rescaled by the same factor

τ ′ = (1− s′±)τ , (5.10)

in order to conserve the value of the free-solution velocity of the particle:

v′0 =
(p+

′ − p−
′)a

τ ′
=

(p+ − p−)a
τ

= v0 . (5.11)
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We now have a system in which, at each time step τ ′, the particle jumps onto one of the

± sites with the probability p′± or stay on the same site with the probability s′±. Our idea

here is to use the probability s′± as a free parameter that we set in order to get the desired

variance of the average real jumping time. To do so, we just have to evaluate the average

period of time 〈τ〉 between two jumps of the particle as a function of s′±:

〈τ〉 =

1stattempt︷ ︸︸ ︷
(1− s′±)τ ′+

2ndattempt︷ ︸︸ ︷
s′±(1− s′±)2τ ′+

3ndattempt︷ ︸︸ ︷
s′±

2(1− s′±)3τ ′+ . . .

= (1− s′±)τ ′
∞∑
i=1

is′±
i−1

=
τ ′

1− s′±

= τ ,

(5.12)

which is equal to τ , as it should. We also easily obtain that 〈τ2〉 is given by:

〈τ2〉 =

1stattempt︷ ︸︸ ︷
(1− s′±)τ ′2 +

2ndattempt︷ ︸︸ ︷
s′±(1− s′±)4τ ′2 +

3ndattempt︷ ︸︸ ︷
s′±

2(1− s′±)9τ ′2 + . . .

= (1− s′±)τ ′2
∞∑
i=1

i2s′±
i−1

=
(1 + s′±)τ ′2

(1− s′±)2

= (1 + s′±)τ2 .

(5.13)

Using the two last results, we can determine the required probability s′± as follows:

s′± =
〈τ2〉 − 〈τ〉2

〈τ〉2
=
〈∆τ2〉

τ2
. (5.14)

So the probability to stay put has to be equal to the ratio of Eqs. 5.5 and 2.1 to get the

proper temporal fluctuations in the net jumping rate:

s′± =
coth ε

ε
− csch2ε . (5.15)

In the limit of ε → 0, this result becomes:

s′±
∣∣
ε→0

=
2
3

. (5.16)

It is now possible to correctly evaluate the free-solution diffusion coefficient using only the
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spatial part of Eq. 5.4 (first term):

D0 =
〈∆x2〉′

2τ ′
=
〈x2〉′ − 〈x〉′2

2τ ′
=

a2

2τ ′
(
p′+ + p′− − (p′+ − p′−)2

)
=

a2

2τB
, (5.17)

which is the expected result (see Eq. 5.8). We used 〈x2〉′ = a2(p′++p′−) and 〈x〉′ = a(p′+−p′−).

Notice that we get the right result even though the jumps are attempted at a constant rate,

which was not the case before.

Finally, we want to point out that the probability to stay put given by Eq. 5.15 is the

unique solution that gives the correct values for both v and D0. That means that any

other value of s′± will lead to an incorrect velocity or diffusion coefficient (depending how

we renormalize the other probabilities).

5.3 Higher-dimensional models

In Sec. 2.4, we presented transition probabilities (P± and P⊥) and a time duration (T )

valid in any dimension d for the calculation of the mobility. We already showed that

these probabilities and time duration give the proper lateral diffusion coefficient (i.e., any

direction perpendicular to the external field). However, in the direction of the field, we

cannot get the right free-solution diffusion coefficient using only the spatial fluctuations:

D0x =
〈∆X2〉

2T

=
〈X2〉 − 〈X〉2

2T

=
a2

2T

(
P+ + P− − (P+ − P−)2

)
=

a2

2τB

(
ε coth ε− ε2

d− 1 + ε coth ε

)
=

a2

2τB

(
1 +

(
1
3
− 1

d

)
ε2 +

(
1

3d2
− 1

45

)
ε4 + O(ε6)

)
.

(5.18)

In order to obtain the proper free-solution diffusion in d dimensions, we have to generalize

the approach that we derived in the previous section.

Our objective is to add a probability to stay put (S′) for a period of time (T ′) to

introduce fluctuations in the net transition time in the direction of the field. We can carry
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out the same calculations as we did in Sec. 5.2 with the following elements:

T ′ = (1− S′)T ,

P ′± = (1− S′)P± ,

P ′⊥ = (1− S′)P⊥ ,

(5.19)

and look at this system as a one-dimensional problem in the direction of the external

field. By that we mean that the lateral displacements in d dimensions (described by the

probabilities P ′⊥ for all of the 2(d − 1) non-biased directions) have to be considered as

non-motion in the direction of the field. In other words, if we want to project a dynamical

system (P ′±, P ′⊥ and S′) onto a 1D system (p′± and s′±), we need the following correspondence

relations:
p′± = P ′± ,

s′± = S′ + 2(d− 1)P ′⊥ .
(5.20)

The probability to stay put is then obtained by solving for S′ in the following equation

coming from Eqs. 5.19 and 5.20:

p′±
P±(1− S′)

=
s′±

S′ + 2(d− 1)P⊥(1− S′)
. (5.21)

The solution gives:

S′ =
(d− 1)− ε(d− 2) coth ε

ε2
− csch2ε . (5.22)

The free-solution diffusion coefficient in the direction of the field (the x-direction for exam-

ple) is then obtained as described previously in Eq. 5.18:

D0x =
〈∆X2〉′

2T ′
=

a2

2T

(
P ′+ + P ′− − (P ′+ − P ′−)2

)
=

a2

2τB
. (5.23)

Notice also that the diffusion coefficient along the y-axis is not affected by the addition of

the probability S′:

D0y =
〈∆Y 2〉′

2T ′
=

a2

2T

(
P ′⊥ + P ′⊥ − (P ′⊥ − P ′⊥)2

)
=

a2

2τB
. (5.24)

Eqs. 5.23 and 5.24 will be satisfied in any dimensions as long as the field is along one of the

cartesian axes. We also want to point out that the probability to stay put does not affect

the calculation of the mobility because the transition probabilities and the jumping time



Diffusion in the Presence of a Drift 73

are rescaled with the same factor (1 − S′) in Eq. 5.19. We note that Eq. 5.22 reduces to

Eq. 5.15 when d = 1.

However, there is a major problem with the last derivation: the probability to stay on

the same site S′ can be negative for d ≥ 3. It is thus impossible to use these transition

probabilities in more than 2D because the sum of all the other probabilities is greater than

one (P ′+ + P ′− + 2(d− 1)P ′⊥ > 1). Finally, as we mentioned at the end of Sec. 5.2, it is not

possible to renormalize these probabilities while preserving the proper free-solution mobility

and diffusion coefficients simultaneously because the solution for s′± is unique.

This limitation can be understood when we start from 1D. In fact, the probabilities

are given by P ′± = p′± and 2(d − 1)P ′⊥ + S′ = s′±. When we go from 1D to 2D, we keep

p′± but we reduce the probability to stay put to generate lateral motion. When we pass

to higher dimensions, the new probabilities are subtracted from the remaining probability

to stay put and so on. So, by definition, this approach has to be limited to a maximum

number of dimensions. Unfortunately, this limit is for d = 2, which is very restrictive. We

thus have to review the fundamental assumptions of our model if we want a method that

will work for all dimensions d.

Appendix B presents another proof of the fact that we cannot derive a generalized set

of probabilities in more than two dimensions. In short, we solved the basic equations that

our model has to satisfy (normalization, free-solution velocity and diffusion) for transition

probabilities and transition times, without any prior knowledge about these quantities. We

demonstrate that, even though we have an infinite number of solutions, it is impossible get

all the probabilities, for all values of the external field, bounded between 0 and 1 when

d ≥ 3.

The 2D case

The method presented in this section is limited to two-dimensional systems, but it still

constitutes a major improvement since it is the first approach valid for any values of the

external field. Monte Carlo simulations can now be performed on 2D systems with the

following transition probabilities and time durations:

S′ = ε−2 − csch2ε , (5.25)



Diffusion in the Presence of a Drift 74

P ′± = (1− S′)P± =
coth2 ε− ε−2

(1 + e∓2ε)(1 + τ/τB)
, (5.26)

P ′⊥ = (1− S′)P⊥ =
coth2 ε− ε−2

2(1 + τB/τ)
, (5.27)

T ′ = (1− S′)T =
(coth2 ε− ε−2)ττB

τ + τB
. (5.28)

The algorithm is really simple and consists in these three steps:

1. On a square two-dimensional lattice, the displacement of the particle for the current

iteration is selected according to the probabilities P ′±, P ′⊥ and S′.

2. If the destination site is free, the particle is moved, otherwise, it remains on the same

site.

3. The clock is increased with the constant jumping time duration T ′.

After a large number of iterations and with a large number of particles, the mobility and

diffusion coefficients can be obtained from the statistics on the final positions of the particles.

This approach is sufficient to study any two-dimensional system. In the next section, we

will present a new algorithm that allows us to go beyond the d = 2 limit.

5.4 A new set of probabilities

The results of the previous section demonstrate that we need to derive a new way to describe

the dynamics of a random walker if we want to study drift and diffusion properties in more

than 2D. We will now present a new approach to obtain the transition probabilities of an

analyte that gives the right mobility and diffusion coefficients for all dimensions (d ≥ 1).

The simultaneity principle

When we look carefully at the model derived in chapter 2, a basic rule of the random walk in

more than 1D seems to be violated: the statistical independence of the different directions.

Indeed, a jump in one direction appears to prohibit a jump in an orthogonal direction to
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occur during the same period of time. Obviously, this is not quite true because the net rates

of jump in each direction corresponds to the correct one-dimensional rates. It is a standard

Monte Carlo rule that the jumps must be made along one direction at each time step (we

never allow two or more simultaneous jumps in several directions). Since we demonstrated

in Sec. 5.2 that we can correctly reproduce the dynamics in 1D, we now derive a new set of

probabilities where all the possible jumps in all the directions are simultaneously possible

(or attempted) at each time step.

The free-solution case

Our new approach is to decouple the d dimensions in order to treat the dynamics in each

direction using Eqs. 5.9, 5.10 and 5.15. The external field still has to be parallel to one of the

cartesian axes. In the dimension parallel to the external field, the dynamics is governed by

p′±, s′± and τ ′, whereas in all other dimensions, the displacement is described by p⊥ = 1/2

and τB. For the moment, we do not need a probability to stay put in the orthogonal

(unbiased) directions to get the right diffusion coefficient. As we will see in Eq. 5.30, the

probability to stay put in this direction will be introduced via a temporal rescaling of the

lateral dynamics.

The idea is to use the time step of the fastest process (τ ′) as the time step of our new

set of probabilities. We thus have to rescale the probability p⊥ using the time step τ ′:

p′⊥ = p⊥
τ ′

τB
. (5.29)

We then have a probability to stay put in these directions given by:

s′⊥ = 1− 2p′⊥ . (5.30)

In the limit of ε → 0 and ε →∞, this result becomes:

s′⊥
∣∣
ε→0

=
2
3

, (5.31)

s′⊥
∣∣
ε→∞ = 1 . (5.32)
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Figure 5.2: (a) Representation of all the possible paths that the particle can follow during
a time step τ ′ if the jumps in all the directions are tried in free-solution. (b) The resulting
transition probabilities.

We can now use these one-dimensional probabilities to develop the transition proba-

bilities in d dimensions using the simultaneity principle (the d directions are statistically

independent). Therefore, if a jump is attempted in all directions at each time step, the set

of accessible sites where the particle can land now includes the diagonal neighbors. Fig-

ure 5.2 illustrates this approach for the 2D case with a free solution. This figure shows the

different paths that the particle can follow during the time step τ ′. These paths consist in

all the possible combinations of the transition probabilities parallel and perpendicular to

the field. Also, for each combination, we consider that all the permutations are equiprob-

able (this explains the factors of 1/2 in Fig. 5.2a). The representation of all these paths

could seem useless (the final transition probabilities of Fig. 5.2b could directly be obtained

from the one-dimensional probabilities), but these trajectories will be essential to determine

the dynamics in presence of obstacles. It is straightforward to extend this approach to any

other dimensions (d > 2). It is also easy to verify that all the probabilities will be bounded

between 0 and 1 because they are obtained from the product of the correctly bounded

one-dimensional probabilities.
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Finally, we can verify that this set of probabilities gives the right free-solution velocity

and diffusion coefficients in the field direction. It is easy to see that, whatever the value

of d, the values of 〈∆X〉′ and 〈∆X2〉′ will always be given by (p′+ − p′−)a = 〈∆x〉′ and

(p′+ + p′−)2a2 = 〈∆x2〉′ respectively. These values will thus lead to the same results that

we obtained in Eqs. 5.11 and 5.17. Therefore, the model introduced here does work for

all dimensions d ≥ 2. The problems faced in Sec. 5.3, which were due to the fact that

the different spatial directions were indirectly coupled by the requirement that only one

uni-axial jump can be made per time step, have been eliminated by making the d directions

independent from each other and choosing τ ′ as the fundamental time step.

The collisions with the obstacles

Since this new model works fine in free-solution, the next step is to define how to deal

with the presence of obstacles. The rule that we have to follow in case of a collision is the

same as before, i.e. if a selected site is occupied by an obstacle, the corresponding jump is

rejected and the analyte remains on the same site for this time step. So, when we want to

write the transition probabilities in presence of an obstacle, we have to look carefully at all

the possible paths that the particle can follow because some of the d attempted jumps that

compose the complete jump could be rejected. An example of this procedure is illustrated

in Fig. 5.3. We see that the two different trajectories that lead to the upper right corner now

lead to different final positions due to the rejection of one of the two jumps that generate

these paths. All other distributions of obstacles (in any dimensions) can be studied using

the same approach.

The continuum limit

Obviously, this new way to define a collision with an obstacle has an influence on the

dynamics of the particle near the obstacle. In fact, if we were to repeat the calculation

of the mobility that we presented in Sec. 2.5 with our new set of probabilities, we would

obtain slightly different mobilities. We can verify that this difference is only due to the

definition of the collisions by comparing the two approaches in the continuum limit. This

procedure consists in performing the same calculation for different lattice parameters ξa
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Figure 5.3: (a) Representation of all the possible paths that the particle can follow during
a time step τ ′ if the jumps in all the directions are tried in presence of an obstacle. (b)
The resulting transition probabilities. There are two ways to move to the forbidden site
in upper right corner: ”jump right + jump up” or ”jump up + jump right”. In both
cases, the second jump is rejected and the final positions are now different (contrary to the
free-solution case).

(with 0 < ξ ≤ 1) while the obstacle size a remains constant. We then extrapolate in the

limit where ξ → 0. Figure 5.4 shows the lattice representation of a square obstacle for three

different values of ξ (the surface concentration of obstacles is kept constant to C = 1/9).

We compared the mobilities obtained with the transition probabilities of Secs. 2.2

and 5.4 for a wide range of ξ. Notice that the value of the field ε, which is proportional

to the lattice parameter (Eq. 2.2), has to be rescaled by the factor ξ. Figure 5.5 presents

four of these comparisons for different values of the field ε. We clearly see that the two

approaches always converge in the limit where ξ → 0. This new algorithm is thus equivalent

to the one derived in chapter 2 in the continuum limit. Moreover, our new approach now

gives the proper diffusion coefficient of a small analyte in free-solution and can thus be used

to study mobility and diffusion coefficients simultaneously.
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Figure 5.4: Variation of the lattice parameter ξa to study continuum limit (ξ → 0) for a
square obstacle and a surface concentration C = 1/9. The size of the analyte corresponds
to one lattice site (ξa× ξa).

Figure 5.5: Scaled mobility µ∗x vs the mesh size ξ for four different scaled fields ε. The
calculations used the approaches presented in Sec. 2.2 and Sec. 5.4.
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5.5 Discussion

In this chapter, we first demonstrated that the transition probabilities and the mean jump

duration derived in chapter 2 cannot be used to study the diffusion of an analyte in the

presence of an external field because they do not lead to the proper diffusion coefficient in

free-solution. We explained that this failure of the model is due to the fact that we did

not include the temporal fluctuations of the transition time 〈∆τ2〉 in the description of the

dynamics of the particle. We showed that, when both spatial and temporal fluctuations are

explicitly used in the calculation of D0, the correct (and constant) diffusion coefficient can

be obtained (see Eq. 5.8). The fluctuations of the jump duration can be introduced via a

stochastic time increment in a Monte Carlo simulation. This increment could be obtained

from a normal distribution of mean τ and variance 〈∆τ2〉 or simply from a dichotomous

distribution given by τ ±
√
〈∆τ2〉.

However, it may be advantageous to have a constant time step (like when we want to

write master equations similar to Eq. 2.21). Obviously, the absence of time fluctuations

in our model is caused by the fact that a jump is made at each iteration (furthermore, all

the jumps have the exact same time duration τ). We showed that a temporal fluctuation

can be introduced in the model if we modify the transition probabilities in order to add a

probability to stay on the same lattice site. This probability of not moving leads to a fluc-

tuation of the time duration between two consecutive jumps. We showed how to obtain the

value of this probability to stay put that gives the right time variance for one-dimensional

systems and demonstrated that this solution is unique when we need to compute both the

mobility and the diffusion coefficient.

In Sec. 5.3, we presented a mathematical generalization to higher dimensions. In short,

this generalization consists in spreading the one-dimensional probability to stay put among

the various probabilities for orthogonal motion (which is considered as a probability to stay

put in the direction of the field). However, the resulting transition probabilities cannot be

used in more than 2D because the probability to remain on the same lattice site is then

negative.

We believe that this limitation is due to the fact that, in our first approach, jumps

were only made in one direction at each time step. This does not quite respect what
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we called the simultaneity principle for the jumps. Of course, the independence of the

jumps in all directions is respected in our first approach, but we need to look at longer

periods to observe multidirectional motion. This is why we presented a new way to define

the transition probabilities where motion along all directions are allowed during each time

step. This approach leads to a slightly more complicated analysis of the collisions with the

obstacles but it has the advantage of giving the right mobility and diffusion coefficients in

all directions, in any dimensions and for all values of the field ε. The new algorithm does

not give the same mobility as our first approach due to the new way to deal with collisions,

but we showed that the two methods are equivalent in the limit of the continuum. This

does not constitute a problem since the objective of this calculation technique is to study

realistic models, which means that we must work in this limit.

This problem with the simultaneity principle was encountered previously by Hong Guo

[49] in his attempt to calculate the diffusion coefficient using Monte Carlo algorithms. His

approach was to use the one-dimensional transition probabilities with a stochastic time

step to simulate the dynamics in each direction. At each iteration, an axis was selected

randomly and the motion along this direction was computed. However, in order to get

the proper free-solution diffusion coefficient, he had to use different clocks for the different

directions. When the jump was made along the x-axis, only the clock associated to this axis

was incremented and only this clock was used in the calculation of the diffusion coefficient.

This particular procedure, the use of vectorial clocks, was the only way to get the right

diffusivities using the probabilities p±. The new method that we presented in Sec. 5.4

represents a clear improvement over this algorithm because we eliminated the need for

stochastic time increments and vectorial clocks.

As far as we know, our approach is the first that allows the calculation of the diffusion

coefficient for any arbitrary field. As we already mentioned in previous chapters, most of

the other methods used to study this kind of problems, like the repton model, use a time

scale which is equal to ours only up to the first order in ε. These approaches are thus only

valid for low fields (ε � 1). Another example of this limitation is presented in the method

proposed by Keller et al. [50] where they, like us, used a probability to stay put to study

the diffusion coefficient. Without going into the details, let’s just say that their approach

assumed that v0/2 � D0, which corresponds to ε � 1.



Chapter 6 Possible Extensions

In this last chapter, we would like to briefly describe two possible extensions of our model.

These improvements have for objective to make our model even more versatile. We will

present some ideas that can be used jointly with the approaches presented in chapters 2

and 5 to eliminate two limitations inherent to the current model:

1. The field lines have to be parallel to one of the cartesian axes. We cannot treat curved

field lines and, consequently, insulating obstacles.

2. The system has to have an homogeneous viscosity. We cannot study systems with

viscosity gradients or domains with different properties.

In the next sections, we will present detailed suggestions on how to tackle these particular

situations.

6.1 Curved field lines

The problem of the curvature of the field lines is directly related to the nature of the

obstacles. If the obstacles are perfect electrical conductors, the field lines are not affected

by their presence and remain straight and parallel. It is thus possible to set one of the

cartesian axes parallel to these field lines and use our calculation technique. However, if

the obstacles are partially or completely insulating, the field lines are no longer straight

and parallel and they must go around the obstacles.

The projection approach

The model presented in this thesis constitutes a generalization of a previous model that

was only valid for vanishing fields [5]. In this latter model, the question of the curvature of

the field lines was not a major problem since all calculations were performed in the limit

82
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where ε → 0. In fact, it was demonstrated in Ref. [12] that in this limit, conducting and

insulating obstacles lead to the very same mobility coefficients.

We can now ask ourselves whether our generalized approach presented in chapter 2 can

be directly used with projections of the curved field lines along the cartesian axes. Let’s

examine a two-dimensional system in which the local field is not parallel to the x-axis.

Locally, −→ε makes a angle θε with this axis. We also define two new orthogonal axes, x′

and y′, tilted by an angle θε such that the x′-axis is parallel to the local field line. The

transition probabilities along the x and y axes (i.e. along the grid) would now be given by

(using Eq. 2.3):

p±x =
1

1 + e∓2ε cos θε
, (6.1)

p±y =
1

1 + e∓2ε sin θε
, (6.2)

and the corresponding transition times would be given by (using Eq. 2.1):

τx =
tanh (ε cos θε)

ε cos θε
τB , (6.3)

τy =
tanh (ε sin θε)

ε sin θε
τB . (6.4)

If we carry out the calculation that we derived in Sec. 2.2, we now obtain these new two-

dimensional transition times and probabilities:

T ≡ τxτy

τx + τy
, (6.5)

P±x =
1

(1 + e∓2ε cos θε)(1 + τx/τy)
, (6.6)

P±y =
1

(1 + e∓2ε sin θε)(1 + τy/τx)
. (6.7)

These equations are equivalent to Eqs. 2.10–2.12 when θε = 0. We can calculate the free-

solution velocity along the field axis (the x′-axis) and verify that it is still given by Eq. 2.4:

v0x′ =
〈x′〉
T

=
a

T
((P+x − P−x) cos θε + (P+y − P−y) sin θε) =

εa

τB
. (6.8)
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However, the lateral (perpendicular to the field) free-solution diffusion coefficient along the

y′-axis is no longer given by a2/2τB:

D0y′ =
〈y′2〉 − 〈y′〉2

2T

=
a2

2T
((P+y + P−y) cos θε + (P−x + P+x) sin θε) (6.9)

− a2

2T
((P+y − P−y) cos θε + (P−x − P+x) sin θε)

2 6= a2

2τB
.

The exact result is too large to be presented here, but we show an example of this result

in the bottom part of Fig. 6.1. One can argue that the field-dependence of D0y′ is not

really a problem since it was also the case for the diffusion coefficient D0x in our model in

chapter 2 (see Eq. 5.18 or the first graph of Fig. 6.1). Indeed, our previous model gave the

proper free-solution values for v0x , v0y and D0y but not for D0x when we use non-vanishing

fields. For instance, the first graph of Fig 6.1 shows that D0x was finite for all values of the

field ε and, since we were only interested in the calculation of the mobility coefficient, the

spurious field-dependence of D0x did not affect our calculations (the diffusion coefficient

merely describe the spreading of the particles around their average position). Moreover, we

did verify that the changes to the transition time and the probabilities of transition that

follow the addition of a probability to stay put (which changes the diffusion coefficient D0x)

do not affect the calculation of the mobility, even in the presence of obstacles.

On the other hand, the derivation presented here does not give the right free-solution

diffusion in both the x′ and y′ directions when the field is not parallel to one of the axes

(θε 6= nπ/2, where n is an integer). In fact, the free-solution diffusion coefficients D0x′

and D0y′ diverge linearly with ε when ε → ∞ (see the bottom part of Fig. 6.1). It is thus

impossible to use Eqs. 6.5 to 6.7 even for the calculation of the mobility because the error

on the average position of the particles tends to infinity as the field increases. Another

argument is that the lateral diffusion is directly related to the time needed to move around

an obstacle. If this coefficient diverges at high field, we will not be able to observe the

reduction of the mobility due to successive collisions between the analyte and an obstacle.

The increase of D0y′ can be understood in a simple way. The field does not bias the

motion in the y′-direction, but all the jumps now take a shorter period of time. Therefore,

the presence of the field speeds up the diffusion process in the y′ (and x′) direction, a simple
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Figure 6.1: The free-solution scaled diffusion coefficients vs the scaled field ε for two different
values of θε. The first graph was obtained with θε = 0 and corresponds to the model
presented in chapter 2. We can see that only D0y gives the right (constant) value of 1/2,
while D0x gives incorrect but finite values for all field intensities (except when ε = 0). The
second graph shows the same two curves for θε = π/5 (obtained from Eqs. 6.5 to 6.7). We
observe that these two curves give incorrect values, even when ε = 0, and that they diverge
when ε →∞.
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Figure 6.2: Illustration of the resulting displacements for two different orientations of the
allowed jumps (θε = 0 and 3π/20) for three different values of the lattice parameter (ξa = a,
a/3 and a/9). The length of the jump ζa is not reduced as we decrease the lattice parameter.
We see that, in the continuum limit (ξ → 0), the final positions (shaded squares) of the
particle tend to be along the axis of the field θε. In other words, the offset ∆ → 0 as ξ → 0.

artefact of the use of misaligned cartesian axes. In fact, both diffusion coefficients increase

linearly with the field intensity ε when ε � 1 because T ∼ 1/ε in this limit. Obviously, this

will also be the case if we use the same approach with the set of probabilities developed in

Sec. 5.4 instead.

Locally inclined set of probabilities

We demonstrated in the previous section that, when the field orientation is not parallel

to the grid, we cannot use a projection on the cartesian axes in any of our approaches

(Secs. 2.2 or 5.4) due to the fact that the diffusion coefficients then diverge.
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We thus suggest a new algorithm where the jumps are not along the cartesian axes

anymore. By that we mean that we tilt our orthogonal set of probabilities in order for the

P± transitions to remain parallel to the direction of the field even though the orientation

of the grid is left unchanged. Obviously, this approach will only be valid in the continuum

limit (ξ → 0), as we show in Fig. 6.2. This figure compares the resulting displacements for

two different orientations of the set of probabilities (θε = 0 and 3π/20) for three different

values of the lattice parameter (ξa = a, a/3 and a/9). Notice that, contrary to what we

did in Sec. 5.4, we reduce the lattice parameter without reducing the length of a jump

(which is given by ζa = a for the three examples). This figure illustrates that, when the

field is inclined (θε 6= 0) and the lattice parameter is large (ξ → 1), the final position of the

particle after a jump cannot be exactly along the field axis because the lattice is too coarse.

This offset (∆) will lead to incorrect mobility and diffusion coefficients but this error will

decrease to zero as the size of the lattice parameter ξa is reduced. It is also important to

mention that the analyte has to be a point-like particle. If this is not the case and the

field is curved, there will be a net torque applied on the particle and our model is then

incorrect. This approach can be used with more complicated sets of probabilities, like the

one developed for diffusion in Sec. 5.4, as long as we reach the continuum limit (ξ → 0).

Finally, realistic obstacle shapes can still be studied with this method. The idea is to

study the two continuum limits of ξ and ζ, i.e. we have to reduce both the lattice parameter

and length of a jump to obtain realistic systems. First, to observe physically correct effects

related to the obstacle shape, we need a very small jump length (ζ � 1). In addition to

this first condition, in order to get the right displacement in the presence of an inclined

field, we need a lattice parameter that is much smaller than the length of a jump (ξ � ζ).

So the continuum limit for curved field lines and realistic obstacle shapes is reached when:

ξ � ζ � 1 . (6.10)

An example for ξ = 1/15 and ζ = 9/15 is illustrated in Fig. 6.3.
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Figure 6.3: Lattice representation of the two continuum limits (ξ � ζ � 1) with locally
curved field lines where both the lattice parameter ξa and the length of a jump ζa are
reduced. In the upper right corner, we can partially see a spherical obstacle of radius
R = a.
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6.2 Viscosity gradients

The second problem treated in this chapter is the case where there is a viscosity gradient or

a domain structure (see Fig. 6.4). Our model is based on the assumption of an homogeneous

environment where, in the absence of obstacles, the velocity and the diffusion coefficient

are constant (εa/τB and a2/2τB, respectively). In this section, we would like to show how

we can deal with a medium where these quantities are no longer uniform.

Figure 6.4: Example of a domain structure. The different zones have different viscosity
properties.

Simulation algorithms

It is easy to include the effect of the viscosity of the medium in our transition times and

probabilities in order to perform Monte Carlo simulations. The idea is to determine a

reference viscosity η0 and the relation between the Brownian time τB and the viscosity η.

Since the diffusion coefficient is inversely proportional to the viscosity (see Eq. 1.9) as well

as inversely proportional to the Brownian time (see Sec. 2.1), we have τB ∼ η. So, when

the viscosity η0 is changed by a factor γ, the Brownian time τB0 is also changed by the

same multiplicative factor:

if η = γη0 , then τB = γτB0 , (6.11)
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where τB0 is the Brownian time corresponding to the reference viscosity η0. It is thus

possible to carry out Monte Carlo simulations where the local dynamics of the particle is

always described in terms of the local viscosity. In principle, this approach can be used

with the sets of probabilities developed in chapters 2 (if we are interested in the calculation

of the mobility only) or 5 (if we want both mobility and diffusion coefficients).

Exact mobility calculations

However, if we want to obtain exact mobilities using the method described in chapters 2

to 4, we cannot have an inhomogeneous transition time. Since our exact calculation method

is only valid for the calculation of the mobility, we can use the probability to stay put to

model the effect of the viscosity gradient instead of the diffusion coefficient. We know

that the velocity of a particle is inversely proportional to the viscosity (see Eq. 1.11) but

proportional to the transition probabilities. Then, if the viscosity η0 is changed by a factor

γ, the transition probabilities P± and P⊥ are changed by the inverse of this multiplicative

factor:

if η = γη0 , then


P ′± = 1

γ P±

P ′⊥ = 1
γ P⊥

, (6.12)

and the normalization condition imposes that:

S′ = 1− 1
γ

. (6.13)

This last equation shows that we have to choose our arbitrary reference viscosity η0 in order

to have γ ≥ 1 everywhere if we are to get properly bounded probabilities. This could be

done by setting η0 equal to the lowest viscosity of the media (the fastest region). Notice

that the diffusion coefficient along the field is still incorrect (S′ does not have the right

value), but, since the time step is now the same everywhere, we can write master equations

and calculate the exact mobility as we did in chapter 2 (see Eq. 2.21) using a constant time

step T (unaffected by the value of the local viscosity, but still function of ε).

Detailed balance

For models that simulate spatial variations of the viscosity, a fundamental constraint that

has to be satisfied is the detailed balance between two neighboring cells:



Possible Extensions 91

When the system has reached the thermodynamic equilibrium (i.e., at ε = 0),

the net flux of particles Φ between any two adjacent cells should be zero.

We can verify that the two methods presented above respect this condition by calculating

the net transfer rate of particles at the boundary between any two cells. An example of

this calculation for one iteration (one time step T ) is illustrated below:

Here, the transition rates are given by P±/γA,BT and the probability of presence in the

cells by nA,B. The net flux through the interface is then:

Φ =
P+

γAT
nA −

P−
γBT

nB = 0 . (6.14)

But when ε = 0 (the thermodynamic equilibrium), the probabilities P+ and P− are equal

and we obtain:
nA

nB
=

γA

γB
, (6.15)

as expected because the probability of presence in a cell is then necessarily proportional to

the viscosity in this cell. In other words, the particle spends more time in a cell if the local

viscosity is higher. Note that we assumed that P+ = P− across the interface when ε = 0.

In other words, we did not model the effect of the interface on the jumping probabilities in

this simple model.

Permeable membranes and interfacial effects

Finally, it is also possible to model the physics of permeable membranes (or interfacial

effects) dividing domains with different viscosities simply by using an (additional) proba-

bility to accept a jump when this jump means trying to move through the membrane. If the
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attempted jump is rejected, the particle remains on the same site as if the neighbor were

an obstacle. If this kind of membrane is inserted between cells A and B of our previous

example, the detailed balance is now illustrated by the following diagram:

where PA→B and PB→A are the directional probabilities to accept the jumps across the

membrane during the current iteration. In this case, Eq. 6.15 becomes:

nA

nB
=

γAPB→A

γBPA→B
. (6.16)

We notice that detailed balance is respected if PA→B = PB→A. Otherwise, the membrane

is active and the ratio PA→B/PB→A, together with the viscosities, affects the probabilities

of presence at thermodynamic equilibrium.

As expected, Eq. 6.16 shows that the probability of presence in a cell of type A is

inversely proportional to the probability to jump across the membrane from A to B, and

vice versa. In other words, the probability to be in a particular cell is inversely proportional

to the probability to exit from this cell. In the extreme case where one of these probabilities

is equal to zero, all the particles will be in the same domain (the one from which it is

impossible to escape) at the thermodynamic equilibrium.

Theoretical models for the study of spatial viscosity domains could be useful to interpret

and analyze many experimental observations made on lipid systems (see Refs. [51, 52] for

examples). We believe that this is very promising.



Chapter 7 Conclusions

This thesis presents a new lattice model of a highly biased random walk. Our main mo-

tivation was the calculation of the mobility and diffusion coefficients of small particles in

the presence of a sieving media or an array of obstacles, either through exact calculation

techniques or Monte Carlo algorithms.

The starting point of our model is the anisotropy of the time duration of the jumps

in presence of an external bias. We demonstrated that our approach is equivalent to the

discretization of the continuous dynamics of a Brownian walker. Our new model allows us

to compute the exact (analytical or numerical) mobility coefficient in any dimensions and

for any value of the external field. This last point constitutes the most significant advance

because all the current models are fundamentally limited to low field values. Our model is

thus the first one that allows us to study the impact of the electric field on the mobilities

in the presence of obstacles.

The possibility of calculating exact analytical mobilities using software packages like

Maple is a useful diagnostic tool, even if it is restricted to small systems. These exact

functions give us the opportunity to compute asymptotic series as a function of the external

field (ε → 0 or ε → ∞) and to detect the exact positions of maxima or minima, which is

extremely useful. We can also design simpler versions of complex systems and use exact

results for optimization purposes.

Our new model was used to investigate generic two-dimensional electrophoresis gel sys-

tems and to extend the previous results obtained for vanishing fields to arbitrary values

of the external bias. Periodic distributions of obstacles have been widely studied in the

limit of zero-field (ε → 0) [5, 6, 8, 11, 25]. These studies showed that, when the field tends

towards zero, the the mobility µ can be expressed as a polynomial function of the concen-

tration of obstacles, C. We extended these results to high field intensities and we observed

a surprising qualitative change in the nature of the power series for µ(C) as the field is
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increased (the series changes from integer power of C to half-integer powers of C).

We also investigated the effect of trapping regions in the presence of high external fields

using random distributions of obstacles. Such distributions have also been studied in the

zero-field limit [5, 11] and the effect of the trapping regions on the mobility was found to

be related solely to the percolating properties of the medium. However, at high field, the

presence of traps should induce an exponential decrease of the mobility. We demonstrated

this effect using the exact analytical mobilities obtained for small periodic trap systems and

showed that the exponential factor increases with the trap depth. We also showed that this

exponential decay is a characteristic of random distributions by comparing pure random

systems with random maze distributions. The latter were specially designed to be free of

such trapping regions. In these mazes, we did not observe any exponential decay, contrary

to pure random systems. The effect of the traps was observed with the increase with both

the field intensity and the obstacle concentration.

Our model can be used to compare the electrophoretic velocity of particles with different

electric charges and/or physical sizes. We investigated specific two-dimensional distribu-

tions of obstacles that can be used to separate particles, e.g. in a microfluidic device.

More precisely, we compared the velocity of differently charged or sized analytes in sieving,

trapping and deflecting systems to model various electrophoretic separation techniques.

In particular, we studied the nonlinear effects present in ratchet systems and how they

can be combined with time-asymmetric pulsed fields to provide new modes of separation.

We demonstrated that our model can be a useful tool to develop, optimize or understand

new separation devices. The utility of our approach was illustrated by our study of the

deflecting system designed by Austin and co-workers [40, 41, 42, 43]. Even with a rough

approximation of this system, we were able to predict the finite deflection angle observed

in the zero-field limit, a feature that was not explained by their own theoretical model.

In this thesis, we also studied the problems related to the calculation of the diffusion

coefficients using lattice random walks. In chapter 5, we presented a more general model

that can be used to compute exact free-solution diffusion coefficients. We focused our

attention on the importance of taking into account the fluctuations of the jumping time to

obtain the proper diffusivity, and how this could be done by adding a probability to remain

on the same lattice site. We showed how to extend these concepts from 1D to any other
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dimension. We mentioned the challenges that we encountered when we tried to introduce

the effect of obstacles on the diffusion of the particles. In spite of these efforts, we still do

not know how to calculate exactly the diffusion coefficient. The models proposed in this

thesis can only be used with Monte Carlo algorithms if we are interested in both mobility

and diffusion coefficients. This still constitutes a huge development since, to the best of

our knowledge, this is the first time that such a general approach, valid for any value of

the field, is proposed. This model could also be of great interest in the development of

separation technologies since the diffusion coefficient is directly related to the resolution of

such devices.

It is important to emphasize the fact that if we want to study real systems, we need

to reach the continuum limit. In this limit, we can obtain the mobility and/or diffusion

coefficient of point-like particles in distributions of obstacles with realistic shapes. It is also

possible to study finite size spherical objets by increasing the dimensions of the obstacles

by the radius of the particle. Reaching the continuum limit increases the computational

costs of the calculations but, with the increasing availability of supercomputers and parallel

programming resources, we believe that our approaches constitute promising directions for

further studies.

With minimum modifications, our model can be used to investigate many different prob-

lems. First, in all the cases presented in this thesis, we used hard-core repulsive interactions

to represent the effect of the obstacles on the analyte, but, as it was demonstrated for the

zero-field limit in Ref. [9], many other forms of gel-analyte interactions, like attractive

binding, could be studied. We could also use our calculation technique to study the effect

of the concentration of particles on their average mobility. However, the computational

requirements for such calculations increase extremely rapidly with the size of the system.

Another possibility that we did not mention in this thesis is the study of the mobility of

polymers (two or more analytes linked to each other). A description of this kind of study is

presented in Ref. [10] for vanishing fields, and it is straightforward to adapt it to our high

field algorithms.

Finally, we proposed two possible extensions to our model that could allow us to treat

even more realistic situations. The first one is the addition of curve field lines, which is

necessary to study the impact of the conductivity of the obstacles. This is an important
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point because it was demonstrated [43] that similar shaped obstacles, but with different

conducting properties, could lead to very different sieving phenomena. This nuance could

be a crucial point in separation technologies. The second improvement that we proposed is

the study of spatial viscosity domains. We showed that it is easy to consider the impact of

a non-homogeneous fluid by changing locally the Brownian time or the transition probabil-

ities. Again, such systems could be studied using either exact calculations or Monte Carlo

simulations, depending if we are interested in the mobility only or in both mobility and dif-

fusion coefficients. This improvement opens the door to a lot of new projects like the study

of membranes between different media or the use of viscosity gradients as a separation tool.



Appendix A Maple Code

The following lines give the Maple code used to obtain Eqs. 2.30 and 2.31.

> with(linalg) :

> with(plots) :

> A := array(1..5, 1..5, [[−1 + q, q, 0, 2 ∗ r, 0], [p,−1 + p, 0, 0, 2 ∗ r],

[0, 0,−1 + 2 ∗ r, q, p], [2 ∗ r, 0, p,−1, q], [1, 1, 1, 1, 1]]);

> b := vector([0, 0, 0, 0, 1]);

> vx := vector([p ∗ a/T,−q ∗ a/T, (p− q) ∗ a/T, (p− q) ∗ a/T, (p− q) ∗ a/T]);

> vy := vector([0 ∗ a/T, 0 ∗ a/T, 0 ∗ a/T, 0 ∗ a/T, 0 ∗ a/T]);

> n := linsolve(A, b) :

> vx avg := simplify(evalm(n& ∗ vx)) :

> simplify(subs(p = 1/((1 + exp(−2 ∗ epsilon)) ∗ (1 + tau/tauB)),

q = 1/((1 + exp(2 ∗ epsilon)) ∗ (1 + tau/tauB)), r = 1/(2 ∗ (1 + tauB/tau)),

T = tau ∗ tauB/(tau + tauB), tau = tauB ∗ tanh(epsilon)/epsilon,

(vx avg/epsilon)/(a/tauB)));

> vy avg := simplify(evalm(n& ∗ vy)) :

> simplify(subs(p = 1/((1 + exp(−2 ∗ epsilon)) ∗ (1 + tau/tauB)),

q = 1/((1 + exp(2 ∗ epsilon)) ∗ (1 + tau/tauB)), r = 1/(2 ∗ (1 + tauB/tau)),

T = tau ∗ tauB/(tau + tauB), tau = tauB ∗ tanh(epsilon)/epsilon,

(vy avg/epsilon)/(a/tauB)));
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Appendix B Negative orthogonal probabilities for d > 2

In Sec. 5.3, we demonstrated that the model described in chapter 2 cannot be adapted

to work in more than two dimensions if we are interested in both velocities and diffusion

coefficients. In this appendix, we will give a general proof of this fundamental restriction:

Even with a probability to stay put, it is impossible to derive a set of biased

orthogonal transition probabilities and the corresponding transition time that

give the right velocities and diffusion coefficients for all values of the external

field when d > 2.

By orthogonal transition probabilities, we mean that the field is applied along one of the

cartesian axes and that all other directions are perpendicular to the field. Also, the jumps

are made in only one direction at each time step.

Let us try to find the functions P±(ε), P⊥(ε), S(ε) and T (ε) that would satisfy the

equations for the free-solution velocity and diffusion coefficients in d dimensions. We assume

that we don’t have any prior knowledge of the form of these expressions. We thus have five

variables:

[P+(ε) , P−(ε) , P⊥(ε) , S(ε) , T (ε)] , (B.1)

and five equations to satisfy (dimensionless):

1. The normalization condition:

P+(ε) + P−(ε) + 2(d− 1)P⊥(ε) + S(ε) = 1 . (B.2)

2. The free-solution diffusion coefficient along the field:

D0x(ε) =
P+(ε) + P−(ε)− (P+(ε)− P−(ε))2

2T (ε)
=

1
2

. (B.3)
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3. The free-solution velocity along the field:

v0x(ε) =
P+(ε)− P−(ε)

T (ε)
= ε . (B.4)

4. The free-solution diffusion coefficient orthogonal to the field:

D0⊥(ε) =
P⊥(ε) + P⊥(ε)− (P⊥(ε)− P⊥(ε))2

2T (ε)
=

P⊥(ε) + P⊥(ε)
2T (ε)

=
1
2

. (B.5)

5. The free-solution velocity orthogonal to the field:

v0⊥(ε) =
P⊥(ε)− P⊥(ε)

T (ε)
= 0 . (B.6)

The field direction is chosen to be x. However, the last equation is always satisfied. We thus

have 5 variables and only 4 equations. So we can find an infinity of solutions for Eqs. B.2

to B.5. Without going into the details, the solutions for P±(ε), P⊥(ε) and T (ε) as a function

of S(ε) are:

P±(ε) =
2ε2 (1− S(ε)) + (d− 1∓ ε)

(
d−

√
d2 + 4ε2 (1− S(ε))

)
4ε2

, (B.7)

P⊥(ε) =
−d +

√
d2 + 4ε2 (1− S(ε))

4ε2
, (B.8)

T (ε) =
−d +

√
d2 + 4ε2 (1− S(ε))

2ε2
. (B.9)

It is easy to verify that:

if


d ≥ 1
and
0 < S(ε) < 1

, then 0 <
P+(ε)
P⊥(ε)
T (ε)

< 1 . (B.10)

However, when d > 2, it is impossible to find a function S(ε) bounded between 0 and 1

that gives a positive probability to move backward (P−(ε)) for all values of ε. Figure B.1

shows how the probability P−(ε) (Eq. B.7) varies with the probability to stay put S(ε) for
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different values of the dimension d and the external field ε. In the first graph of this figure

(d=2), we can always find a region where P−(ε) and S(ε) are both bounded between 0

and 1 whatever the value of the field (we present only three curves for reasons of clarity).

The second graph shows that, when d = 3, there is a critical value of the field (εc = 2)

above which there is no positive solution for P−(ε) in the range 0 ≤ S(ε) < 1. For higher

dimensions, the value of εc decreases as d increases. In fact, one can use Eq. B.7 to show

that the value of the critical field εc, as a function of the dimension d, is given by:

εc =
d− 1
d− 2

= 1 +
1

d− 2
, (B.11)

for d ≥ 2. So, even with the probability to stay put as a free parameter, it is impossible

to find a generalized set of probabilities and a transition time that are valid for all values

of the field for d > 2 when the jumps are attempted in only one direction at each step.

However, Eq. B.11 tells us that this approach will be at least valid for fields ε up to one,

whatever the dimension d.
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Figure B.1: Probability P−(ε) (Eq. B.7) vs the probability to stay put, S(ε), for different
values of the dimension d and the external field ε.
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